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Inkroductkion



Classical query &ompt&xi&v

O Function f(x), where = (z1,...,%n)
O Oracle O, : i — x;

O Goal: Compute f(x) given black-box access to Oy

Randomized query ﬁomptex&'j R.(f)

Minimum # calls to O, necessary to compute ?
f () with success probability (1 — ) |
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Quankum query &omptex&v

* Quantum oracle:
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¥ Extra power:

Can query O, in superposition = Q.(f) < R.(f)
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Quanbum Lower bounds

* Query complexity: Compute f(ax) given black-box
accessto & = (L1y...,Ly)

* Different lower bound methods for Q. (f) :

O Adversary methods:

ldea: bound the change in a progress function for each
query

Different variations: additive, negative weights,
multiplicative

O Polynomial method:

|dea: bound the degree of polynomials approximating
the function



Question I

* The different methods have different advantages:

O Additive adversary with negative weights:

Tight for bounded error

O Multiplicative adversary and polynomial:

Better bounds for low success probability

O Bounds for specific problems

Question I

Is there a method that combines all
advantages?
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Queskion 11

* Suppose we want to evaluate f on k different
Inputs az(l), co e z(*)

Can we do much better than just applying |

k times the algorithm for f ?

* If not :“Strong direct product theorem” (SDPT) for f

% Success p for 1 application => success p” for k applications

Requires to prove lower bound for exponentially small success probability

* SDPTs known for:

Classical query complexity [Drucker'l ], one-way classical communication
[Jain’1 0], parallel repetition theorem for games [Raz’98]
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A brief history

of

Lower bound mebhods
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?Qijv\ommt mebhod
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Greneralized adversarv mebhod
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Mut&ipu&aﬁv&z adversomv mebhod
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Optimality of adversary method
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Cur resulks

S0, 007 + PR— e e T
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deg_(f )? MADY generalizes all mebhods

[AMRR/11,MR'13]
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SDPT for any function
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Quantum state generation
Set of quantum states {|¥z) : © € D"}

Oracle Oy : [2)|b) — |2)|b D x;)

Goal: Generate |¢2) given black-box access to O,

Observation: Problem only depends on Gram matrix

Moy = (Pz|1y)

; M:u,u,erj c:-mpi.emf:j Qe(M )

Minimum # calls to O, necessary to generate -

a state /1 — g|1,)|0) + +/e|error,)

. work space




Reducing to zero-error case

#|¥,): state of the algorithm after ¢ queries on input @
* Gram matrix Miy = (gb;h,b;;)
* Initially: YP0) = |0) V = M° =J
* At the end: 1#3;) =~ |[Yz) = MT ~ M

Algorith™ vt M
MO
What distance!




Cuk Fm% condikions

¥ ||MT — M| <2ve [Ambainis02]
¥ v2(MT — M) < 24/¢ [HgyerLeeSpalek07]
¥ Fa(M',M) > +/1—c¢ [LeeR11]

where Fg(MT, M) = rm;lf-(MT [u)ul, M o |u)ul|)

. Theorem The Iast condltlon |s tlght

Qe(M) min (N)
F(NM)2VI=E |
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From adversaries ko random variables

* Adversary methods involve a Hermitian matrix I
called “adversary matrix’.

* WWe can view I' as an observable, and consider the
random variable obtained by measuring this
observable on a state.

Lemima i

Let p, p’ be the distribution of random
| variables obtained by measuring I on p, p’.
Then we have }'(p,p) < ]—'(p,p)

Classical fidelity: szpz .
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From adversaries ko random variables

* Using this idea, we can use properties of classical
distributions to prove properties of adversary bounds.

* In particular, the following result is key to the proof of the
strong direct product theorem.

Lenma LecRi2]

Let A, Aq,..., A be random variables on [1, 3].
Let A ~ P with Ep[A] — 2 and (Al, o« oo Ak) ~

Then

36\°
F(®¥",q) > Vék = E[ILA] > <?> i

* Note: this would be trivial if Ai,..., A, were independent.
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MM&LPLL&Q&WQ »= Addikive
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Addikive adversargﬁ

gyerLeeSpalek07]
* Progress function: W[M*] = Tr[(T' o M*)vv*]

* Initial value: WIJ| = Tr[I‘vv
matrix

* Additive change for one query:
[To(J—-A)I<1 = WMT]-WMTI] <1

% Final value after T queries: |[W[M'] - W[M°]| <T

| Addikive aclversarv bound i

ADV (M) = max T o (J — M)|
subject to [T o (J — Aj)|| <1 Vi ,
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Mu&npima&w& advarsarv[épalem]

