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Linear optics and projective measurements alone suffice to create
large-photon-number path entanglement
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We propose a method for preparing maximal path entanglement with a definite photon-iNjriasger than
two, using projective measurements. In contrast with the previously known schemes, our method uses only
linear optics. Specifically, we exhibit a way of generating four-photon, path-entangled states of the form
|4,0)+0,4), using only four beam splitters and two detectors. These states are of major interest as a resource
for quantum interferometric sensors as well as for optical quantum lithography and quantum holography.
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Quantum entanglement plays a central role in quantunmethod only works probabilistically. Such a protocol has
communication and computation. It also provides a signifi-been employed experimentally, by the group of Zeilinger, to
cant improvement in frequency standards as well as in thpostselect on four-photopolarization entanglemenf13].
performance of interferometric sens¢is2]. In this context, In this paper, we devise a technique for generating maxi-
it has been shown that the Heisenberg limit for phase sensially path-entangled photon-number states based on this
tivity of a Mach-Zehnder interferometer can be reached b)pasradlgm. In particular, our method circumvents the use of
using maximally entangled states with a definite number of'> nonlinearities in a Fredkin gate approach, for example
photonsN, that is, [N,0)s s+|0,N) 5. Here,A and B de- _[9]._We suggest several linear optical schemes, based on pro-
note the two arms of the interferometer. These states, ald6clive measurements, for the preparatlon of a fp_ur-photon,
called path-entangled photon-number states, allow a pha@th-entangle.d statg. We also discuss the feas'.b'“ty c.)f these
sensitivity of order IN, whereas coherent light yields the schemes, by investigating th_e consequence of inefficient de-

T ] - tectors on the state preparation process.
shot-noise limit of 14/n, with mean photon-numbar [3]. It is well known that two-photon, path-entangled states
The use of quantum entanglement can also be applied t€an be created using a Hong-Ou-Man(¢OM) interferom-
optical lithography. It has been shown recently that the Rayeter, where a photon pair from a parametric down converter
leigh diffraction limit in optical lithography can be beaten by impinges onto a 50:50 beam splitfgr4]. The beam splitter
the use of path-entangled photon-number stgtésin order  vyields the path-entangled std®0) 55/ +|0,2 o/ from the
to obtain anN-fold resolution enhancement, with quantum product staté1,1),g. In other words, the probability ampli-
interferometric optical lithography, one again needs to creatgq,de for having|1,1) /g at the output of the beam splitter
the N-photon path-entangled state given above. Due to intefyanishes. This can be understood by a simple diagrammatic
ference of the two paths, one obtains an intensity pattern &nalysis(see Fig. 1
the lithographic surface which is proportional ta-tosNe, In our convention, the reflected mode acquires a phase
where ¢ parametrizes the position on the surface. A superwhile the transmitted mode acquires a phasers, consis-
position of these states with varyifg and suitable phase tent with the reciprocity requirement, so that the two possible
shifts then yields a Fourier series of the desired pattern, up t@ays of producing a statid,1) interfere destructively15].
a constan{5s]. However, a beam splitter is not sufficient any more if the

In view of these potential applications, finding methodsgoal is to produce path-entangled states with a photon num-
for generating path-entangled states has been a long-standipgr larger than twd16]. Consequently, it is commonly as-
endeaVOI’ in quantum OptiCS. Unfortunately, W|th the notabl%umed thap((s) non"near 0ptica| Components are needed for
exception of N=2, the optical generation of these statesN>2. By contrast, we show here that the recourse to such

seemed to require single-photon quantum logic gates thafonlinearity can be avoided if single-photon detectors are
involve a large nonlinear interaction, namely, a Kerr element

with x® on the order of unity. Typicallyy® is of the order
10 ¢ cn?s ! V2 [6]. This makes a physical implemen- \/
tation with previously known techniques very diffic{it—9]. T
Recently, however, several methods for the realization of
probabilistic single-photon quantum logic gates have been @ ) © )
proposed, which make use solely of linear optics and projec-

tive measurementéPMs) [10-12. PMs are performed by  FiG. 1. Four possibilities when sending & 1) state through a
measuring some part of the system while the rest of it isseam splitter. The diagrants) and(d) lead to the same final state,

projected onto a desired stafstate reduction Since the  but interfere destructively(c) transmission-transmissiori)(i)=
state obtained is conditioned on a measurement outcome, thisi; (d) refection-reflection € 1)(—1)=1.
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Note that we neglect here the phase induced by the mirrors
and that accumulated along the optical path, since they can-
cel for a suitably balanced interferometer. For a given input
state, one obtains the output state simply by expressing the
input modes in terms of the output modes, that is, by invert-
ing Egs. (1). Suppose the input state i92,2)ag
=1(a"?2(h")?/0). Then, the term of ordec’t d’t in the
expansion of &")2(b™)? can be shown to be-i/4[(a’)?

