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|. Basic definitions from quantum channels theory

® Quantum channel T is a (trace-preserving) quantum map:
i.e. quantum state —» quantum state,

which is completely positive:
i,e. T®Idis also quantum map.

channel
environment

Pin Pout = T(/)in)

@ If we encode information into quantum state in input, we can decode that
information by measuring quantum state at the output of channel. This is
classical information transmission by quantum channels:

{XGR} {/)X} continuous /)/X {Wy}
alphabet input states Shannol output states measurement

The aim at decoding (measurement) is to distinguish states with different x.

@ The channel which acts independently on each use (T = T®") is called me-
moryless. Otherwise, we call it memory channel.
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|. Basic definitions from quantum channels theory

@ Achievable rate of information transmission is the speed at which information can
be reliably transferred through channel for fixed encoding and decoding.

@ Mazimal achievable rate of information transmission (considering all possible
types of encoding and decoding) over channel is called capacity.

@ We take electromagnetic fields E and H (“field quadratures”) as our continuous
variables, therefore our channel is called bosonic channel (as we work with bosonic
field modes).

@ Achievable rates and capacity for bosonic channel are finite only if there is an
energy restriction at channel input.

@ Gaussian channels are those continuous channels which map Gaussian states into
Gaussian states (quantum state is Gaussian if, e.g., its representation is given by
Gaussian distribution for some variables).
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|. Definition of LBMC

@ Stinespring’s dilation theorem allows quantum channel to be modelled as
E(p) = Tre[U(p @ pe)U']
® Example — (Gaussian) lossy bosonic quantum channel, where losses are
introduced by interaction with extra “environment modes” on beam-splitter
with transmissivity #:

environment

P

env
(tot)
in

encoding of channel input channel output -
N decoding
classical
(Lot)) (measurement)

Poup(@=Tr, (p O

information n
Pin(0) out env

Examplle of heterodyne
= + <Clp, >
pm(a)—D(a)pOD (o) p((jt‘?:) out.

P(o) VCl

Energy restriction TI‘(Vin+Vcl)/(2n)=N+ 1/2
+__ in +
u _UptotU

Beam-splitter action O“t=U(pm®p

ptot env
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|. Definition of LBMC

@ Schematic representation of multimode (multiuse) lossy bosonic channel (LBC),
where one can introduce memory — correlations between channel uses:

ENVIRONMENT

)

Y

\/

R

INPUT
OUTPUT

-

SRS LTSRN (L0

@ Any Gaussian quantum state p can be completely described by covariance matrix

V for quadratures x := (g1, - .., Gn, P1, - - -, Pn) €ntering in its Wigner function:
1 1 =
— W(x) = —— ex ——(x—a,V x—a)}
’ (0= s 0 |- (x— )

@ LBC can be reduced to the following relation between covariance matrices for
input, environment and output states:

‘ Vout = n\/lﬂ S (1 & 7]) Very
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|. Quantum channel capacity: definition

@ Classical symbols to encode are distrubuted as Gaussian with covariance matrix
VC1/2I
1 =
Pl el G ]
NS e ;

thus, averaged output channel state is

Vout =] 77(‘/m ol Vcl) S5 (1 Ty 77) Venv

@ n-uses channel capacity C, can be estimated by its Holevo bound x, maximized
over all possible encodings and decodings, as Holevo coding theorem [J.P. Gordon
(1964), A.S. Holevo (1973)] states (S is von Neumann entropy):

Cr < max &, S — </ p&ﬂ?P(a)da) - /5 (pg?t)) P(a)da

PinsPcl N

Below we conjecture achievability of maximum on the set of Gaussian states
and call (for simplicity) this maximum as capacity:
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[I. LBMC: uncertainty relation and memory model

@ Quantum state must satisfy HUR: 2n X 2n covariance matrix V is admissable iff
V + iQ > 0 where Q is commutation matrix for canonical variables (quadratures):