* Progress function: W[M*] = Tr[(T,,, o M*)vv*]

* Initial value: W[J] = Tr[[',,vv*]
matrlx

* Multiplicative change for one query:

ct' . T<XToA;<c- T = WMt <c. W[M'

% Maximum value after T queries: W[M'] < ¢ - W[J]

| Mulkiplicative adversary bound |

Tr[(T,, o M)vv*]
max log

i MADVE (M) =
i log c T, -0 Tr[rmvv*]
subjectto ¢ T <XToA; <Xc-T' Vi
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Mul&ytwa&ve »= Addikive

[AmbalnlsMagnlnRoetteIerRl 1]

Theorem _,
lim MADV®(M) > ADV*(M)
c—

Proof idea:
* Use the adversary matrix: T, = I +~- (||T|| I — T)
* Show that it satisfies the conditions for ¢ =1+~

* Show the we get the same bound for v — 0

24



MM&EF’LE&&EEVQ >= ‘Potjv\ommt
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?Qijv\ommt mebhod
[BBCMdW97]

* Let £:{0,1}" — {0,1} be a Boolean function

% Approximate degree:

deg, (f) = min {deg(p) : Vz € {0,1}", |f(x) — p(z)| < ¢}

, Polynomial method

deg. (f)

Qe(f) > 9

® Proof idea:
After t queries, |¥L) = al(z)|k)
k
where a} () are polynomials of degree at most k
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Exbended Potvmommt mebhod

[MagninR13]

* Fourier basis: |xs) = \/127%:(—1)”5@)
* Degree of a Gram matrix:

deg(M) = max{|S| : tr(|xsXxs|M) # 0}
% Approximate degree:

deg(M) = mj\lrn {deg(N) Fr(M, N) > /1 — s}

Ex%emded Fobjwammi me&hcpc& B
Q-(M) > deg (M)
* Initially: Mo = 2™ |x0) (x|

* Querying bit z; maps Ixs) to |xr) with T = S uU {z;}
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Max »>= ‘Patvmomiai |
MagninR13]

* Let ® be the Gram matrix for computing J‘[in the
phase, i.e., for generating (—1)7(*)|0)

* We have Qu_y1=5)/2+c/4(f) < Qe(®) < ZQ(l—Vl—“-‘W(f[)L RI2]
€e

Theorem |
lim MADVS(®) = deg,(®) > deg. /5 (f)]

c— 00
Proof idea:
% Use the adversary matrix: T =) ¢!®l|xs)(xs|
S

* Final value of the progress function:

—oco 2M

1 1
We] = > clSltr(xs)xs|®) — o el ®
S
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Strong direct product theorem
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SPYT [LeeR12]

Let f(k)(w(l),..-,a?(k)) (f(w“)), ..,f(a:““)))

Theorem
k-1n(36/2)

Q1_sr/2 (f (k)) - C

Q1/4(f)

Proof |dea

* Use optimality of ADVE: Qi4(f) < C-ADVE(F) [LMRSS11]

ADVZE(F) L 1
> for e=1+ 5z m

* Use MADVE(F) >

% Using adversary matrix I'®*, we have:

MADV{(F®%) > k- MADVE(F)

* Almost there... but this is for zero error!
30



SDET [LeeR12]

Tkeorem

k-In(30/2
Q_ 5k/2(f(k)) = H(C 2 Q1/4(f)

Proof |dea (contlnued)
MADV{(F®%) > k- MADVE(F)

% Ve have MADVZ(F®*) = min MADV§ (M)

subject to Fp (F®*, M) > /1 —¢

* Using lemma about classical fidelity, we have

Fua(F®, M) > 6?2 = Tr[(T® o M)(vv*)®*] > (3§/2)F
* This implies: MADVS_,,,.(F®*) > k- In(35/2) - MADVE(F)
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Conclusion
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Conclusion and future work

* Multiplicative adversary MADV®(f) generalizes all
known methods:

O Additive adversary ADVE(f) for ¢ — 1
O Polynomial method deg_(f) for ¢ — oo

* Polynomial method = fixed adversary matrix
(independent of f) = insight for its limitations

* General SDPT for any function
* XOR lemma for Boolean functions

* Other applications? (new lower bounds, time-
space tradeoffs,...)
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