FIG. 2. Mach-Zehnder interferometer with two additional beam (512} " |f we call | the state before the projective
e i e Jower and upper s whih drect e refecedneasirementante measirement we have the ouput siat
lows the pprojective generation 0? the staj@sd)+/0,2 or |4,0) a(lpostmeasuremem 1//pm):<_1,1|¢,bam)oc|2,0>+|0,2>. Thus, if
+10,4), depending on the input state. one _and only one _photon is measured at each detector, one

obtains the envisioned two-photon path-entangled output
gte. The probability of this event is 1/16.
The way this projective method works can be understood

Before considering the interesting caseNof 4, it is in- V€Y simply. After passing throggh the first begr_n splitter, the
structive to first exhibit the generation of the sti@el), 5, Product statd2,2) becomes a linear superposition [d{0),
+]0,2a Using projective measurements, instead of d2.2), and|0,4). Again, the state$3,1) and|1,3) do not ap-
simple beam splitter. Let us consider a Mach-Zehnder interpear for the same reason as the vanishing of the HOM output
ferometer with two additional beam splitters, each of themstate|1,1), when the input ig1,1) (see Fig 3. Since the
being followed by a detectdsee Fig. 2 In such a configu- detection of one photon at each detector requires at least one
ration, with all paths balanced, one can select the desireghoton in both the upper and lower arms of the interferom-
state via state reduction, conditionally on both detectorster, the|4,0) and |0,4) states cannot contribute to such
clicking. Formally, we are dealing with a four-port optical events. Consequently, only th2,2) term is left, which then
device, which may be characterized by expressing the outpufecomeg1,1) if one photon is detected in each arm. This
bosonic mode operatofs’, b’, ¢/, andd’ as a function of |1,2) state is thus found at the input of the last beam splitter,

the input mode operato®, b, ¢, andd [2]. For the trans- Which results in the expected std&0) +(0,2).

added to the scheme. The desired path-entangled states &
then obtained, conditioned on the measurement outcome.

formation effected by a single beam splittsay, the first one We can now use this approach to proceed to generate the
in Fig. 2), we use the convention,=(—a+ib)/\2, b, |4,0)+]0,4) state. The key reason why projective measure-
—(ia—b)/\2 ment is useful in the above scheme is that it enables us to

dconditionally suppress the extreme componddt€) and
}0,4), while leaving the middle componef®,2) unchanged.
More generally, the generation of path-entangled states with
N>2 requires eliminating the extreme components with re-
spect to the middle terms. Suppose we want to produce the
state|4,00+]0,4). Then, a simple matrix inversion shows
that the state we need at the input of the last beam splitter is

Combining the transformations of the first, the last, an
the two intermediate beam splitters in the lower and uppe
arms, we get the overall transformation

a’'=b/\2+(c—id)/2,

b'=a/\2+(d-ic)/2, generated an operator of the forma'j*—6(a")?(b")?2
o A +(b™)*. Similarly, to produce the output sta4,0)—|0,4),
¢'=(a-ib)/2+ic/\2, the required input operator is of the forma')3(b")
—(a")(b")3. Since the latter operator has fewer terms, we
d’=(b—ia)/2+id/ 2. (1) will focus for the moment on producing,0) —|0,4).

/N

p

FIG. 3. Two possible ways of makings)
|3,1) or (b) |1,3) from an input staté2,2) passing
through a beam splitter. The two diagrams inter-
fere destructively just as in Fig. 1.