_f 0 Id,
o= (%, o)
Q is called symplectic form. Quantum mechanics makes phase space geometry to
be symplectic. = HUR can be rewritten in terms of symplectic eigenvalues vy:

Definition: vx = v4(V), k = 1,..., n are symplectic eigs of
Vs fV2 ~ =lake S
v=|(. 8 qp) if +iv, are eigsof V=Q7 1V = ( a Pp)
(Vq-;l; Vip < Vaq Vap

@ Von Neumann entropy of Gaussian state is function of its symplectic eigs:
. 1
S(p) = Zg Ye=51) where g(v) = (v+1) log,(v+1) — vlog, v
k=1
@ We restrict a class of environment models to study by matrices:
(q9)
Vente— (VO V?"p)> ,  where V(99 and VP commute

= The problem becomes spectral (all matrices can be taken in diagonal form).
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[I. LBMC: calculating of capacity

@ Thus, mathematical problem we need to solve:

: - 1< SRR ! 1
find |C = |lim C,| where C,= max —Z[g <11k—§) —g(l/k_z)]

n—»oco iuks fuk N =
Cuks Cuyk o

with symplectic eigs v = vk (Vout) and Tk = Uk (Vout):

Uk = \/OgkOpk Ouk = 1piuk + (1~ 17)€uk
auk = N(iuk + cur) + (1 — n)ew

Uk = y/agkapk
@ Eigs of matrices [u € {q,p};ifu=qg=>u.=p;ifu=p=>u.=q; k=1,..,n]:
® iy > Vin — input seed state (we encode information in it)

euk > Veny — environment state
Cuk/2 4+ V.1/2 — distribution of encoded variable o (“modulation of signal™)

ouk <> Vous — output state
auk > Vousr — output state averaged over encoding (over modulation)

@ The maximum above is taken for fixed ey, ey, k,n, N and is constrained by:

S 1
e Energy restriction: T Tr(Vin + Va) Z Z ik + ck] =N + =
k=1 ué{q,p}
1 ; gy 1 i
e HUR: w(Vin) > = = i >0, iwkluk = > e positivity: ¢y >0
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Il. LBMC: purity theorems (purity of V)

What can be proved without solving above maximization problem:
Suppose, we consider LBMC with all covariance matrices to be diagonal. Then:

Theorem: Mazimum of Holevo bound is always achieved on pure state Vip:

:

[J. Schafer, D. Daems, E. Karpov, N. J. Cerf, PRA 80, 062313 (2009)]

= ik is already found, i.e. actual restrictions: cuk, €,k = 0 and iy > 0.
Thus, we can use Lagrange multipliers method to find maximum of x,.
Proof: 3 iuciu,k > 1/4 = iy.k = I, + Ok, where i, , = 1/(4iux), 6k > 0.
Let us change varibales to make Vi, pure (it preserves energy constraint N):

A s o
lu,k = luck — Ok luk = luk

’ !
G i, KEtOR Cuk = Cuk

= U} =7, v, < vk. Because of gy is monotonically growing function of its argument

e ’ / £ <15
Ck(,u’ﬂ,u*k?Cuk?Cu*k) 2 Ck(’Uk7’U*k7CUk7CU*k) u
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[I. LBMC: channel capacity for one use

@ We will see that Lagrange multipliers method always results in iyx > 0 = we have
to satisfy only to cyuk, cu,k = 0. Below there is a way to find such solution.

@ There are 3 possibilities for 1-use (1-mode) channel depending on energy
restriction N and threshold value

u 1_
€ e n

NE}:EI(eu >en)= 1 |:

3 (eu*—eu)}, 0< N3P < o0

€u,

@ Both ¢, ¢y, > 0 — 3rd stage — what holds if N > N27® = capacity can be
found in enclosed form:

C =g[nN + (1 = n)Menv] — g [(1 — 1) Nenv]

o Case of ¢, =0,c,, >0 — 2nd stage — what holds if N < N33 = capacity
depends on solution of one transcendent equation for i,.
@ ¢, =0,c,, =0— Ist stage — what holds only if N = 0 (channel is not
used for information transmission: C = 0).
= 1 use capacity for fixed values of e,, e,, and 1 can be mentioned as a

