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Adiabatic quantum computation



Disecrebe vs conktinuous—time
quam&u,m c:ampu%a&mm

Discrete Continuous
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polynomially equivalent
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Adiabatic evolubtion

* Slow evolution —=> remains in ground state
* Probability of excitation depends on

O Total time T' (slower is better)

O Gap g(t) (larger is better)




Adiabatic quantum e
computakion

% Problem: find minimum of function f(x)
O Prepare ground state of simple Hamiltonian H

O Slowly switch to H ¢ with spectrum matching f(x)

f(=z)t




How Powerﬂfui. Ls ik?

* It is quantum

O Unstructured search in time O(vV IN) (cf Grover)

[vanDam-Mosca-Vazirani’'0l, RCerf’02]
* It is universal for quantum computation [Aharonov et al. 05]

* Initial motivation: optimization problems (NP-complete)
O Worst case: exponential [vanDam-Vazirani'03,Reichardt'04]

O Average case: long debate (numerical simulations)

Notke

% Few known adiabatic algorithms
'; % Mostly heurlstlcs (no analytlcal results)

7



Quankum query acmptex&j



Classical query aomptex&%v

O Function f(x),where = (z1,...,%n)
O Oracle O, : i — x;

O Goal: Compute f(x) given black-box access to Oy

Randomized query @ompiex&v R.(f)

Minimum # calls to O, necessary to compute
f(x) with success probability (1 —¢e) |

91723



* Quantum oracle:

Quanbkum query «comptexi;%v

* Extra power:

6} —

i) —

— [9)

__'lhfﬁifi>

Can query O, in superposition = Q.(f) < R.(f)
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Quantum state generation

% Set of quantum states {|¢z) : © € D™}

% Goal: Generate |1),,) given black-box access to O,

i o I
b " o)

% Observation: Problem only depends on Gram matrix
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Quankbum stabe cownversion

¥ Set of target states {

¥ Set of states 1

Yg) tx € D"}
pz):x € D"}

% Goal: Convert |¢©.)to |1..) given black-box access to O,

% Observation: Problem only depends on Gram matrices

Ngy = <90m‘90y>
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(Zero-error) quantum query

com ex&%j
* Given

O Gram matrix of initial states /V
O Gram matrix of target states M

O Black-box access to @ via oracle O,

Minimum # calls fo O, necessary to convert
the state [¢.)|0) into |12)[0)

.
work space 1




Rounded-error quam%u,m
ueru complexik
* Given q j P v

O Gram matrix of initial states /V
O Gram matrix of target states M

O Black-box access to @ via oracle O,

Minimum # calls to O_ necessary to convert
the state|©..)|0) into a state

VT = e|tp,)|0) + velerrory) |

| 4



Reducing to zero-error case

%W;): state of the algorithm after ¢ queries on input @
* Gram matrix Miy = (1#;\1#2)

* Initially:
* At the end:

A\gor\thm M T M

MO

Vo) = |2)|0) = M° =N
Y1) = |Pe)|0) = M' = M

What distance!?



Guﬁpu& condikions

¥ || MT — M||__ <2E [Ambainis02]
¥v2(MT — M) < 2+/¢ [HgyerLeeSpalek07]
¥ Fa(M*',M) > /1 —¢ [LeeR11]

where Fy(MT, M) = rm;lf-(MT [u)ul, M o |u)ul|)

Al g0 V\t\'\m

. Theorem The Iast condltlon |s tlght

Qs(N M) = min Qo(N, M’)
fH(M M’)>\/ —e “
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Quanbum Lower bounds

* Different lower bound methods :

O Adversary method:

» ldea: bound the change in a progress function for each
query

O Polynomial method:

> ldea: bound the degree of polynomials approximating
the function



Aciversarv bound

[HgyerLeeSpalek07]
* Progress function: W[M?] = Tr[(T o M*)vv™]

¥ Initial value: W[N] = Tr[(T o N)
matrix

* Additive change for one query:
IToA;l| <1Vi = (WM™ —-W[M?']| <1

% Final value after T queries: |W[M*] — W[M°]| <T
‘ Adversary bound |
| ADV(N, M) = max |l'o (M — N)|

subject to ||[T' 0 A;|| < 1 V4



Aciversm“v bound is Eight

* In the bounded-error case, we have:
O ADV_(f) is a lower bound for Q.(f) [HoyerLeeSpalek'07]
O ADVc.(f) is also an upper bound! [Reichardt’11,LMR3S'11]

* Proof idea:

O ADV.(f) can be expressed as a semidefinite
program (SDP)

O Dualize this SDP

O Build an algorithm from a feasible point of the
dual SDP



Continuocus~time quam%um query
aampi&xi&v
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Continuous—-time stale
CONVETrsSLOn

¥ Set of target states {

¥ Set of initial states {

Yg) tx € D"}
pz):x € D"}

% Given Hamiltonian oracle H,, (s.t. O, = e~ ‘=)

¥ Convert |¢.)to |1, ) via evolution under
H(t) = Hp(t) + a(t)H,

arbiraryff

e

0) — o)
D ind ) = HOWw) [
0y — # — |0)

’9033> ] T ¢x>
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Conkinuous—-time qu&h&um
ueru complexik
* Given q j P v

O Gram matrix of initial states /V
O Gram matrix of target states M

O Black-box access to @ via Hamiltonian oracle H.,

" C-t qucm%u,m query aomptéx&j Q5 (N, M)

| Minimum time of evolution under H(t) = Hp(t) + a(t)H, .f
| necessary fo convert the state [¢.)|0) into [1).)|0)
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CQMP&rEsQM wikth discerebe-
Eive model (1)

