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We provide a detailed analysis of the recently proposed setup for a loophole-free test of Bell inequality
violation using conditionally generated non-Gaussian states of light and balanced homodyning. In the proposed
scheme, a two-mode squeezed vacuum state is de-Gaussified by subtracting a single photon from each mode
with the use of an unbalanced beam splitter and a standard low-efficiency single-photon detector. We thoroughly discuss the tolerance of the achievable Bell violation in the various experimentally relevant parameters
such as the detector efficiencies, the electronic noise, the mixedness of the initial Gaussian state, and the
probability of false triggers. We also consider several alternative schemes involving squeezed states, linear
optical elements, conditional photon subtraction, and homodyne detection.
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I. INTRODUCTION

In their seminal 1935 paper, Einstein, Podolsky, and
Rosen advocated that if “local realism” is taken for granted,
then quantum theory is an incomplete description of the
physical world 关1兴. The EPR argument gained renewed attention in 1964, when Bell derived his famous inequalities,
which must be satisfied within the framework of any local
realistic theory 关2兴. The violation of Bell inequalities, predicted by quantum mechanics, has since then been observed
in many experiments 关3–10兴, thereby disproving the concept
of local realism. So far, however, all these tests suffered from
either a detector-efficiency loophole or a locality loophole
关11,12兴, that is, the measured correlations may be explained
in terms of local realistic theories exploiting the low detector
efficiency or the timelike interval between the two detection
events 关13–15兴.
A test of Bell inequality violation typically involves two
distant parties Alice and Bob, who simultaneously carry out
measurements on parts of a shared quantum system that is
prepared in an entangled state. Both parties randomly and
independently decide between one of two possible quantum
measurements a1 , a2 and b1 , b2. To avoid the locality loophole, the measurement events 共including the choice of the
measurement兲 at Alice’s and Bob’s sites must be spacelike
separated. This suggests that optical systems are particularly
suitable candidates for the test of Bell inequality violations.
The technology of generation of entangled states of photons
is very well mastered today 关7兴 and the prepared entangled
states can be distributed over long distances via low-loss
optical fibers 关8兴. However, the currently available singlephoton detectors suffer from a too low efficiency , which
opens the so-called detector-efficiency loophole. This loophole has been closed in a recent experiment with two trapped
ions 关9兴. However, the ions were held in a single trap, only
several micrometers apart, so that the measurement events
were not spacelike separated. It was suggested that two distant trapped ions can be entangled via entanglement swapping by first preparing an entangled state of an ion and a
photon on each side and then projecting the two photons on
a maximally entangled singlet state 关16–19兴. This technique
1050-2947/2005/71共2兲/022105共14兲/$23.00

could be used to close the locality loophole in the Bell test
with trapped ions 关16兴. Very recently, the first step toward
this goal, namely, the entanglement between a trapped ion
and a photon emitted by the ion, has been observed experimentally 关20兴. However, the entanglement swapping would
require interference of two photons emitted by two different
ions, which is experimentally very challenging.
An interesting alternative to the atom-based approaches
关16,21,22兴 is represented by all-optical schemes involving
balanced homodyne detection, which can exhibit very high
detection efficiency 关23,24兴. Unfortunately, the entangled
two-mode squeezed state that can easily be generated experimentally 关25–27兴 cannot be directly employed to test Bell
inequalities with homodyning. This state is described by a
positive definite Gaussian Wigner function, which thus provides a local hidden variable model that can explain all correlations established via quadrature measurements carried by
balanced homodyne detectors. Similarly to the case of purification of continuous variable entanglement 关28–32兴, one
has to go beyond the class of Gaussian states and Gaussian
operations. For instance, it is possible to obtain a violation of
the Bell inequality with a Gaussian two-mode squeezed
vacuum state by performing photon-counting measurements
关33兴 or the rather abstract measurements described in Refs.
关34–36兴. However, in contrast to balanced homodyning,
these measurements are either experimentally infeasible or
suffer from a very low detection efficiency.
In order to close the detection loophole by using homodyne detectors, it is necessary to employ highly nonclassical
non-Gaussian entangled states whose Wigner function is not
positive definite. Several recent theoretical works indeed
demonstrated that violation of Bell inequalities can be observed using balanced homodyning 关37–40兴, if specific entangled light states such as pair-coherent states, squeezed
Schrödinger-cat-like states or specifically tailored finite superpositions of Fock states are available. However, no feasible experimental scheme is known that could generate the
states required in Refs. 关37–40兴. In a recent experiment, an
entangled state obtained by splitting a single photon on a
balanced beam splitter was used to make a Bell test where a
homodyne detection was carried out on each output 关41兴. It
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FIG. 1. 共Color online兲 Conceptual scheme of the proposed experimental setup for observing a violation of Bell inequalities with balanced
homodyning. The source emits a two-mode squeezed vacuum state in modes A and B. A small part of the beams is subtracted on two
unbalanced beam splitters BSA and BSB and sent onto single-photon detectors PDA and PDB. The two remaining beams A and B, which are
conditionally prepared in a non-Gaussian entangled state, are sent to Alice and Bob, respectively, who perform each a balanced homodyne
detection using their local oscillators LOA and LOB.