(concave) function:
N—|C=C(N)|— C
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[I. LBMC: channel capacity for one use

@ In the following it will be useful to introduce function gi(v) = v¥g(v — 1/2).
Thus, go(v) = g(v—1/2), g1(v) = vg'(v—1/2) and so on. It also has simple rules
to take derivatives, e.g.: gf = (g1 +&)/v. & = e +&)/v, gl = (2e +g3)/V.

@ E.g. solution for 2nd stage is ¢, =0, cu, =2N + 1 — iy — 1/(4is), iu, = 1/(4i)
and iy, is a root of the mode transcendent equation F(i,) = 0, where

Fi) = 52 = 2@ (o - a") i) (o - (40u) )]

One can show that it is always form the interval
N+%—\/N2+N<iu<N+%+\/N2+N
@ g-function can be expanded on quantum-admissable region v > 1/2 [A.S. Holevo,
1999]:
1 1 1< (2v) ¥
T By Sl Sl e AR %
g(" 2) %82Vt i [ 222 5@ +1)

Thus, in zeroth-order approximation gi(v) = 1 and the solution of mode
transcendent equation is

i~ il = 2 [VIT N+ Do+ 0774 —0/2], where = eiln/(1—n)
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[I. LBMC: channel capacity for one use

@ Let us prove concavity of function C(N). Formally,

dCc _ ac | 9C i,
dN ~ ON ' i, ON

However, we are only interested in variables, maximizing x = % =0 and
u

dC _oC

dN — 9N

@ One can show that for all values of N and for both 2nd and 3rd stages

dC AR
aN = &(7)

Ui

and in particular [for thr' ™2 we take i, = iy, = 1/2 and convention: u is that

quadratrure for which ¢, = 0 after perturbation of N — equivalent to e, > ey, |:

dC u
thr'™? = S5V =0) = Lgi(v) =n\ /2 g' (v~ 1/2)

Ux

thr* ™ = —S(NG) = ngu(®) = ng’[n (s — 1/2) + (1~ n)(ew — 1/2)]
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[I. LBMC: channel capacity for one use

@ Analogously,
°C
aN2
in the third stage (new update: the second stage is correctly considered in
arXiv:0907.1532)

@ Because of always g» < 0, g1 > 0 concavity is preserved on the whole region of

=n’g(?)/7’ <0

N € [0, co):
9°C 9°C
e (N = 0) < 52 (N, +0)
while first derivative is continuous in this point H.
@ Note, that S O

(euqal to oo only for e, = e,, = 1/2).
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Il. LBMC: purity theorems (purity of Vi)

Theorem: Mazimum of capacity over set of environment states {Venv }
with fized average amount of photons:

° L Tr Venvy — 2 = Meny — fixed
can be achieved on pure state Vony :

— Optimal environment state Ven, can be always chosen(?) to be pure.
Proof: At first, note that it takes place the following
Lemma (credit to V. Zborovskii): I a,b,c,d >0, d>b,a—b>c—d and

@ | f(x) is monotonically growing concave function in interval x € (0, 00), then
f(a) — f(b) > f(c) — f(d).

Our environment model

n Sk
Vo = @ VR, where v = (M4 1) [ % % ]
k=1

1 1 1
M = 25 M8, where M3, = (W8 + 3) comisn) — 5

7 kth mode € 1st. = G =0. J kth mode € 3st. = max, & Ck = Ck(Ngf.)V =0)

= it is optimal to make kth mode pure.
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Il. LBMC: purity theorems (purity of Vi)

@ T kth mode € 2st. and cg = 0, where we operate with quadratures maximizing
Ci. Note, that coe = 0 = 0gk > apk. Proof: suppose contradiction: og < apx =
one can ‘“redistribute energy” from ¢y in a way that aj, > Ogk, apx < apk, i.€.
lagk — apk| < |ogk — apk| While ajy + ajx = ogk + apk, what means that 7, > 7,
v, = vk = C, > C what contradicts to assumption that all qaudratures are
already optimal. Also, evidently, ogx > apk = Ogk > Opk.

