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Conditional generation of arbitrary multimode entangled states of light with linear optics

J. Fiuraek? S. Massat;® and N. J. Ceff
IQuantum Information and Communication, Ecole Polytechnique, Univeriite de Bruxelles, CP 165, 1050 Bruxelles, Belgium
’Department of Optics, PalacKkyniversity, 17. listopadu 50, 77200 Olomouc, Czech Republic
3Service de Physique Ttiéque, CP 225, Universitiibre de Bruxelles, 1050 Bruxelles, Belgium
(Received 8 April 2003; revised manuscript received 2 July 2003; published 23 October 2003

We propose a universal scheme for the probabilistic generation of an arbitrary multimode entangled state of
light with finite expansion in Fock basis. The suggested setup involves passive linear optics, single-photon
sources, strong coherent laser beams, and photodetectors with single-photon resolution. The efficiency of this
setup may be greatly enhanced if, in addition, a quantum memory is available.
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[. INTRODUCTION single-mode states or some particular class of two-mode
states(such as thé\-photon states In this paper, we design
The generation of nonclassical states of light is one of the truly universalscheme, which can be used to probabilisti-
primary research areas in quantum optics. In particular, th€ally generate ararbitrary multimode entangled state of
preparation ofentangledstates of light has attracted a con- light, provided that each mode does not contain more than
siderable amount of attention recently, since these states hap@otons, whereN is an arbitrary but finite integer. The re-
been identified as a key resource in quantum-informatiorpources required for the present scheme comprise passive
processind1]. Such states would, for example, be needed irlinear optical elementsbeam splitters and phase shifers
multiparty quantum-communication protocols such as quansingle-photon sources, strong coherent laser beams, and pho-
tum secret sharin§2—4]. Also, the realization of quantum todetectors. Itis now well known that linear optics and single
error correcting codes based on qubits encoded in harmonRhotons are sufficient resources for performing universal
oscillators[5] would require highly complex light states. The duantum computing26—31], so our proposal provides an-
preparation of entangled light states is also important foPther illustration of the surprising versatility and power of
investigating the foundations of quantum mechanics. Certaiffis paradigm. Our work may have some important applica-
two-mode entangled states have been shown to yield a strorigns in view of the numerous possible utilizations of com-
violation of Bell-CHSH inequalities when Alice and Bob Plex multimode states of light outlined above.
perform balanced homodyne measurements followed by an Note that, very recently, Clausestal. suggested a
appropriate binning6], while other light states may be nec- scheme for approximate conditional implementation of gen-
essary to exhibit Greenberger-Horne-Zeilinger paradoxes u&ral single-mode or multimode operators acting on states of
ing homodyne measuremenfZ]. Finally, multimode en- traveling optical field[32]. The scheme described in Ref.
tangled states of light also have applications in ultrahigh32] is also based on linear optics and may be in principle
precision measuremeni8—11] and quantum optical lithog- used for(approximatg quantum-state preparation. We em-
raphy[12—14. phasize, however, that the approach proposed in the present
The kinds of interactions between light fields that are exaper conceptually differs from that of Ref32]. We are
perimentally accessible are rather limited, thereby restrictingpfimarily interested in exact state preparation and our setup
the class of quantum states of the optical field that can b specifically tailored for that purpose.
generated in the lab. However, this class can be significantly We will first explain all the essential features of the state-
extended if one considers probabilistic generation schemeBreparation procedure on the simplest yet nontrivial example
whose success is conditioned on the detection of a particul&f two-mode entangled state that is formed by a superposi-
outcome of a measurement performed on some ancilla sy$lon of two product states,
tem. Schemes for the probabilistic preparation of Fock states ,
[15], arbitrary superpositions of Fock states of single-mode |)as=ailF)alf )+ 0g€ |G Alg )6 D
field [16,17], or superpositions of classically distinguishable
stated 18,19 have been found. In addition, several schnemesvhere|f), |f'), |g), and|g’) are normalized states amg
for the generation of two-mod#&l-photon path-entangled andqg are real. Then we will generalize the preparation pro-
states have been suggesf28-24], which may be useful to cedure and design a scheme for the generation of arbitrary
enhance the precision of quantum interferometric setups. Omultimode entangled states of light.
the experimental side, the conditional preparation of a single- The paper is structured as follows. In Sec. Il, we propose
photon Fock state with negative Wigner function has re-a method to probabilistically generate the two-mode en-
cently been reported25], suggesting that more complex tangled statél) with the help of passive linear optics, single-
conditional generation schemes may become feasible in thghoton sources, strong coherent laser fields, and photodetec-
future. tors. The performance of the scheme under realistic
All the above-mentioned schemes are nevertheless quionditions is discussed in Sec. Ill, where the effects of im-
restrictive, in the sense that they are capable to prepare onperfect detectors and single-photon sources are analyzed. In
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FIG. 1. Schematic of the setup for the generation of the en- VYV
tangled state(1) via entanglement swapping. The two modes BS
. o H| |» 1 |2
emerging from the quantum nondemolitig®@ND) measurement &> antum
devices are combined on a balanced beam splitter and the swapping vacuum qua
scissors
succeeds when each photodete¢RID) detects exactly one photon.
The wave plate$WP) and the filter(F) transform the projection on
the entangled stat¢d4) into the projection on the singlet state output mode A