was claimed that the observed data violate the Bell inequality; however, the violation was obtained by postselecting
only the data when the absolute value of the detected quadrature was above some threshold. This rejection of data introduces a loophole very similar to the detection-efficiency
loophole, and this experiment therefore does not refute local
realism.
Recently, it was shown by us together with Wenger,
Tualle-Brouri, and Grangier 关42兴, and independently also by
Nha and Carmichael 关43兴, that a very simple non-Gaussian
state obtained from two-mode squeezed vacuum by subtracting a single photon from each mode 关44–46兴 can exhibit Bell
violation with homodyning. An essential feature of this proposal is that the photon subtraction can be successfully performed with low-efficiency single-photon detectors, which
renders the setup experimentally feasible. In fact, the basic
building block of the scheme, namely, the de-Gaussification
of a single-mode squeezed vacuum via single-photon subtraction, has been recently successfully implemented experimentally 关47兴.
In the present paper, we provide a thorough analysis of
the scheme proposed in Refs. 关42,43兴. We present the details
of the calculation of the Bell factor for a realistic setup that
takes into account mixed input states, losses, added noise,
and imperfect detectors. Moreover, we shall also discuss several alternative schemes that involve the subtraction of one,
two, three, or four photons. The present paper is organized as
follows. In Sec. II, we describe the proposed experimental
setup and we introduce the Bell-CHSH 共Clauser-HorneShimony-Holt兲 inequalities. We then provide a simple purestate analysis of the scheme assuming ideal detectors, which
gives an upper bound on the achievable Bell violation. In
Sec. III, we present the mathematical description of a realistic setup with imperfect detectors, losses, and noise. Besides
the scheme where a single photon is subtracted on each side,
we will also analyze a scheme where two photons are subtracted on each side. This latter scheme yields slightly higher
Bell violation but only at the expense of a very low probability of state preparation. Several other schemes composed of
squeezed state sources, linear optics, and photon subtraction
are discussed in Sec. IV. Finally, the conclusions are drawn
in Sec. V.
II. FEASIBLE BELL TEST WITH HOMODYNE
DETECTION
A. Proposed optical setup

The conceptual scheme of the proposed experimental
setup is depicted in Fig. 1. A source generates a two-mode

