Estimating capacities and rates
of Gaussian quantum channels
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Motivations

® Most of the performed studies e.g. on classical capacity concern
simple settings (memoryless and vacuum environment)

® No general methods available for evaluating, e.g. classical capacity
® Rates usually derived in a different way with respect to capacity

® Consider lossy bosonic channel as a paradigm of Gaussian
channels
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Outline

® (Gaussian channels
® [.ossy bosonic channel
® C(lassical capacity and rates
® Single channel use (bosonic mode)
® The “inner” optimization problem

® Solution
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(Gaussian channels

They map Gaussian states into Gaussian states; for single use:

{a,V} = {X'a+d X' VX +Y)}

Channel defined by the triad: (d, X, Y)
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The lossy channel

X=ynl, Y =(1-7)Ven
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Classical capacity and rates
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Single channel use

Theorem
The max of Holevo function over Gaussian states 1s achieved for

Vin, Vimod, Venv simultaneously diagonalizable and the optimal V;,
corresponds to a pure state

Corollary
At Vin, Vimod, Vn are s1mu1taneousl ' diag
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The “inner” optimization problem

Maximize X1

With ty >0 (tu, =1/(424))
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st stage capacity equal to zero

Nin(l —>2) =0

’nd stage solution for i, of the transcendent equation
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Properties of the solution

Theorem:
(7 1s a concave and increasing function of Vi,

The one-shot capacity for fixed ey, e.+, 7 can be considered as a
black-box returning C; upon inputting /N;, , while preserving
the concavity
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Regimes

o . . 1
Critical parameters at boundaries of regimes, €.g. 7« = 1 — 7
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Domains

In the domain 1: 1 <71 < 1o < N«
In the domain 2: 1 <71 < n, < ng
In the domain 3: An,m

Critical parameters at boundaries of domains, e.g. N,. = \/ sz \3%5 — 1
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Multiple channel uses
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The “outer” optimization problem

o G . ]
To maximize X, 1t now suffices to consider:

Nin1 — | O = ot (N 1) | — O

Ning —|C1” = 01" Nin2) | — C1”
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Algorithm

. . . oc
Due to the properties of C; 1t’s possible to def. A ax = max (‘9W1 (Ninx =0) < +00
in,k
k k
oot == oCr) =

M_o(k) = (Nin,k(l — 2)) Ao _3(k) = TN (Nin,k(2 — 3))

aﬁin,k

Ist stage

2nd stage

3rd stage

waterfilling

7t/2

sl A iy
Look for Nin,k S:k—l Nin,k — nNin
Convex separable programming guarantees uniqueness and optimality of the

solution together with convergence of the algorithm




In the stage 1: Nin,k =0

In the stage 2: Nout k =

Nout,k = O — 1/2, Wi = ak/5u,k, 1 = 77/>\

0%, Oy k can be expressed by means of Win, g

- upon solving the “inner” problem
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Quantum water filling

1 GQSGHV O
%nv — (Nenv + 2) ( 0 e—QsenV )

DR =0
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Super-additivity

Memoryless Memory
Nin —|C1 =G, (Nin) e Nin1 — Cfl) = Cfl) (Nin1) | — Cfl)
Nin —|C1 =G, (Nin) — 0 Nip2 — C£2) = Cf) W) | = C'P)
Nin e Cl %= Cl (Nin) = Cl Nin,n TR Cfn) i C£n) (Nin,n) YT Cfn)
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Conclusions and outlook

® Optimization methods for capacity and rates
® Full characterization of the single-mode lossy channel
® Concavity (and then additivity) of the one-shot capacity

® Full characterization of the multiple use lossy channel

Superadditivity for memory channel related to critical parameters
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