=)

XX
2
X

<

030101-2



RAPID COMMUNICATIONS

LINEAR OPTICS AND PROJECTIVE MEASUREMENS . . . PHYSICAL REVIEW A 65 030101R)

Let us show how to produce this state taki8g3) as the
2. The first beam splitter transforn3,3)= %(a")3(b")%|0)
into a linear superposition d6,0), |4,2), |2,4), and|0,6)
generated by

(a"%+3(ah*(b"hH2+3(a"2(b"*+(b")°. (2)

After passing through the two intermediate beam splitters, FIG. 4. Four-detector scheme with a Mach-Zehnder
and if one and only one photon is counted at each detectoihterferometer. When we feed thec;,d; modes with
the state is then projected onto an equal superposition ¢N—-1,0cp,+|0ON—1)cp,, we have the output state
[3,1) and|1,3). Indeed, the state5,0) or |0,6) are again  |N,0)ag —|0ON)as: (Ne{2,3,4) conditioned upon one photon
eliminated by this projective measurement, since they cannatetection at each detector. Here the input stateé5if),z and
yield a click atboth detectors. Thé4,2) and|2,4) states, on  ¢= /2.

the other hand, lose one photon in each arm of the interfer-

ometer and are therefore reduced3¢l) and|1,3), respec- 14,004,8,(12,0cp+(0,2cp)
tively. Thus, just before the last beam splitter, we have
|3,2)+|1,3). Finally, we need to add a/2-phase shifter in =|4,2>A1C|0,0>51D+|4,O)A1C|O,2)BlD. (5)

the lower arm of the interferometésee Fig. 2 in order to
get the relative phaser that is needed between the two Clearly, the first term in the latter expression cannot give a

terms. This transforms E@2) into click at the lower detector. In contrast, the second term can
give a click at both detectors, which results in the state
(ah®—3(ahb"2+3(ahH2(bh)*— (b, 3) [3Dac|L Do, after the intermediate beam splitters.

Thus, postselecting on one count at each detector yields

so that the state after the projective measurement is reducéd D a s, Similarly, for the third term0,4), 5 , we get the
to|3,1)—|1,3). Consequently, after the last beam splitter, Westate|1,3>A2,32 after postselection. Consequently, we only

get the desired staf@,0)—|0,4). Of course, the stateh,0)  npow need to adjust the relative phase between4t@, 5
+0,4) can simply be obtained by putting an extr&t-phase and[0,4), 5. States in order to gdB,1)—|1,3 before the
1 1 l 1 L

shifter at the end of one path. A straightforward calculation ) ) ) .
last beam splitter. This can be done by inserting/4-phase

i i 1 AT3RH 3
fShOththat Itf thte |tn$ut state aa_)l(%) |0?X,|Zh8njr |aos4be— shifter in the lower arm of the interferometer. Then the
A(?re, € outpu sl_a i.readip"‘)_<tr’] t"bat’?? ’ >b b',l'>. ¢ desired statd4,0)—|0,4) is produced after the last beam
proper. normaiization sShows: tha e probability Osplitter. A simple calculation shows that an input state

yield the desired staté4,0)+|0,4) is 3/64. Note that any PPN - N _
|2N+1,2N+ 1) input state may be used in this configuration #(ah)?(b")?[(c")?+(d")?]|0) yields the same output as be-

to yield |4,00+]0,4) by detecting N—1 photons at each fore up to an irrelevant global .phase, so that one-photon
detector, but with a smaller yield asincreases. detection at each detector projects the output state onto

An alternative way of producingg,0)+|0,4) was found |40 —[0,4 with probability 3/64. The yield is thus equal to
that requires the ability of preparing the input std&®) and that of. the previous scheme. Note again, that Wlth this con-
|1,1), instead of|3,3). The idea is to feed the previously f|_g_urat|on, an)42N,2N>(|_2,0>—|O,2)) input state yields, con-
unused input ports of the two intermediate beam splitterditionally on the detection off8—1 photons at each detec-
(modesc andd in Fig. 2) with the state[2,0)+]0,2). This tor, th.e' 'same output §tat¢4,0)—|0,4>. However, the
state is obtained by sending.1) through a HOM beam Probabiliies decrease asincreases. . .
splitter. Suppose we have an input stg®), which after the The schemes we haye shown so far reﬁed on symmgtrlc
first beam splitter gives a superposition|éf0), [2,2), and product state$N,N) as inputs. States of this form are typi-

; . . : lly produced in optical parametric oscillators and down
|0,4), as explained above. Consider, first, the middle ternt2 . :
|2,2>A131, which gives converters[17,18. We have also devised schemes, which

start from the stat¢5,0) instead, and from which we gener-
ate states of the forfiN,0) +|0,N), for Ne{2,3,4} (see Fig.
12,2)a,8,(12,0cp+10,2cp) 4). Such input states d#,0) can be produced by manipu-
lating states of the fornmiN,N), or from N-photon sources,
- |2'2>A1C|2'0>31D+ |2’0>A10|2’2>51D @ now under developmeni8,19.