squeezed vacuum state in modes A and B. This can be accomplished, e.g., by means of nondegenerate parametric amplification in a 共2兲 nonlinear medium or by generating two
single-mode squeezed vacuum states and combining them on
a balanced beam splitter. Subsequently, the state is deGaussified by conditionally subtracting a single photon from
each beam. A tiny part of each beam is reflected from a beam
splitter BSA 共BSB兲 with a high transmittance T. The reflected
portions of the beams impinge on single-photon detectors
such as avalanche photodiodes. A successful photon subtraction is heralded by a click of each photodetector PDA and
PDB 关46兴. In practice, the photodetectors exhibit a singlephoton sensitivity but not a single-photon resolution, that is,
they can distinguish the absence and presence of photons but
cannot measure the number of photons in the mode. Nevertheless, this is not a problem here because in the limit of high
T, the most probable event leading to the click of a photodetector is precisely that a single photon has been reflected
from the squeezed beam on the beam splitter. The probability
of an event where two or more photons are subtracted from a
single mode is smaller by a factor of ⬇1 − T and becomes
totally negligible in the limit of T → 1. Another important
feature of the scheme is that the detector efficiency  can be
quite low because a small  only reduces the success rate of
the conditional single-photon subtraction but it does not significantly decrease the fidelity of this operation. These issues
will be discussed in detail in Sec. III.
After generation of the non-Gaussian state, the two beams
A and B together with the appropriate local oscillators LOA
and LOB are sent to Alice and Bob, who then randomly and
independently measure one of two quadratures xA , xB charj
k
acterized by the relative phases 1 , 2 and 1 , 2 between the
measured beam and the corresponding local oscillator. The
rotated quadratures xA = 共cos 兲xA + 共sin 兲pA and xB
= 共cos 兲xB + 共sin 兲pB are defined in terms of the four
quadrature components of modes A and B that satisfy the
canonical commutation relations 关x j , pk兴 = i␦ jk, j , k 苸 兵A , B其.
To avoid the locality loophole, the whole experiment has
to be carried out in the pulsed regime and a proper timing is
necessary. In particular, the measurement events on Alice’s
and Bob’s sides 共including the choice of phases兲 have to be
spacelike separated. A specific feature of the proposed setup
is that the non-Gaussian entangled state needed in the Bell
test is generated conditionally when both “event-ready” detectors 关48兴 PDA and PDB click. However, we would like to
stress that this does not represent any loophole if proper timing is satisfied; namely, in each experimental run, the detec-
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tion of the clicks 共or no clicks兲 of photodetectors PDA and
PDB at the source should be spacelike separated from Alice’s
and Bob’s measurements. This guarantees that the choice of
the measurement basis on Alice’s and Bob’s sides cannot in
any way influence the conditioning “event-ready” measurement 关16,42,48兴.
A scheme for observing a Bell inequality violation with
balanced homodyning very similar to the setup depicted in
Fig. 1 was proposed by Nha and Carmichael 关43兴. They also
consider de-Gaussification by means of photon subtraction
with inefficient detectors exhibiting single-photon sensitivity
but no single-photon resolution. The difference between the
setup shown in Fig. 1 and the scheme of Nha and Carmichael
is that in the latter case the single-photon detectors are located on Alice’s and Bob’s sides while in our case the detectors are spatially separated from the two observers.
The position of the photodetectors is irrelevant as far as
the state preparation is concerned and both schemes conditionally produce the same photon-subtracted two-mode
squeezed vacuum. However, the position of these detectors
plays a crucial role in the Bell test. If the single-photon detectors are placed together with the balanced homodyne detectors on Alice’s and Bob’s sides, then the choice of the
measurement basis may influence 共within the local-hiddenvariable models兲 whether the single-photon detector will
click or not. This must be avoided, which is achieved by
spatially separating the state preparation and homodyne detection and by proper timing as in our setup.
To demonstrate that the experimental data recorded by
Alice and Bob are incompatible with the concept of local
realism, we shall consider the Bell-CHSH inequality originally devised for a two-qubit system 关49兴. In this scenario,
Alice 共Bob兲 randomly and independently decides between
one of two possible quantum measurements a1 , a2 共b1 , b2兲
which should have only two possible outcomes +1 or −1. We
define the Bell parameter
S = 具a1b1典 + 具a1b2典 + 具a2b1典 − 具a2b2典,

共1兲

where 具a jbk典 denotes the average over the subset of experimental data where Alice measured a j and, simultaneously,
Bob measured bk. If the observed correlations can be explained within the framework of the local-hidden-variable
theories, then S must satisfy the Bell-CHSH inequality 兩S兩
艋 2.
In the proposed experiment, Alice and Bob measure
quadratures that have a continuous spectrum. We discretize
the quadratures by postulating that the outcome is +1 when
x 艌 0 and −1 otherwise. The two different measurements on
each side correspond to the choices of two relative phases
1 , 2 and 1 , 2. Quantum mechanically, the correlation
E共 j , k兲 ⬅ 具a jbk典 can be expressed as
E共 j, k兲 =