@ One can show (taking into account procedure of calculating N7 *) that from
Cok = 0 = eqx > ey [it makes a rule “we always encode in less noisy quadrature”].

$ . K : k

@ Let us change varibales for kth mode preserving M, and making new N =
(we keep iy and cux the same): e — ey, €k — €py. This will bring us to
o;k_> ogk and oy /< Opk: i.€. Oy — Opy > Oqk — Opk While ogy + 0px = Oqk + Opk.
This means that v, < v.

@ One can write down for the variable change made above:
/ / ’ /
0qic(Opk + 1Cpk) — OgiOpi > Ok (Opk + 11Cpk) — Ok Opk

Taking into account inequalities above and applying Lemma for f(x) = /x we get
that 7, — v, > Ux — vk. Applying the Lemma again for function
f(x) = go(x — 1/2) we get that C;, > Cx. PROFIT! W
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[I. LBMC: channel capacity for n uses

@ n-uses capacity is actually a sum of convez functions, each of them depending on
one varibale (here energy restriction N = >~ | Ny):

ZXk (Nk) Z Cr(€uks €u, k)

This optimization problem is called “convexr separable programming” and was
solved in [S.M. Stefanov, Comp. Opt. and App. 18, 27-48 (2001)].

@ Thus, finding of multiuse capacity can be represented as search of optimal
distribution P(Nx) over "boxes” — monomodal (1-use) channels — to get
“optimal summary output” >, Xi:

N — | X1 = Xa(M) | — Xa

Ny — | Xo = Xo(Ny) | — Xi

@ To solve this type of “external maximization” mathematically one need to find
such modes that

0Ck 9Cx ack

—— = const(k), but N, S 8Nk( =0) < o0
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[1l. LBMC: definition of £2-model

@ Demonstration of suggested method on the example of Q memory model
(capacity is presented only for the case of n — oo):

1 e 0
Venv = <Nenv =12 §> |: 0 e—sﬂ :|

Here Nenv is average number of thermal photons per mode in channel
environment, s € R and € is matrix of n X n-dimension:

0 N ey e N Sy, 0
SO L o PR S S 0
gt 0
Q:
: 1
OGN 1.0

@ Properties of Q-model (quite realistic):
@ Memory is non-Markovian
o Correlations between channel uses decrease with time
@ Decay of correlations is exponentional
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[Il. LBMC: capacity for {2-model — 3rd stage case

@ Capacity C for Q-model, when all modes are in 3rd stage:

| € = gl + (1 — ) Meny] — g[(L = 1) Newws]

Whele
Mv— er+— I(25)——
en en 2 0 2

/T\*/T\*/T\ */T\

3r|7’2
/
m 0

Fig.: Schematic representation of evolution of stages distribution with growth of
N for Q-model [for zeroth-order approximation only].

N>>0
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[Il. LBMC: capacity for 2-model — general case

1

| 1O=55 (V=0 =mS

2tcomplexi

4
21-comple;
s Y yx
min 3r-complexity
2 roga losya, 1t 4
ir bolshaya legenda;1-<< 1: arx=version, 1t-complexity region )
0 L L L
Y pil4 pir2 3/4%pi

. oC, — aCe
Figure: thrs*2(€) = ﬁ(N =0), ‘thry () = e (N = N33)
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[Il. LBMC: capacity for 2-model — general case

3.2

1.6 L L L L L L
0

Figure: In another (larger) scale: thry 2(¢) = 2S¢ (N = 0)
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[Il. LBMC: capacity for 2-model — general case