|[VH)—|HV). The filtering succeeds if RDdoes not detect any
photon. The boxes denoted Alice and Bob correspond to the setup F|G. 2. Setup for the conditional generation of the entangled
depicted in Fig. 2. state (2). The polarizing beam splitter PBSransmits vertically
polarized photons and reflects horizontally polarized ones. The box
Sec. IV we shall extend the scheme to allow for more thanabeled as QND performs the quantum nondemolition measurement
two modes and more than two terms in the superposition. Wef the photon number in the spatial mode while preserving the
will thus design a universal device that enables one to conpolarization state of the photon, see Fig. 3. The polarizing beam
ditionally prepare an arbitrary multimode state of light. Fi- splitter PBS partially reflects and partially transmits both vertically
nally, the conclusions are drawn in Sec. V. and horizontally polarized photons. BS a usual beam splitter and
PD denotes photodetector with single-photon sensitivity.
Il. CONDITIONAL GENERATION OF TWO-MODE ) )
ENTANGLED STATES thus boils down to the prepa_lra_tlon of _the entangled _iﬁ)te
[State(3) can be prepared similarlyThis latter task will be
Let us first note that, in order to simplify the notation, we accomplished with the help of a quantum nondemolition
shall omit the normalization factors in front of the quantum (QND) measurement of a single photon, which creates en-
states in what follows. tanglement. The preparation procedure specified below
Since the statéy))»p is rather complicated, we divide its works with a finite probability of success only if all the states
preparation into several steps. The main simplification stemappearing in Eq(1) have finite expansions in Fock state
from the observation that the entangled stdfecan be pre-  basis. From now on we therefore assume that the stbtes
pared by means of entanglement swappi8g-39 if we  |g), |f’), and|g’) contain no more thaN photons, wherd\

possess the two three-mode states is arbitrary but finite integer, and we can write
|p)a=1D)aV)a, +19)a,IH)a,, 2 N N
=2 faln),  g)=2 goln). (5)
|¢")e=1t")8,V)8,*19")8,[H)s,, () - -

Here|n) denotes the-photon Fock state and similar expan-

where |V) and |H) denote the state of a single photon in
V) [H) g p sions hold also fotf’) and|g’).

spatial modeA, (or B,) that is polarized vertically or hori-
zontally, respectively. As shown in Fig. 1, we easily obtain
state(1) from the statel¢)a| ¢’ )g if we project the single A. QND measurement

photons in spatial modes, andB, onto the entangled state 11 proposed setup is depicted in Fig. 2. The input polar-

ization modes ¥ and 1H are prepared in the pure single-
mode stategf) and [g) that contain no more thah+1

Without loss of generality, we may assume thgt-q; . This photons,

@) =a|V)|V)+age™ |H)[H). 4

projection may be accomplished by first applying a filter N+1 N+1
[V)—as/qg|V), |[H)—|H) to one of the photons, followed = T In = g.n). 6
by projection onto the Bell staty/)|V)+e '?|H)|H). The i ngo i) Cl nZO 9ol ©

filter F (see Fig. 1 can be implemented by a single beam
splitter that is fully transparent for horizontally polarized States(6) are, of course, closely related to the stdfgsand
photons and partially reflects vertically polarized photons asg) appearing in Eq(2). The exact relationship between

described by amplitude transmittancgs=1, ty,=qs/dq. them will be specified later. Note that it was shown by Dakna
The filtering succeeds if the photodetectordPibes not de- et al. [17] that the single-mode stat€8) can be probabilis-
tect any photon. tically generated with the help of passive linear optics,

