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Motivation



Beyond	QKD



Problem	Statement
Strong	CF,	Weak	CF,	correctness	and	bias



Problem	Statement

Coin	Flipping	(CF):	Alice	and	Bob	wish	to	agree	on	a	random	bit	remotely	without	

trusting	each	other.

• Strong	Coin	Flipping:	No	player	knows	the	preference	of	the	other.

• Weak	Coin	Flipping	(WCF):	Each	player	knows	the	preference	of	the	other.	



Situations

Alice Bob Remark
Honest Honest Correctness
Cheats Honest Alice	can	bias
Honest Cheats Bob	can	bias
Cheats Cheats Independent	of	the	protocol

Honest	player:	A	player	that	follows	the	protocol	exactly	as	described.

Bias of a protocol: A protocol that solves the CF problem has bias ε if neither player
can force their desired outcome with probability more than ½+ε.



Situations	|	Weak	CF
NB.	For	WCF	the	players	have	opposite	preferred	outcomes.

Alice Bob Pr(A	wins) Pr(B	wins)
Honest Honest
Cheats Honest
Honest Cheats

Bias:

NB.



Situations	|	Weak	CF	|	Flip	and	declare
Protocol:	Alice	flips	a	coin	and	declares	the	outcome	to	Bob.

Alice Bob Pr(A	wins) Pr(B	wins)
Honest Honest
Cheats Honest
Honest Cheats

Bias:



Prior	Art
Bounds	and	protocols,	Kitaev’s Frameworks,	Mochon’s Breakthrough



Bound Best	protocol	
known

Strong	CF

Weak	CF

Bounds	and	Protocols

Classically:																					viz.	at	least	one	player	can	always	cheat	and	win.

Quantumly:



Kitaev |	Three	Equivalent	Frameworks



Kitaev | Protocol	|	Definition

E2U2

E1U1

E3U3

E4U4

En�1Un�1

EnUn

⇧(0)
A ,⇧(1)

A ⇧(0)
B ,⇧(1)

B

Protocol described by

• Initial (product) state | 0iAMB

• Unitaries Ui and projectors Ei alternating between

? Alice for i odd

? Bob for i even

• Final measurements (POVMs)

? {⇧(0)
A ,⇧(1)

A } for Alice

? {⇧(0)
B ,⇧(1)

B } for Bob

• We assume

? 0 means “Alice wins”

? 1 means “Bob wins”
<latexit sha1_base64="YHALFQI1d7J5Gp4w2k/24M4rPAU="></latexit>



Kitaev | Protocol	| Honest	players

E2U2

E1U1

E3U3

E4U4

En�1Un�1

EnUn

⇧(0)
A ,⇧(1)

A ⇧(0)
B ,⇧(1)

B

For honest players

• Honest state: The global state after step i is given by

| ii = UiUi�1 . . . U1| 0i

? “Cheat detection” projectors Ei do not a↵ect the “honest” state

• Correctness: Final measurements never yield di↵erent outcomes

⇧(0)
A ⌦ IM ⌦⇧(1)

B | ni = ⇧(1)
A ⌦ IM ⌦⇧(0)

B | ni = 0

• Balanced: Each player wins with probability 1/2

PA = k⇧(0)
A ⌦ IM ⌦⇧(0)

B | ni k2 =
1

2

PB = k⇧(1)
A ⌦ IM ⌦⇧(1)

B | ni k2 =
1

2<latexit sha1_base64="B2M8HspDOw2XLacnvKWEx1ymtsA="></latexit>



Kitaev | Protocol	| Cheating	Bob

E2U2

E1U1

E3U3

E4U4

En�1Un�1

EnUn

⇧(0)
A ,⇧(1)

A ⇧(0)
B ,⇧(1)

B

If Bob is cheating (but Alice remains honest)

• Focus on the Alice-Message reduced state ⇢AM,i

• Bob cannot a↵ect the initial state

⇢AM,0 = TrB(| 0i h 0|) = | AM,0i h AM,0|

• For i odd, Alice is honest

⇢AM,i = EiUi⇢AM,i�1U
†
i Ei

• For i even, Bob can apply any operation on M but cannot a↵ect A

TrM(⇢AM,i) = TrM(⇢AM,i�1)

• Bob tries to maximise the probability that Alice declares him to be the
winner

Tr((⇧(1)
A ⌦ IM)⇢AM,n)



Kitaev | Protocol	| Cheating	Bob

E2U2

E1U1

E3U3

E4U4

En�1Un�1

EnUn

⇧(0)
A ,⇧(1)

A ⇧(0)
B ,⇧(1)

B

Bob’s maximum cheating probability is given by an SDP

P ⇤
B = max

⇢AM,i

Tr((⇧(1)
A ⌦ IM)⇢AM,n)

subject to

• ⇢AM,0 = TrB(| 0i h 0|) = | AM,0i h AM,0|;

• for i odd, ⇢AM,i = EiUi⇢AM,i�1U
†
i Ei;

• for i even, TrM(⇢AM,i) = TrM(⇢AM,i�1).