冕

⬁

−⬁

sgn共xA xB 兲P共xA ,xB 兲dxA dxB ,
j

k

j

P共xA , xB 兲 ⬅ 具xA , xB 兩c,AB兩xA , xB 典
j
k
j
k
j
k

k

j

k

共2兲

where
is the joint probability distribution of the two commuting quadratures xA and
j
xB , and c,AB denotes the 共normalized兲 conditionally generk
ated non-Gaussian state of modes A and B. In practice, the

correlations would be determined from the subset of the experimental data corresponding to the successful conditional
de-Gaussification, i.e., Alice and Bob would discard all results obtained in measurement runs where either PDA or PDB
did not click. We emphasize again that this does not open
any loophole in the Bell test.
B. Ideal photodetectors

We shall first present a simplified description of the setup,
assuming ideal photodetectors 共PD = 1兲 with single-photon
resolution and conditioning on detecting exactly a single
photon at each detector 关44,45兴. This idealized treatment is
valuable since it provides an upper bound on the practically
achievable Bell factor S. Moreover, as noted above, in the
limit of high transmittance of BSA and BSB, T → 1, the realistic 共inefficient兲 detector with single-photon sensitivity is in
our case practically equivalent to these idealized detectors.
The two-mode squeezed vacuum state can be expressed in
the Fock state basis as follows:
⬁

兩in共兲典AB = 冑1 − 2 兺 n兩n,n典AB ,

共3兲

n=0

where  = tanh共s兲 and s is the squeezing constant. In the case
of ideal photodetectors, the single-photon subtraction results
in the state
兩out典AB ⬀ âAâB兩in共T兲典AB ,

共4兲

where âA,B are annihilation operators and the parameter  is
replaced by T in order to take into account the transmittance of BSA and BSB. A detailed calculation yields
兩out典AB =

冑

⬁

共1 − T22兲3
共n + 1兲共T兲n兩n,n典AB ,
1 + T22 n=0

兺

共5兲

and the probability of the conditional preparation of state 共5兲
can be expressed as
P = 共1 − T兲22共1 − 2兲

1 + T 2 2
.
共1 − T22兲3

共6兲

For pure states exhibiting perfect photon-number correlations, the correlation coefficient 共2兲 depends only on the sum
of the angles E共 j , k兲 = E共 j + k兲. With the help of the general formula derived by Munro 关39兴 we obtain for the state
共5兲
E共兲 =

8共2T兲n+m
共1 − T22兲3
共n + 1兲共m + 1兲
1 + T22 n⬎m n ! m ! 共n − m兲2

兺

⫻ 关F共n,m兲 − F共m,n兲兴2cos关共n − m兲兴,

共7兲

where F共n , m兲 = ⌫−1(共1 − n兲 / 2)⌫−1共−m / 2兲 and ⌫共x兲 stands for
the Euler gamma function.
We have numerically optimized the angles 1,2 and 1,2 to
maximize the Bell factor S. It turns out that for any , it is
optimal to choose 1 = 0, 2 =  / 2, 1 = − / 4, and 2 =  / 4.
The Bell factor S for this optimal choice of angles is plotted
as a function of the effective parameter T in Fig. 2共a兲, and
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W=

1

 冑det ␥
n

exp关− 共r − d兲T␥−1共r − d兲兴,

共8兲

where d is the vector of first moments, d j = 具r j典, and ␥ is the
covariance matrix

␥i,j = 具rir j + r jri典 − 2did j .
FIG. 2. 共a兲 Bell factor S plotted as a function of the effective
squeezing parameter T for 1 = 0, 2 =  / 2, 1 = − / 4, and 2
=  / 4. 共b兲 Probability P of successful conditional generation of the
state 兩out典 as a function of the effective squeezing parameter T,
assuming T = 0.95.

the corresponding probability of success of the conditional
preparation of the state 兩out典 is plotted in Fig. 2共b兲. We can
see that S is higher than 2 so the Bell inequality is violated
when T ⬎ 0.45. The maximal violation is achieved for T
⬇ 0.57, giving S ⬇ 2.048. This figure is quite close to the
maximum Bell factor S = 2.076 that could be reached with
homodyne detection, sign binning, and arbitrary states exhibiting perfect photon-number correlations 兩典 = 兺ncn兩n , n典
关39兴.