> Hamiltonian simulation of quantum circuit

Oy

Oy

Qgt(Na M) S QO(Nv M)
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Comparison with discrete-
time model (2)
* Just as in the discrete-time case, we can prove that
| Qct(N, M) > ADV(N, M) |
* Two proof approaches:

2 Adapting the discrete-time proof [Yonge-Mallo'| 1]

2 Reduction via the fractional query model
[CGMSY’09,LMRSS’| 1]
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Cur conkribution

* We revisit this result
* For the lower bound
O Direct proof
* For the upper bound
O Adiabatic algorithm (inherently time-continuous)
* Motivation
O New intuition

O New ideas to build adiabatic quantum algorithms?
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Lower bound
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Conbktinuous-time aciversarv

bound

¥ Let |%(t)) be the state of the algorithm on input @ at time ¢
* Assume we run the algorithm on a superposition of inputs
T (1) = ) val2) x|tha(t)) 4
* Choose an observable I‘won X measuring “progress”
W(t) = ()¢ = (¥()|T' ® 1a|¥(1))

* Bound the progress over the course of the algorithm

T

(D)7 — (T)o = / 8,(T)pdt < T |0,(T)|

0
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Conbktinuous-time aciversarv

bound

T

(D)7 — (T)o = / 8,(T)pdt < T |0(T)|

0
* By Ehrenfest’s theorem: 9, (I'); = —e([H,T']|)¢ + (9:T')¢

O (BtI‘)t =0
© H=IxQHp+ )» |z)Xz|Q Hs
= (H,T] = Y [Je)e| ® H,, T

T Z'mf}x ()T — (T')o| subjectto ||[H,T]|| <1

ADV (N, M)



Upper bound



NAND tree algorithm

* Suppose we need to evaluate the following formula
Lo L1 L2 L3 Lg L5 Le L7

?

% This can be done optimally (time O(+/n) ) using a
continuous-time quantum walk!

31



NAND tree algorithm

[Farhi-Goldstone-Gutmann'08]

1 O 0 1 1 O 1 1




NAND tree algoribthm

[Farhi-Goldstone-Gutmann'08]

1 O 0 1 1 O 1 1
e O L




Dual of the adversarv bound

ADV(N M) = max ur . (M N)H

subjectto ||[T' o A;|| <1 V2 ;

'{ SDP dualization

L ADV(N, M) = min  max { max 3" [||ua)lI max 3 [[[oy) 12

|um,j>’|v'y9j>

subject to

Mmy o Nmy — Z Aiamy <um9i|vyai> vw’ Y
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Path to target state

¥ Goal: convert |@z) to |¥z)
¥ ldeal path: |t:(s)) = cos(55)|0)|pe) + sin(5s)[1)|1y)

| (s =7)
1 ) e, o
i) SRR 1, (5)

10} |a)

: ~ . | 5
¥ Modified path |tz (s)) = |tz(s)) \/ADV(N,M)‘uw>

2 |uz) built from |t4,;) in dual form of ADV (N, M)
2 [|[t=()) — [t=())]| < 9

7
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Hamilkownian

=Y e ()

10} |a)

* Weset H(s) =II(s) — H, with s =%
O Oracle Hamiltonian H .

O Driver Hamiltonian II(s) : projector built from |vz,:)
in dual form of ADV (N, M)
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Correcthness of the alqgorithm

10) |0 ) fa(9) — 1) =)

* Error analysis

(1)) — |1} |z)|| < starting error <0
< e

1+ adiabatic error

+ ending error <o
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Adiabatic condition(s)

' v Let g(s) be the spectral gap. Then
‘ L [IEGN | HEN | )
— T s _ 92(8) 92(8) 93(8)

[Jansen-Ruskai-Seiler’07] “

Problem

Here, we might not have a gap!
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Adiabatic condition(s)

| [P(s), P(s)] = [H(s), A(s)]

' i - : |
ca < - max [2/|A(3)|| + | A(5) P(3)]| + | A(5) P() P(s)]]] |
| [Avron-Elgart’99] y,

2Here: A(s) built from |vz,i) in dual form of ADV (N, M)
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Correcthness of the alqgorithm

0)[a) L 1) 4ba)

of b — It (s)> L\

[%2(1)) — [1)[¥z)]| < starting error < 0
< 15 ADV (N, M)

+ adiabatic error ST

+ ending error <o

* We choose runnlng time T = 15ADV§§V’M)

T

' (35)2(N M) =



Cownclusion and discussion
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Conclusion

* Alternative proof that the adversary bound
characterizes Q<"

O Lower bound: Ehrenfest’s theorem
O Upper bound: Adiabatic condition without a gap
* New intuition:

O Bounded error unavoidable due to adiabatic
error
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Further worlke

O Zero-error quantum query complexity
Non-adiabatic algorithm!?
O New adiabatic quantum algorithms

Quantum query: adiabatic Deutsch-Jozsa,
Simon, Shor?

Other: quantum walks?
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COMF&T‘ESOM wikth Aiscrebe-
Eime aclversarv algorithm

Continuous Discrete

Phase estimation

Technique Adiabatic evolution

Effective spectral

Analysis Adiabatic condition
gap lemma
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Search via quamﬁum walles

% Similar situation for quantum walks

O Searching marked vertices from the stationary
distribution (cf Maris’ talk)

Continuous Discrete

Technique Adiabatic evolution Phase estimation

Effective spectral

Analysis Adiabatic condition
gap lemma
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Search via qu&h&um walles

% Similar situation for quantum walks

O Detecting marked vertices from an arbitrary
initial distribution (cf Alexander’s talk)

Continuous Discrete

Technique o Phase estimation

Effective spectral

Analysis P07
gap lemma

O Can we also find multiple marked vertices using

the adiabatic approach?
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