The entanglement swapping yields the target gthtéor  single-photon sources, strong coherent laser pulses, and pho-
arbitrary|f), |g), |f’), and|g’). The generation of statd)  todetectors with single-photon sensitivity.
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1 ceeds only if each photodetector in Fig. 1 detects exactly one
7 o ouPw photon. In this way we select the events when there is ex-
PBS LT actly a single photon in each mode andB..
PD Ox The state after the QND measurement can be written in
R Ql the form
90 L5
> [ ) PD =B4[F)1yBolT) 11| V) 2+ Bo[F)1yB13) 1nH
O 2 | panp) =Bl f)1vBol 9) 11| V) 2+ Bo| ) 1vB1|9) 1n H)2,
BS BS (7)
BS where the nonunitary operatoBs andB; describe removal
0> - PBS of none or a single photon at BSrespectively,
|
input | |y> V>

Bo= 2, tiln)n|,
FIG. 3. Interferometric scheme for a QND measurement of a n=0
single photor{36]. BS denotes beam splitters. PBS denotes polar-
izing beam splitters that transmit horizontally polarized photons and
reflect vertically polarized photon&y, is a waveplate that rotates
polarization state by 90°.

B;= >, Vn+1t]r,|n)(n+1|. (8)
n=0

N . .. B. Quantum erasure
As shown in Fig. 2, the input beam containing the states

|~f-> and|§> in the V andH polarization modes impinges on a The QND measurement has thus created the entangle-

beam splitter B$ with transmittance;, and reflectance,. ~ Ment. Still, B;[f) andB;|g) are states of two different polar-
The purpose of this beam splitter is to separate a single phdzation modes whilgf) and|g) in Eq. (2) are states of a
ton from one of the input states and thus create entangléiingle mode. We achieve this by erasing the information
ment. Of course, BSmay separate more than one photon orf’it_)out the polar!zat|on. This is d_one with the help of a pol.ar-
no photon at all. Therefore we must verify that there is ex-Zing beam splitter PBS see Fig. 2. The beam splitter is
actly a single photon present in the output spatial mode zfotateq such that |t.c<-)m-b|nes teandH polarlzatlon.s. If we
without disturbing its polarization state. Such QND measure&ssociate the annihilation operatarg, and a;y with the
ments of a single photon have been recently thoroughly disodes ¥ and 1H, then the transformation carried out by
cussed in Ref[36] where several schemes have been proPBS is given by
posed and analyzed.

One possible method relies on teleportatj@7,38. We
have to first prepare the “event-ready” singlet stiH)s, B
—|HV)3, in the auxiliary modes 3 and 4. This can be done A1y =284~ Ay, ©)

:Ql)l:h thhoet ohn(?::p ojgng[zcg]nglrtlggal C&Z”ggﬁg e(sCN(r)c? g;;?j in where the polarization modes<land 1Y arespatially sepa-
P q 9 prop rated at the output of PBSas indicated in Fig. 2. The eras-

Refs. [3.9'4(]' Then we teleport the_ polarization state Of. aing succeeds if and only if the detector PD placed on tie 1
photon in mode 2 onto the photon in mode 4 by performing ode does not detect any photon, which ensures that all
a Bell measurement on modes 2 and 3. This measuremeeg '

aix=roayyttsay,

should be carried out with two detectors that are capable t otons have been transmitted to the linearly polarized out-
ut mode X.
resolve the number of photons. If exactly two photons ar