III. REALISTIC MODEL

In this section we will consider a realistic scheme with
inefficient 共PD ⬍ 1兲 photodetectors exhibiting single-photon
sensitivity but no single-photon resolution, and realistic homodyning with efficiency BHD ⬍ 1. The mathematical description of this realistic model of the proposed experiment
becomes strikingly simple if we work in the phase-space
representation and use the Wigner function formalism. Even
though the state used to test Bell inequalities is nonGaussian, it can be expressed as a linear combination of four
Gaussian states, so all the powerful Gaussian tools can still
be used.
This section is further divided into three subsections. The
first one gives a brief overview of the Gaussian states, linear
canonical transformations of quadrature operators, and
Gaussian completely positive maps. In the second subsection, an analytical formula for the Bell factor S is derived,
and the influence of detector inefficiencies, losses, and noise
on the proposed Bell experiment is investigated in detail.
Finally, an extended setup involving two-photon subtraction
from each mode is studied in the third subsection.

In this paper we shall deal only with states with zero displacement d j = 0. Some relevant examples of Gaussian states
that we shall need in what follows include 共i兲 the n-mode
vacuum state with d j = 0 and covariance matrix equal to the
identity matrix, ␥vac = I2n; 共ii兲 the single-mode squeezed
vacuum state with d j = 0 and covariance matrix

␥SMS =

冋

e2s
0

0
e

−2s

册

In quantum optics Gaussian states are often encountered
as states of n modes of light. These states are completely
specified by the first and second moments of the quadrature
operators rk with r = 共x1 , p1 , . . . , xn , pn兲T. Here rk satisfy the
canonical commutation relations 共CCR’s兲 关x j , pk兴 = i␦ j,k. Instead of referring to the density matrix one may refer to the
Wigner function defined on phase space,

共10兲

,

where s is the squeezing parameter; 共iii兲 the two-mode
squeezed vacuum state with d j = 0 and covariance matrix

␥TMS =

冤

cosh共2s兲

0

sinh共2s兲

0

0

cosh共2s兲

0

− sinh共2s兲

sinh共2s兲

0

cosh共2s兲

0

0

− sinh共2s兲

0

cosh共2s兲

冥

.

共11兲

Optical operations that can be implemented with beam
splitters, phase shifters, squeezers, and homodyne detection
correspond to Gaussian operations. Their important property
is that they map a Gaussian input state onto a Gaussian output state. Gaussian unitary transformations realize the mapping r → r⬘ = Sr which preserves the CCR’s. This is the case
if S 苸 Sp共2n , R兲, the so-called real symplectic group. On the
covariance matrix level the transformation reads

␥ → S␥ST .

共12兲

A particular subset of symplectic transformations is formed
by the symplectic matrices S that are also orthogonal, S
苸 Sp共2n , R兲 艚 O共2n兲. Those transformations are called passive because they do not change the total number of photons.
The most common passive transformations include 共i兲 mixing two modes of light with a beam splitter of 共intensity兲
transmittance T and reflectance 1 − T

SBS =

冤

冑T

0

冑T

0

− 冑1 − T
0

0

− 冑1 − T

冑1 − T

SPS共兲 =

冋

cos 

0

冑1 − T

0

冑T

0

冑T

0

and a phase shift of a single mode

A. Gaussian states and Gaussian operations

共9兲

sin 

− sin  cos 

册

.

冥

,

共13兲

共14兲

All passive linear canonical transformations of n modes can
be implemented by optical interferometers consisting of
beam splitters and phase shifters.
The second group of linear canonical transformations are
the active transformations that describe phase-sensitive am-
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FIG. 3. 共Color online兲 Scheme of the proposed experimental setup for observing a violation of Bell inequalities considering realistic photodetectors
共PD ⬍ 1兲
with
single-photon
sensitivity, imperfect homodyning 共BHD ⬍ 1兲,
and unbalanced beam splitters of transmittance
T ⬍ 1.

plification of light. The archetypal examples are the singlemode squeezer
SSMS =

冋 册
es

0

共15兲

0 e−s

Win,ABCD =

冤

T −1
␥in r兴,

␥in = ␥TMS,AB 丣 ICD ,

cosh共s兲

0

sinh共s兲

0

0

cosh共s兲

0

− sinh共s兲

sinh共s兲

0

cosh共s兲

0

0

− sinh共s兲

0

cosh共s兲

冥

.