@ One need to analyze as function of £ € (0,7/2) and depending on parameters
5,1, Neny:

n Thes Nenv 1\ a2s5cosé
2+ (1= n)(News + 2)e /<V€(N:o) 1)

thrg"2(¢, N = 0) = n g -
3 + (1 = n)(Neny + 3)e-22¢

2

@ Current success: let us introduce notations (x = € “*¢ — this eliminate variable
s and changes ¢ to x, below also p, = 12):

il s ik Rt ot 1 L
qu =% S (1 77) (Nenv S 2) X, Opx = (1 77) (Nenv i 2) 2
BSOS el " o1 YT,
Opx = > 35 (1 77) <Nenv S 2> = Opx = 2(1 77) (Nenv + 2) 3

o Wil T Lartes (1 - Anad
R 2 <N6nv+2 1 X2 ) /”/x_n(l 77) Ne"V+2 X3

o 2
b T 1 n(1 —n) 1 1
Hx = 4 b (1 77) (Nenv + 2) + 2 Nenv i, 2 X + x
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[Il. LBMC: capacity for 2-model — general case

Threasholds (all gk-functions are with argument /pix):

n
thry Q(X) = 81
— O
+g2 / O,x
thrl, o () =2 {gl Uy — =g
1%2( ) L& 2,Ux Opx

o ) g1+ 8 " O/x 7 O/; 20/3(
thr!’ e 7 82 &L o 1 T LR P
I12 (X) Opx 4M>2< Px + 2llfx Hx Opx (/’Lx e ) 81 Opx ng

E.g. saddle-point corresponds to x which is a root of

{thraﬁz(x) <

Oleg V. Pilyavets
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[Il. LBMC: capacity for 2-model — general case

In general case for n — oo (Oth-order approximation) [O.V. Pilyavets, C. Lupo,
S. Mancini, arxiv:0907.1532]:

€= (= 20) [(=3) ~o@ - mman] 2 [7 s (50t = 3) 6 (1/0ue0e - 5)]

where € € [0, 7/2],

1 S COs
Oge = NZae + (1 — 1)Eqe, S et (Nenv i 5) e 5,
@D, = ﬂIfl il (1 be )g E. =[N + 1 672scos§
F 3 4 q¢ n)Epts D&y = env > y

Function Zge (spectral density of matrix Vi,) can be found through solution of the next
functional equation:

(i 1>7€3g(7§—1/2):(i_ Tpe )Vgag(lfs—l/?)

O x V¢ Oge  ZacOpe oveg

where U = /xOgq¢, e = \/Oq¢Ope, Cpe = (x — (L —n) Epe)/n — Ly and
Toe = 1/(4Iq£)-
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[Il. LBMC: capacity for 2-model — general case

Unknown variable T can be found from the next functional equation:
Tyl [0 1—n (™ T
N+ ——= Tee d — Eped = —

77|: +ﬂ_ 77/0 q€ E]"‘ = /0 ped€ 7TX7

where x = 7€** 7 /2 4 (1 — 1)Eyr in the case (2,3,2), and x = 1/2 + (1 — 1)&p- for the
case of (2,1,2). Values 7j,j = 1, 2,3 are shown in table:

RN %) 73
(2,1,2) T T /2
(2,3,2) /2 T—T T

Last question: how to choose correct type of stages distribution: (2,3,2) or (2,1,2). =
We need to find N = N, from the equation above, substituting 7 = 7 /2. If N> found
more or less than actual our N we have, correspondingly, (2,3,2)-case or (2,1,2)-case.
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[Il. LBMC: capacity for 2-model — general case

Vg |.... . VeI

1.3] =\

1.2 "\

-
L e

1 0O w4 12 34 ¢ 0 14
Fig.. Spectral densities V¢ for the Fig.: Spectral densities v¢ for the case
case of Qj; = 6; j11 + 0; j—1 are shown of Qjj = 4; j11 + 6 j—1 are shown for
for parameters N =0; 0.05; 0.67; 1; parameters N =0; 0.05; 0.67; 1; 2;
2; 3.5; 6; 9; 11 going from down to 3.5; 6; 9; 11 going from top to down
top curve. curve.