. o Since the input states do not contain more thui 1
detected in coincidence at the two detectors, then we know . .
hotons each and since a single photon was subtracted on

that there was a single photon in mode 2 and its polarizatio e .
. “BS,, the state after erasure of the polarization information
state has been coherently transferred onto the state of a single

photon in mode 4. eads

Kok et al.also proposed QND measurement schemes that 2N+1
do not requirea priori entanglemenit36]. For our purposes it |pe= >, (FalN)|V)+gnn)[H)), (10
suffices to employ the simple interferometric scheme de- n=0

picted in Fig. 3 which performs a partial QND photon num-

ber measurement. The coincident detection of a single phovhere the_ output complex amplitudgsandg,, are given by
ton in detectors PPand PL indicates that there was at least the following formula:

one photon in the input mode. Moreover, if there veasctly |

a single photon at the input, then its polarization state is n ek~
unperturbed by the measurement. The probability of success- fn:kzo vk+1 K tirarsty fie1Gn-k,

ful QND measurement of a single photon provided that there

is a single photon in the spatial mode 2 is equal to 1/8. In the n N

preparation scheme shown in Fig. 1 the two QND measure- _ k+1 ( )tnr Pnokekg  F 11
ments are followed by the entanglement swapping that suc- Gn kzo kj 12 20k+1Tn-k @)
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N photons modes 1 and 2 on a balanced beam splitter and measure the
PDy :‘: number of photons in output modes 1 and 2 by means of two
photodetectors PPand PDQ with single-photon resolution.
3 A le The truncation is a conditional operation that succeeds when
2 a particular measurement outcome has been detected, say, no
/ )‘ ) photons at PP andN photons at PR, which we denote as
(O,N). Note that one could also consider other detection
BS 0 photons events, but the total number of photons detected by the pho-
1 todetectors should be equal d The quantum scissors is
input essentially a quantum-state teleportation in the subspace of
the first N+ 1 Fock states, where stat@3) serves as the
FIG. 4. Quantum scissofsee Refs[41,42). quantum channel, and the Bell-type measurement is carried

_ o out with the use of the beam splitter in Fig. 4 that couples the
It follows that we can fix the values of output coefficients modes 1 and 2.

f by properly choosing the complex amplitudes of the input  For the particular choice of the detection eventN)Q,and

states. We have the recurrence equations assuming a balanced beam splitter, one finds that
o fnFn JKI(N=K)!
o Vn+1tiririge’ %= Po 27 N2 NE 19

n—-1
n _ ~ should hold[42], where
Fo= 2, Vk+1 (k)thlrétz Fie 1O, (12
KIL(N=K)! -t

N
Z N|\||

and a similar formula holds fag,,. ;. The amplituded . ; Pos= (15)

andg, . are calculated as follows. First, some nonzero val-
ues forf, andg, are chosen. Then one uses repeatedly Egjs the probability of the successful quantum-state truncation

(12) to calculatef, ,, andg, ., from T, andg,, O<k=n, thatprojects onto the subspace spannefDby1), ... |N).
and the iterations stop at=N
We have thus almost obtained stéa®. However, while Ill. THE INFLUENCE OF IMPERFECTIONS

the effective stateff) and|g) in Eq. (10) have the correct
structure in the subspace spanned by the fitstl Fock
stateg0),|1), ... ,|N), they also contain an unwanted tail in
the subspace spanned by the Fock stétes 1), ... 2N
+1).

In our discussion so far we have assumed that the setup is
constructed from perfect components. However, in reality the
components will never be perfect, and any attempt to experi-
mentally demonstrate the operation of the present scheme
will have to deal with various errors and imperfections. It is
therefore essential to investigate the behavior of the setup
under more realistic conditions.

The last step in our scheme is to get rid of that tail. We do Before discussing the specific sources of possible errors
so with the help of quantum scissdil—45, which project  that may occur, let us make some general observations. Quite
the state in the mode 1 onto the subspace spanned by the figgtnerally, we can quantify the performance of a quantum-
N+1 Fock states. This action is formally described by theinformation processing device by the fidelfey Suppose the
projectorHQS=E,'}‘=O|n><n|_ After this truncation, we finally ~input of the device is a pure staté;,). Ideally, the device
obtain the target entangled std® in the output mode#;  should produce(with some probability an output state
andA, of our device. | o). However, due to the errors, the outpigenerally

The quantum scissors have been discussed in detail imixed) statep,, differs from the expected ideal outcome,
several recent papefd1-45. The schemes proposed there and the fidelity is defined aB = (ol pouf Youp. Now the
can be implemented with the use of linear optics, singlesetup depicted in Figs. 1 and 2 can be viewed as a chain of
photon sources, and photodetectors. The setup that we shagveral blocks, and we can associate the fidéljtyvith jth
briefly describe in the present paper is depicted in Fido#  block. These blocks include, for instance, the devices for
more details, see Ref§41,42). The modes 2 and 3 are preparation of input single-mode statf§ and [g), the