Finally, let us discuss the consequence of using realistic
so that either the beam splitter in the upper arm or that in theletectors in our schemes. We can model the detector
lower arm is fed again with2,2). As shown in Fig. 3, this efficiency »? with an ideal detector preceded by a beam
leads to the measurement of zero or two photons at the cosplitter with transmissivitys. The photons deflected from
responding detector, but cannot give one count. Consehe detector represent the loss. When two photons enter
quently, the middle term cannot contribute |tb,1)c/p . the inefficient detector, one of them might be lost, thus
Take now the first ternh4,0)AlBl, which gives yielding an incorrect detector outcome. This is particularly
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important here, since we condition the outgoing state TABLE I. The outgoing stategp™™ of the interferometer of
on single-photon detection events. The projectiveFig. 2 (only the ket parts are given since these states arg.piie
measurement associated with a single-photon detection cagft column lists the photon-number coincidence in the two detec-

be modeled by the projectoEflennz(l— 772)”_1|n><n|. tors, while the right column gives the corresponding outgoing state.

Applying this to the first proposed scheme for generating’Vhen the detector outcomes are interchanged, nem)— (m,n),

|4 O>A’B’_|O Hag (see Fig. 2 we obtain a state the corresponding state picks up a relative minus sign.

pare =28 monmy*(1— 72" ™20 where n,m are (n.m) pnm)

the number of photons lost in modes’ and D', and

pg”,'g",)occ,D&n,mlpA/B/C,D,|n,m)c/D/ . These density matri- (1.2) 13.00+(0,3

ceSpfS'g,), which arise due to imperfect detections, also cor- (2,2) 2.0+[0.2)

respond toN-photon path-entangled states, but witk<4. (3,1) 20+(0.2

(See Table ). (3.2) 11,0+]0,3)
(4,1) [1,00+]0,2)

Thus, the output state is a mixture of path-entangled states
with different values oN. For a realistic, single-photon reso-
lution, photodetector with eff|g|ency72=0.88 [19], the fi- e plan to devise schemes where the yield scales more effi-
delity of the outgoing state with respect to the enwsmnedcienﬂy with N.
state|V)=|4,0)+|0,4) is F=(W¥[p|¥)=0.64, conditioned Another inherent difficulty is that our proposed schemes
on a single-photon detector coincidence. Even though thesgqyire detectors that are able to resolve one or more pho-
imperfect detections lead to a degraded fidelity, this might bgons This problem may, however, not be critical in applica-
exploited in order to create incoherent superpositions ofijons where incoherent superpositions of path-entangled pho-
path-entangled states, which may be useful for the pseud@an number states are needed anyway, such as in quantum
Fourier method in quantum lithograph§]. lithography. The projective generation method also requires

In conclusion, we have shown that conditioning the out-the ayajlability of photon-number sources, which clearly is
put of a linear optical setup on single-photon detectionygther challengf20]. The technique presented here can be
events makes it possible to generate path-entangled photeiended to generating path-entangled states with arbitrary

number states with more than two photons. The price of \hich is presented in a subsequent repdi.
eliminating nonlinear components is the relatively low yield

of the projective process, which is only about 5% for the We wish to thank P. G. Kwiat, D. J. Wineland, Y. H. Shih,
state|4,0)+|0,4). Of course, the optical schemes we haveJ. D. Franson, C. Adami, G. M. Hockney, D. V. Strekalov, C.
found so far are not necessarily the most efficient ones, sB. Williams, and U. H. Yurtsever for useful discussions. We
finding the optimal protocols remains an interesting operwould also like to acknowledge support from NASA, ONR,
problem. In particular, employing the teleportation “fix” and ARDA. In addition, H. L. and P. K. would like to ac-
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