Kitaev | Protocol	| Cheating	Alice

E2U2

E1U1

E3U3

E4U4

En�1Un�1

EnUn

⇧(0)
A ,⇧(1)

A ⇧(0)
B ,⇧(1)

B

Alice’s maximum cheating probability is given by an SDP

P ⇤
A = max

⇢MB,i

Tr((⇧(0)
B ⌦ IM)⇢MB,n)

subject to

• ⇢MB,0 = TrA(| 0i h 0|) = | MB,0i h MB,0|;

• for i odd, TrM(⇢MB,i) = TrM(⇢MB,i�1).

• for i even, ⇢MB,i = EiUi⇢MB,i�1U
†
i Ei;



Kitaev | Dual	SDPs

E2U2

E1U1

E3U3

E4U4

En�1Un�1

EnUn

⇧(0)
A ,⇧(1)

A ⇧(0)
B ,⇧(1)

B

We want to upper bound the cheating probabilities
) Better to work with dual SDPs

P ⇤
B = min

ZA,i�0
Tr(ZA,0 | A,0i h A,0|)

subject to

• for i odd, ZA,i�1 ⌦ IM � U†
A,iEA,i(ZA,i ⌦ IM)EA,iUA,i;

• for i even, ZA,i�1 = ZA,i;

• ZA,n = ⇧(1)
A .

P ⇤
A = min

ZB,i�0
Tr(ZB,0 | B,0i h B,0|)

subject to

• for i even, IM ⌦ ZB,i�1 � U†
B,iEB,i(IM ⌦ ZB,i)EB,iUB,i;

• for i odd, ZB,i�1 = ZB,i;

• ZB,n =
Q(0)

B .



Kitaev |	Three	Equivalent	Frameworks



Kitaev | Time	Dependent	Point	Game

zA
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Eigenvalues of ZA,i
<latexit sha1_base64="5n02RqQHb6s03bbs7KWT311cWSs="></latexit>

zero weight
<latexit sha1_base64="H2pHUYR7nZ77B2s59CxsDCy0mME="></latexit>

For each i, construct the following graphical representation (frame)

• Set of weighted points on a 2D figure

• Point coordinates: (zA, zB)

? zA runs over eigenvalues of dual variable ZA,i

? zB runs over eigenvalues of dual variable ZB,i

• Point weights: pzA,zB = h i|⇧[zA] ⌦ ⇧[zB]| ii

? | ii is the honest state at step i

? ⇧[zA] is the projector on the corresponding eigenspace of ZA,i

? ⇧[zB] is the projector on the corresponding eigenspace of ZB,i

• Notation

? Prob[ZA,i ⌦ ZB,i, | ii] =
P

zA,zB
pzA,zB · (zA, zB)

<latexit sha1_base64="BSEzOV4dbiwNICSXGkta4SbGKfo="></latexit>



Kitaev | TDPG | SDP	constraints
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1

2
(1, 0)

<latexit sha1_base64="yObPU9K4hswz4ukGf8jdnSY81LI="></latexit>

SDP constraints

• Initialization

? 1
2 (0, 1) +

1
2 (1, 0)

• Point transitions

? i odd ! Horizontal transition

? i even ! Vertical transition

• Finalization

? 1 · (�,↵) where
? ↵ = P ⇤

A (Alice’s cheating probability)

? � = P ⇤
B (Bob’s cheating probability)

<latexit sha1_base64="mmotMA4+48onskssf8NM6yplxJk="></latexit>



Kitaev | TDPG | SDP	constraints

SDP constraints

• Initialization

? 1
2 (0, 1) +

1
2 (1, 0)

• Point transitions

? i odd ! Horizontal transition

? i even ! Vertical transition

• Finalization

? 1 · (�,↵) where
? ↵ = P ⇤

A (Alice’s cheating probability)

? � = P ⇤
B (Bob’s cheating probability)
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Kitaev | TDPG | SDP	constraints

SDP constraints

• Initialization

? 1
2 (0, 1) +

1
2 (1, 0)

• Point transitions

? i odd ! Horizontal transition

? i even ! Vertical transition

• Finalization

? 1 · (�,↵) where
? ↵ = P ⇤

A (Alice’s cheating probability)

? � = P ⇤
B (Bob’s cheating probability)
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Kitaev | TDPG	|	Naïve	(wrong)	protocol
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• Ideally

? Zero bias ! Final point (
1
2 ,

1
2 )

• Näıve (wrong) protocol

? One horizontal transition

? One vertical transition

• Problem

? This transition is not valid

? For each line, coordinates of the center of mass can only increase
<latexit sha1_base64="9pTm2nmzZpVPthp/65SpkDFYb/4="></latexit>



Kitaev | TDPG	|	Naïve	(wrong)	protocol
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Kitaev | TDPG	|	Naïve	(wrong)	protocol
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Kitaev | TDPG	|	Naïve	(wrong)	protocol
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Kitaev | TDPG	|	Naïve	(wrong)	protocol
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• Näıve (wrong) protocol