C. Quantum-state truncation

prepared in a pur&l-photon two-mode entangled state quantum entangler shown in Fig. 2, and the final entangle-
N ment swapping operation. The total fidelify,,; of the
_ B guantum-state preparation can be then roughly estimated as
)23~ g’o cilk)2lN=K)s. 13 the product of the fidelities of each block,
It was shown recently that these states may be conditionally Fio=F1F5- - -Fy, (16)

generated with the help of linear optics, single-photon
sources, and photodetectd)—23. We then combine the wherek is the number of the basic building blocks.
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What may reduce the fidelity? Two main sources of errors 1
can be identified. First, the photodetectors with single-photon
resolution and unit efficiencyy=1 are not currently avail-

able. Second, perfect single-photon sources are not currently 0.9t

available. We investigate the effect of each type of imperfec- -

tion in turn. =
We first consider imperfect detectors. The commercially E 0.8t

available avalanche photodiodes usually employed in the ex-
periments exhibit single-photon sensitivity but not a single-
photon resolution(see, however Refd46-48). The out- 0.7f
come of the measurement is dichotomic: either a “click” or
“no click.” Moreover, the typical detection efficiencies are : : : :

of the order of 50% and the highest reported efficiency of the 09 082 094 n 096 098 1
single-photon detector ig,,~88% [48,49.

The fact that the photodiodes are not able to distinguish FIG. 5. The dependence of the fidelity of the entangling device
the number of incoming photons is not a serious limitationshown in Fig. 2 on the efficiency of the photodetectgrsSee text
and this drawback can be circumvented. A series of recerfer more details.
experiments demonstrated that it is possible to simulate de-
tectors with single-photon resolution by splitting the light 10)a, V), +11)a [H)a, +[D)aa, (19
beam into many beams that are detected by many detectors
[50-53. If the average number of photons in the beam im- .
pinging on each detector is much lower than one, then th(‘-f*"here the Stat¢d’>A1Az has more than one photon in mode
number of observed clicks gives a very good estimate of thé- Note that ), , arises because we use the partial QND
number of photons. In practice, the splitting is performed bymeasurement scheme depicted in Fig. 3. The| tﬁjklAz is
means of fiber couplers and strongly unbalanced Machremoved during the final entanglement swapping procedure,
Zehnder interferometers, which allow us to divide the signakee Fig. 1 and the discussion in Sec. Il A.
into many time bins. The performance of these measuring The setup involves altogether eight different modes and
apparatuses is limited mainly by the efficiency of the photo<iye photodetectoréwo for QND, two for quantum scissors,
detectors. The different outcomes of such a measuring deviggng one for information erasyraVe have numerically cal-
are the numben of detectors that click. To them are associ- cyjated the dependence of the fidelity gnand the results
ated positive-operator-valued measures elemBnisif nis  are given in Fig. 5. AlthouglF decreases with decreasinyg
much smaller than the number of detectors, thinpcan be  the reduction of the fidelity is perhaps not as severe as one
approximated by might expect, given the relatively large numlgéve) of de-

tectors involved. Of course, since the total fidelity is approxi-

. e mately product of fidelities of the building blocks, see Eq.

7"(L—= )™ "m)(m|. 17 (16), a reliable operation of the whole scheme would require
detectors with efficiencies of about 95%.

The second main source of errors is the necessity to pro-
vide auxiliary single photons on demand. The fabrication of
", reliable single-photon source is one of the holy grails of
guantum optics. Currently available triggered single-photon
k ) Sources operating by means of fluorescence from a single
|f)=[0) and|g)=[1). Assuming that all the beam splitters yqjecyle[54], a single quantum dd65-57, or a nitrogen-
in the setup are balanced=t=1/y2), the corresponding vacancy center in a diamor&8] exhibit significantly sub-

II,= z

m=n

To give an explicit example how the fidelity is influenced
by the nonunit detector efficiency, we have carried out a
explicit calculation ofF for the entangling device depicted in

input single-mode stateﬁ) and |§> read Poissonian statistics, with tenfold or even higher suppression
of two-photon emission in comparison to the coherent light

B 1 B 1 with the same mean photon number. Instead of those novel
[fy=—=(0+2[1)), [9)=-=(0)+22)). sources of single photons one could also utilize single pho-