共16兲

These matrices describe the operation of an ideal degenerate
共SSMS兲 or nondegenerate 共STMS兲 optical parametric amplifier
共OPA兲. In particular, a nondegenerate OPA provides a source
of entanglement since it transforms the input vacuum into a
two-mode squeezed vacuum state.
Noisy channels and phase-insensitive amplifiers are irreversible quantum operations which cannot be described by
Gaussian unitary transformations. Instead, they can be modeled within the more general framework of trace-preserving
Gaussian completely positive 共CP兲 maps 关28,29兴. The covariance matrix transformation reads

␥ → A␥AT + G.

B. Two photon subtractions

We shall now present a detailed calculation of the Bell
factor for our proposed setup, taking into account realistic
photodetectors 共PD ⬍ 1兲 with single-photon sensitivity 共but
not resolution兲, imperfect homodyning, and added electronics noise.
1. Preparation of a non-Gaussian state

As shown in Fig. 3, the modes A and B are initially prepared in a two-mode squeezed vacuum state, and the auxiliary modes C and D are in the vacuum state. The Wigner
function of the four-mode state ABCD is a Gaussian centered
at the origin,

共19兲

where ␥TMS is the covariance matrix of a two-mode squeezed
vacuum 共11兲 and 丣 denotes the direct sum of matrices.
The imperfect single-photon detectors 共balanced homodyne detectors兲 with detector efficiency PD 共BHD兲 are modeled as a sequence of a lossy channel with transmittance PD
共BHD兲 followed by an ideal photodetector 共homodyne detector兲. In our setup, the modes AC 共BD兲 interfere on the unbalanced beam splitters BSA 共BSB兲 and pass through the four
“virtual” lossy channels before impinging on ideal detectors.
The covariance matrix of the mixed Gaussian state out,ABCD
just in front of the 共ideal兲 detectors is related to ␥in via a
Gaussian CP map,
T
␥out = SSmix␥inSmix
ST + G,

共20兲

S = 冑BHDIAB 丣 冑PDICD ,

共21兲

G = 共1 − BHD兲IAB 丣 共1 − PD兲ICD ,

共22兲

where

共17兲

Of particular importance is the propagation through a lossy
quantum channel with transmittance , which is characterized by A = 冑I and G = 共1 − 兲I. In what follows, we shall
use lossy channels followed by perfect detectors to model
inefficient detectors.

共18兲

where r = 关xA , pA , . . . , xD , pD兴. The initial state is fully characterized by the covariance matrix

and the two-mode squeezer

STMS =

1

exp关− r
 冑det ␥in
4

and the symplectic matrix
Smix = SBS,AC 丣 SBS,BD

共23兲

describes the mixing of modes A with C and B with D on the
unbalanced beam splitters BSA and BSB, respectively.
The state c,AB is prepared by conditioning on observing
clicks at both photodetectors PDA and PDB. These detectors
respond with two different outcomes, either a click, or no
click. Mathematically, an ideal detector with a single-photon
sensitivity is described by a two-component positive operator
valued measure 共POVM兲 consisting of the projectors onto
the vacuum state and on the rest of the Hilbert space, ⌸0
= 兩0典具0兩, ⌸1 = I − 兩0典具0兩. The resulting conditionally prepared
state c,AB can be calculated from the density matrix out,ABCD
as follows:

c,AB = TrCD关out,ABCD共IAB 丢 ⌸1,C 丢 ⌸1,D兲兴.

共24兲

It is instructive to rewrite the partial trace in Eq. 共24兲 in
terms of Wigner functions, taking into account that
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Tr关XY兴 = 共2兲N

冕

⬁

WX共r兲WY 共r兲d2Nr,

共25兲

−⬁

where WX共r兲 and WY 共r兲 denote the Wigner representations of
the operators X and Y, respectively, and N is the number of
modes we trace over. The POVM element ⌸1 is a difference
of two operators whose Wigner representations are both
2 2
Gaussian functions, WI = 1 / 共2兲, W0 = −1e−x −p . After
somewhat lengthy but otherwise straightforward calculations
we find that the Wigner function Wc,AB of the 共normalized兲
conditionally prepared state 共24兲 can be expressed as a linear
combination of four Gaussian functions,
Wc,AB共r兲 =

4

1



2

qj

e
兺
PG冑det ␥out j=1 冑det ⌫ j,CD

−rT⌫ j,ABr

, 共26兲

where q1 = 1, q2 = q3 = −2, and q4 = 4. The corresponding probability of success is given by
PG =

4

1

qj

.
冑det ␥out 兺
j=1 冑det共⌫ j,AB⌫ j,CD兲

共27兲

FIG. 4. A one-dimensional cut of the Wigner function of the
two-mode state c,AB along the line xB = xA, pA = pB = 0 for  = 0.6
and beam splitters BSA and BSB transmittances T = 0.95. Notice the
regions where W is negative.