The values of other parameters: Neny = s =1, n = 0,5. These graphs can be

interpreted as visualization of “quantum waterfilling” for U¢ ve.
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[Il. LBMC: capacity for 2-model — general case

20 maxC)

0O 2 4 6 8s 0 2 4 6 8M_

Fig.: Capacity C for the case of Fig.: Maximum of capapcity C over

Qji = dj j+1 + d; j—1 as a function of parameters of model Veny is shown as a
squeezing s for values of 7 starting from function of Mcny for values of

0.1 (down curve) and up to 0.9 (top n=0,1;0,5;0,9 (we count from down

curve) with step 0.1. Values of other to top).

parameters: N = Neny = 1.
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V. LBMC: achievable rates

@ Achievable rate is maximum of averaged mutual information | shared between
distributions of encoded (in our case — by means of state displacement in phase
space) symbols a and decoded symbols (:

Fo= T max 1(Ga), 1(C:a) = HQ)-H(CJa).  Hldl =~ [ P(6) 10, P(6)do

in> Vel

@ Examples of considered rates (|(j) is coherent state for j-th mode):
@ Homodyne (quadrature measurement):
®j1 (I Re(()) (Re(G)[) = 1(Re(C) - Re(ev))
@ Heterodyne (joint quadrature measurement in sense of POVM):
®f1 (IG)(Gl/m) = 1(¢ - @)

@ Calculations routines for heterodyne [x = C/V2=(qu,- s Gnp1,---, pn)/\/i] S
mmnemonic rule:

P(C|a) <C|pou)|C> Vg\a = Vout + % <:> e W (X) ﬁ(x|a)

e s e 1 == LS 3
P(C) == (ClPoutld) = | Ve = Vour + 5 | =  Wou(x) = P(x)
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V. LBMC: homodyne and heterodyne rates

@ Calculating mutual information we get heterodyne rate published in
[1] O.V. Pilyavets, V.G. Zborovskii, S. Mancini, Phys. Rev. A 77 05234 (2008):

1 =1
F,Ehet) E maX |Og2 det I:(Vout b Id2n> < S Id2n> :|
Vin, Vel

what leads to explicit solution when all modes are in 3rd stage:

F{"Y = log, [N 4 (1 — 7)Menyv + 1] —

1< n | 1/2+ (1 —n)ew 1
Lt U e N I S T 7 hod
23 3 o DAEER M e i

k=1 ue{q,p}

® Homodyne rate was also found in [1] (example of |q)(g|-measurement):

hom 1 99) T
Flbom) = g5 Jmax log, det |:(Vou(’,) (Véﬁ‘?)
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V. LBMC: homodyne and heterodyne rates

@ Surprizingly, Holevo bound in Oth-order approximation is equal to homodyne
rate if all modes are in 2nd stage (only quadratures used for encoding are
measured):

(9 = p(hom)

Fig.: Capacity, heterodyne and homodyne rates for 1-use channel.
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Concluding remarks and summary of results

On classical capacity of LBMC:

@ Method to calculate capacity analytically is found when problem is spectral.
Algorithm uses some of recent achievments (2001) in optimization theory (problem
of convex separable minimization).

@ Capacity does not depend on any parameters except of energy constraint N when
average amount of environment photons Meny tends to infinity.

@ There is a critical beam-splitter transmissivity n* such that optimal squeezing is
finite above it and infinite below it.

@ There is a violation of quadrature and mode symmetry in LBMC what makes
squeezing and memory useful in some cases.

On generalization of results to achievable rates and other channel capacities:

@ Analytical relations which express heterodyne and homodyne rates are found.
Generalization of results found for capacity is strightforward for the case of rates.

@ Heterodyne and homodyne rates do not reach (in general) capacity.

@ Proposed approach can be easily extended for other capacities and Gaussian
channels when problem is spectral (noisy channel is in process now in ULB group).
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