V3 V5 tons conditionally prepared from photon pairs generated by

(18 means of spontaneous parametric down-convei&éh If a
single idler photon is detected then the signal beam collapses

In this case the quantum scissors can be implemented witfv a single-photon statg25]. However, the experimentally
just a single auxiliary photon split on a balanced beam splitobserved correlations between signal and idler photons are
ter becaus¢¢)23=(|01>+|1O>)/\/§. We further assume that never perfect. These problems are quite generic. Although
the QND measurement is carried out with the use of theahe triggered single-photon sourd®4-58 may emit a
simple interferometric device shown in Fig. 3. In agreementingle photon each time a button is pressed, the main diffi-
with our definition of the fidelity we assume that the input culty is to collect the emitted photon into a single well de-
states(18) are perfect. Ideally, the output of the device in fined spatiotemporal mode. In practice, only a fracti®n
Fig. 2 should be <1 of the emitted photons is collected and detected.
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We model the imperfect single-photon source as a source
that emits a single photon with probabili&y and does not
emit any photon with probability + R. For the particular
example, we have calculated how the fidelity of the device
shown in Fig. 2 depends d& assuming ideal photodetectors
and perfect input statg48). The obtained dependenE¢R)
was quite similar to the dependenE¢») given in Fig. 5, 1
which indicates thaR>95% would be required for a reli- ~
able operation of the quantum-state entangler. 5> . B82

We can conclude that highly efficient photodetectors and |17 :
single-photon sources are necessary for the reliable operation g BS
of the device proposed in this paper. This is hardly surprising d
because the suggested experimental setup consists of a large quantum
number of photodetectors and auxiliary single-photon
sources. We have seen, however, that small errors and inef- 1 d'
ficiencies of the order of several percent can be tolerated and vacuum

do not significantly degrade the functionality of the device. output mode

single photon

QND

]
Vv
g
\
4
o)
@)

IV. GENERAL SCHEME FIG. 6. Scheme for conditional generation of the entangled state
(24). The erasing of the spatial information is achieved condition-
Up to now we have considered the generation of a two-ally on no photon being detected at ttie- 1 photodetectors PD.
mode state that consists of a superposition of two product
states. In this section we shall generalize our scheme in sev-

d d
eral ways. |¢>AC:;1 |fj>A|1>ij |¢,>BD:J_21 |9j>B|1>Dj,

(24)
A. M-mode entangled state

First, we will discuss the preparation of M-mode en- Where|1>cj denotes a state of a single photon in gh
tangled state which has a form limited to the superposition ofuxiliary spatial mode. The stafe),g is obtained by pro-

two product states, namely, jecting the mode<C; andD; onto a two-photon entangled
: state
lpy=[f)If2)---[fm) +€°lglgz)- - -lam). (20
d
To prepare this state, we first generbtestates b
;Zl g il1)c 1o, (25
lop)=1T)IV)+]g[H) (21

_ _ To prepare state®4), we proceed essentially as in Sec. Il.
as before, and then project thé single photons onto the The extended scheme is depicted in Fig. 6. Initiallgpatial

maximally entangled state modes are prepared in statég. The array ofd beam split-
ters BS extracts, with a certain probability, a single photon.
We must verify the presence of exactly one single photon in
total in the modes 4, . . . ,d" while preserving the coherence
among these modes by performing a QND measurement.
This can be accomplished bg-dimensional teleportation
similarly as discussed in Sec. Il. However, this time we need
fb teleport a qudit encoded as a state of a single photah in
spatial modes. Fortunately, it was shown recently that the
probabilistic gates for quantum computing with linear optics
B. Arbitrary two-mode entangled states [26—30, which were introduced for qubits, can be easily

Our second generalization extends the preparation proc&€xteénded to qudit$61]. This means that all the necessary

dure to two-mode states that are superpositions pfoduct manipulations, such as_the generation of maximally en-
states tangled state of two qudits, Bell measurement, and the pro-

jection onto statg25), can be probabilistically carried out
d _ with the resources that we assume here.
|$>AB=2 ;€' % f)algj)e - (23 After the QND measurement, we must erase the spatial
=1 information contained in the resulting state

|Won)=|VV---V)+e /|[HH. - -H). (22)

This projection can be performed with the Greenberger
Horne-Zeilinger(GHZ) state analyzer described by Pan and
Zeilinger [60]. This analyzer consists of polarizing beam
splitters, half-wave plates, and photodetectors allows one t
distinguish two GHZ states d¥l qubits.