冤 冥 冤 冥冤 冥

To define the various matrices appearing in Eqs. 共26兲 and
−1
and we divide ⌫ into
共27兲, we first introduce a matrix ⌫ = ␥out
four smaller submatrices with respect to the bipartite AB vs
CD splitting,
⌫=

冋

册

⌫AB 
.
T ⌫CD

xA

j

xB

pB

共28兲

It holds that
T
⌫ j,AB = ⌫AB − ⌫−1
j,CD ,

共29兲

⌫3,CD = ⌫CD + 0C 丣 ID ,
⌫4,CD = ⌫CD + ICD .

P共xA ,xB 兲
j
k

The joint probability distribution P共xA , xB 兲 of the quadraj
k
tures xA and xB appearing in the formula 共2兲 for the correj
k
lation coefficient E共 j , k兲 can be obtained from the Wigner
function 共26兲 as a marginal distribution. We have
k

−⬁

⬁

−⬁

T
Wc,AB共Ssh
r j,k兲dpA dpB ,

r j,k = 关xA , pA , xB , pB 兴
j
j
k
k

xB

0 0 0 1

pB

j

k

共30兲

2. Correlation coefficient E„j , k…

j

0 1 0 0

j

共32兲

,

k

k

冋 册
Aj Cj

CTj B j

,

共33兲

where we have divided the matrix ⌫⬘j,AB into four submatrices
with respect to the x vs p splitting. A straightforward integration over pA and pB in Eq. 共31兲 then yields the joint
j
k
probability distribution

⌫2,CD = ⌫CD + IC 丣 0D ,

⬁

0 0 1 0

pA

T T
⌫⬘j,AB = ShomSsh⌫ j,ABSsh
Shom ⬅

⌫1,CD = ⌫CD ,

冕冕

=

xA

which defines a matrix Shom. After these algebraic manipulations, the four matrices ⌫ j,AB appearing in the exponents in
Eq. 共26兲 transform to

and the four matrices ⌫ j,CD read

P共xA ,xB 兲 =

k

pA
j

1 0 0 0

j

k

共31兲

where
and the symplectic matrix
Ssh = SPS,A共 j兲 丣 SPS,B共k兲 describes local phase shifts applied
to modes A and B that map the measured quadratures xA and
j
xB onto the quadratures xA and xB, respectively.
k
In order to express the result of the integration in Eq. 共31兲
in a compact matrix notation, we reorder the elements of the
vector r j,k as follows:

=

4

1

 PG冑det ␥out

q je−y

T⌫ y
j

,
兺
j=1 冑det ⌫ j,CD冑det B j

共34兲

where y = 共xA , xB 兲T and
j

k

共35兲

T
⌫ j = A j − C jB−1
j Cj .

Taking into account the choice of binning, the normalization
of the joint probability distribution, and its symmetry
P共xA , xB 兲 = P共−xA , −xB 兲, we can express the correlation coj
k
j
k
efficient as follows:
E共 j, k兲 = 4

冕冕
⬁

0

⬁

0

P共xA ,xB 兲dxA dxB − 1.
j

k

j

k

共36兲

This last integral can be easily evaluated analytically. For a
given ⌫ j matrix
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FIG. 5. Joint probability distribution P共xA , xB 兲. Panels 共a兲 and
j
k
共b兲 show the distribution for the
conditionally
prepared
nonGaussian state with T = 0.99. Panels 共c兲 and 共d兲 display the distribution for the initial Gaussian twomode squeezed vacuum state. The
curves are plotted for perfect detectors
PD = BHD = 100%,
squeezing  = 0.6, Alice = 0, and
Bob =  / 4.