? One horizontal transition

? One vertical transition

• Problem

? This transition is not valid

? For each line, coordinates of the center of mass can only increase
<latexit sha1_base64="9pTm2nmzZpVPthp/65SpkDFYb/4="></latexit>



Kitaev | TDPG	|	EBM	transitions

Validity condition: Expressible by matrices (EBM):

• There exists G  H and | i such that the transition can be written

Prob[G, | i] 7! Prob[H, | i]
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Kitaev | TDPG	|	Valid	transitions

Validity condition: Valid transition:

• For all � � 0
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<latexit sha1_base64="E3YypHVdkylV/2JobPVXWk/nTKQ="></latexit>

p2
<latexit sha1_base64="9RcxglThp1m0i/kvt1Ewvw4Xq9s="></latexit>

z01
<latexit sha1_base64="nkjk7mPUgg9FBOCnA3NrTiGFWN4="></latexit>

z02
<latexit sha1_base64="5kDrTJDI/ty6FLsSn/XsdF78L8U="></latexit>

z03
<latexit sha1_base64="hlWp8Phyf2pBgzVWe8ezxhOPtHs="></latexit>

p01
<latexit sha1_base64="FRTDJw7nRFBNCRlqcnKxMHDzJmA="></latexit>

p02
<latexit sha1_base64="J6l6Rndc1lC36zEBajnLfPoDerY="></latexit>

p03
<latexit sha1_base64="hkNdk1z6LX0MxE8IlgWgpoD+c4I="></latexit>
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Kitaev | TDPG	|	Valid	transitions

Validity condition: Valid transition:

• For all � � 0

X

i

pi
�zi

� + zi


X

i

p0
i

�z0
i

� + z0
i

<latexit sha1_base64="pOeTSZUhhrzo+r0duve5/XkcP6U="></latexit>

zA
<latexit sha1_base64="HZ2Vzq28mVvOV6RNqAV7MV12F5E="></latexit>

zA
<latexit sha1_base64="HZ2Vzq28mVvOV6RNqAV7MV12F5E="></latexit>

z1
<latexit sha1_base64="xgWO0FkwGgAdho6uboR6ewTOGOM="></latexit>

z2
<latexit sha1_base64="bNi8a1Aj8OJOhxDDjg59+LckRsE="></latexit>

p1
<latexit sha1_base64="E3YypHVdkylV/2JobPVXWk/nTKQ="></latexit>

p2
<latexit sha1_base64="9RcxglThp1m0i/kvt1Ewvw4Xq9s="></latexit>

z01
<latexit sha1_base64="nkjk7mPUgg9FBOCnA3NrTiGFWN4="></latexit>

z02
<latexit sha1_base64="5kDrTJDI/ty6FLsSn/XsdF78L8U="></latexit>

z03
<latexit sha1_base64="hlWp8Phyf2pBgzVWe8ezxhOPtHs="></latexit>

p01
<latexit sha1_base64="FRTDJw7nRFBNCRlqcnKxMHDzJmA="></latexit>

p02
<latexit sha1_base64="J6l6Rndc1lC36zEBajnLfPoDerY="></latexit>

p03
<latexit sha1_base64="hkNdk1z6LX0MxE8IlgWgpoD+c4I="></latexit>
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Kitaev | TDPG	|	Example	(3)



Kitaev |	Three	Equivalent	Frameworks



Kitaev | TIPG



Mochon |	Near-perfect	WCF	is	possible



Contributions
TEF,	Blinkered	Unitaries,	1/10	explicit,	Elliptic-Monotone-Align	Algorithm



TEF



TEF	| Blinkered	Unitaries



TEF	| 1/10	Explicit



Elliptic	Monotone	Align	(EMA)	Algorithm



EMA	|	Elliptic	Representation



EMA	|	Elliptic	Representation



EMA	|	Elliptic	Representation



EMA	|	Elliptic	Monotone-Align	Algorithm



Conclusion



Summary

• Framework	for	finding	protocols	from	point	games.
• Split	and	Merge,	basic	moves	in	these	games,	exactly	converted	to	unitaries

• Bias	1/6	protocol

• Catalyst	State

• Bias	1/10	protocol	moves	exactly	determined	

• Elliptic	Monotone	Align	(EMA)	Algorithm.
• A	systematic	way	of	finding	unitaries for	any	valid	move

• Protocol	for	WCF	with		ε	→	0.



Summary

Bound Best	protocol	
known

Strong	CF

Weak	CF

Classically:																					viz.	at	least	one	player	can	always	cheat	and	win.

Quantumly:



Outlook
• Resources.	Compile	the	1/10	game	into	a	neater	protocol

• Structure.	Relation	between	Mochon’s polynomial	assignment	and	the	EMA	solution

• Simpler.	Study	the	Pelchat-Høyer point	games	and	its	moves

• Robust.	Account	for	noise	in	the	unitaries

• EMA	will	run	with	finite	precision;	quantify	its	effect	on	the	bias

• Bounds.	Prove	lower	bounds	on	number	of	points	needed	for	achieving	a	certain	bias
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