Obviously, a natural strategy is to prepare this state via d d
;jc;(rjrlnmensmnal entanglement swapping from two states of the |‘//QND>:,2‘1 (kHl Bﬁij|'fk>) 11);, (26)
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whereB; are given by Eq(8). This is done by the second With the help of the techniques developed in the frame-

array ofd— 1 beam splitters indicated by the shaded zone irwork of the quantum computation with linear optics, the en-

Fig. 6. The erasure succeeds when the detectors PD do n@ngledM-photon statg31) can be mapped onto a product

detect any photons. The preparation is finished by the applistate ofM photons which can then be detected by observing

cation of the quantum scissors that truncate the Fock stai@n appropriaté/-photon coincidence. The factorization con-

expansion of the output state [dtphotons. sists of a sequence of the controllgdT (C-SHIFT) gates for
Suppose that the output mode after erasing is a balancddo qudits. Thec-sHIFT gate is defined as follows:

linear superposition of all modes
| Ll Djrie— 1)l Lyjr—j e (33

d
1
Qout™ = 2 a;. (27 wherej’—j should be calculated moduld. As shown in
Vd = Ref. [61] this transformation can bérobabilistically per-
. formed with the use of single-photon sources, passive linear
The complex amplitudes of the statffy)=2,f; ,[n) can  qptics and photodetectors with single-photon sensitivity. If
then be expressed in terms of the complex amplitudes of thg,o apply thec-SHIFT gate to the qudits 1 ank, wherek

input states; , as follows: =2,... M, then statg31) is mapped onto product state of
5 5 M photons
thr «, fin+1 T,
L T | A e
nj: k&1 vNe |Una)— 121 aie 1)1 |1 Daz - [Lam- (34
where the prime indicates summation over all
=(ny, ... Ng) satisfying the constrainEf_,n,=n. Note D. State preparation with quantum memory

that formula(28) may be easily inverted and we can deter-

mine the complex amplitudqu of the input states for any
given prescribed output staté(s,).

The above described procedure for the preparation of the
genericM-mode entangled state clearly shows that our ap-
proach is indeed general since it allows us, in principle, to
generate an arbitrary state. But the success probability of the
C. Universal scheme scheme will be exponentially small in general. The prepara-
dion procedure will therefore have to be repeated exponen-
tially many times to produce the desired state. In the rest of

is section we shall argue that the number of operations
required to produce the desired state can be significantly de-
creased if a quantum memory is available.

The advantage of the quantum memory is that it allows
one to wait until successive steps in the state generation pro-

d ' tocol have succeeded before proceeding with the next steps.
|z/1>=z a;€' [l fi2)2 - [fimdm - (290  For instance, in the scheme described in Fig. 6, one can first
= produce the state|§j> and store them in a memory before

We can conditionally generate staf9) if we first prepareM proceeding with the p roduction of the entengled siae. )
entangled statekE 1, . . . M) Suppose that the staftgy) can be prepared with the probabil-

ity P;. Without quantum memory the probability of simul-
d taneous preparation of thiestatesT;) is P=H?:1Pj and the
|¢k>:Z i1 L)k (300 number of required operations thus scalesNag<1/P. If,
=t after a successful preparation, we store each ﬁ@;tein a

where|1),, denotes a single-photon state of thiekjth aux- memo(rjy, we reduce the number of required operatic_)ns_ to
iliary spatial mode. As discussed above, sta@® can be No*Zj-11/Pj. The guantum memory is also essential in

prepared with the help of the scheme depicted in Fig. gboosting the probability of success of the probabilistic logic
Then, we carry out a joint measurement on all auxiliary pho-92t€s for single photons proposed by Knill, Laflamme, and

tons. The statéy) is obtained if we project the auxiliary Milburn [26]. A_s explained in the preceding section, Fhese
modes onto aM-photon entangled state: gates are required in the present scheme for performing the

QND measurements of photon number and for manipulations
d and Bell measurements on qudits represented by single pho-
= T A Y YU A tons ind spatial modes.
V.0 121 Gl Lz [ (Y A more elaborate use of a quantum memory is to build the
state using aecursive procedurdased on the Schmidt de-
If we denote|®y ¢)=|d1)|d2)- - -|dy) then we can write  composition. This method is similar to that analyzed in Ref.
[24] where the number of operations required to produce
)= (P o Ppm.a)- (32  “cat states” was drastically decreased by using a recursive

Finally, we point out that those two generalizations can b
combined and we can thus generate an arbitrary multimod
entangled state of light where each mode contains no mo
thanN photons. AnyM-mode state of this kind can be writ-
ten as a superposition of no more thaw (N+1)™ product
states,

042325-7



FIURAéEK, MASSAR, AND CERF PHYSICAL REVIEW A68, 042325 (2003

procedure and a quantum memory. The method is best ex- V. CONCLUSIONS
plained on an explicit example. Suppose we would like to
prepare a four-mode stalé) agcp. The Schmidt decompo- In summary, the scheme proposed in the present paper is

sition of this four-mode state with respect to a bipartite split-universal, in that arbitrary multimode entangled states of
ting into theAB andCD modes can be written as follows: |ight can be probabilistically generated. The resources re-

d quired are passive linear optics, single-photon sources,
_ . - , 35 strong coherent states, and detectors with single-photon reso-
[#)asco jzl Ailes)aslmideo 39 lution. This result clearly illustrates the versatility and power

) of the approach relying only on linear optics and single pho-
where |¢;)ag and |mj)cp form orthogonal bases in some {ons.

subspaces of the Hilbert space of modeB and CD, re- It is fair to say, though, that the suggested setup is rather
spectively. The number of the terms in the Schmidt decomg,yjicated and involves several nontrivial operations such

. . 2 . .
position (35) is bounded byd<(N+1)” while, in general, Q?S the quantum nondemolition measurement of a single pho-

4 .
(SN+1I\)/ Ctelr:)ms v;/nere E?ﬁgafy n tTe tﬁe{\\tlavral pr?é:e?)l:r(ian on, quantum scissors, and transformations of photonic qu-
ec. - JECompositio suggests that we could obtain i oncoded as a state of a single photod gpatial modes.

the statd ) ascp via entanglement swapping if we first pre- We have shown that all these operations caridrebabilis-
pare two entangled states . . . .
tically) implemented with the resources that we consider

d here. The resulting procedure may become very complex for
| D) apx= 2 l¢j) gl 1>xj- general states. However, it should be emphasized that build-
=1 ing a state likg29) must necessarily be complicated because
d of the large number of parameteféN+1)"—1 complex
|¢'>CDY:E |7Tj>CD|1>YJ-- (36) number$ that characterize this state and that must be fixed

j=1 by the preparation scheme. We have also analyzed in a
simple case the effect of realistic experimental conditions

(imperfect detectors and imperfect single-photon sources

pared using the ge_n_eral procedure of Sec. IV C. However, fo}')\lthough they decrease the fidelity of the final state, imper-
states of the specific forr(86), a simpler procedure can be fections of the order of a few percent may be acceptable.

devised. One first generatelsstates|;)ag Where the tilde  Finajly, we have argued that the use of a quantum memory
indicates thate;) is related to|¢;) via relations similar to  can decrease the number of operations required to produce
those described by Eqél2). The statgd®)agx is then pre-  the desired state.
pared with the help of the device shown in Fig. 6 where the \we hope that this paper will stimulate the efforts towards
modeB of |(pj>AB is sent to thgth input port of the interfer- experimental demonstrations of the basic building blocks of
ometer. The only modification is that we must also erase theur scheme, such as the conditional generation of single-
spatial information carried by thé modes of the states mode finite superpositions of Fock states and the preparation
|ZDJ>AB and perform the quantum-state truncation after theof two-mode entangled\N-photon states required for the
erasing. Briefly, alld modesA; are combined on an array of quantum-state truncation.
d—1 beam splitters and the detectors monitor the fitst
—1 output ports. If these detectors do not register any pho-
ton, then the erasing procedure succeeded and we apply the ACKNOWLEDGMENTS
guantum scissors to the state in i output port.

Clearly, this recursive procedure can be extended to any \ye gre grateful to M. Diek, R. Filip,

number O.f mod_es. The resulting_scheme resembles a_tres?imulating discussions. We acknowledge financial support
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