⌫j =

冋 册

aj cj
,
cj bj

共37兲

the integral of the exponential term

冕冕
⬁

Gj =

⬁

2

2

共38兲

e−a jy1−b jy2−2c jy1y2dy 1dy 2

0

0

can be calculated by transforming to polar coordinates and
integrating first over the radial coordinate and then over the
angle. After some algebra, we finally arrive at
Gj =

1

2冑a jb j − c2j

冋

册


cj
− arctan
冑a jb j − c2j .
2

共39兲

The final fully analytical formula for the correlation coefficient reads
E共 j, k兲 =

4

 PG冑det ␥out

冋兺
4

q jG j

j=1 冑det ⌫ j,CD冑det B j

册

−1
共40兲

and the Bell factor can be expressed as
S = E共1, 1兲 + E共1, 2兲 + E共2, 1兲 − E共2, 2兲. 共41兲
3. Violation of Bell-CHSH inequalities

A necessary condition for the observation of a violation of
Bell inequalities with homodyne detectors is that the Wigner
function of the two-mode state used in the Bell test is not
positive definite. Figure 4 illustrates that the Wigner function
共26兲 of the conditionally generated state c,AB is indeed negative in some regions of the phase space. The area of negativ-

ity, as well as the attained negative values of W, are rather
small, which indicates that we should not expect a high Bell
violation with homodyning.
As we have shown in Sec. II, the maximum Bell factor S
achievable with our setup and sign binning is about S
= 2.048. We conjecture that this binning is optimal or close to
optimal. This is supported by the simple structure of the joint
probability distribution 共34兲. As can be seen in Figs. 5共a兲 and
5共b兲, P exhibits two peaks, both located in the quadrants
where Alice’s and Bob’s measured quadratures have the
same sign. Note also that the two-peak structure is a clear
signature of the non-Gaussian character of the state 关cf. Figs.
5共c兲 and 5共d兲兴. We have carried out numerical calculations of
S for several other possible binnings which divide the
quadrature axis into three or four intervals, and have not
found any binning that would provide higher S than the sign
binning. We have also performed optimization over the
angles  j and k and all the results and figures presented in
this section were obtained for the optimal choice of angles
1 = 0, 2 =  / 2, 1 = − / 4, 2 =  / 4.
Figure 6共a兲 illustrates that the Bell-CHSH inequality 兩S兩
艋 2 can be violated with the proposed setup, and shows that
there is an optimal squeezing opt that maximizes S. This
optimal squeezing is well predicted by the simple model assuming perfect detectors with single-photon resolution 共Sec.
II B兲, optT ⬇ 0.57. The curve plotted for T = 0.99 practically
coincides with the results obtained from the simple model
presented in Sec. II B 关cf. Fig. 2共a兲兴. This confirms that in the
limit T → 1 the detectors with single-photon sensitivity become for our purposes equivalent to photodetectors with
single-photon resolution. The maximum Bell factor achievable with our scheme is about Smax ⬇ 2.045 which represents
a violation of the Bell inequality by 2.2%. To get close to the
Smax one needs sufficiently high 共but not too strong兲 squeezing. In particular, the value  ⬇ 0.57 corresponds to approxi-
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FIG. 6. Violation of BellCHSH inequality with the conditionally prepared non-Gaussian
state. 共a兲 Bell factor S as a function of the squeezing. 共b兲 Probability of success of the generation of the non-Gaussian state as a
function of the squeezing. The
curves are plotted for perfect detectors 共PD = BHD = 100% 兲 with
T = 0.9 共solid line兲, 0.95 共dashed
line兲, and 0.99 共dot-dashed line兲.

mately 5.6 dB of squeezing. Figure 6共b兲 illustrates that there
is a clear trade-off between S and the probability of success
PG. To maximize S one should use highly transmitting beam
splitters but this would reduce PG. The optimal T that should
be chosen would clearly depend on the details of the experimental implementation.
4. Sensitivity to the experimental imperfections

It is shown in Fig. 7共a兲 that the Bell factor S depends only
very weakly on the efficiency PD of the single-photon detectors, so the Bell inequality can be violated even if PD
⬇ 1%. This is very important from the experimental point of
view because, although the quantum detection efficiencies of
the avalanche photodiodes may be of the order of 50%, the
necessary spectral and spatial filtering which selects the
mode that is detected by the photodetector may reduce the
overall detection efficiency to a few percent. Low detection
efficiency only decreases the probability of conditional generation PG of the non-Gaussian state 关see Fig. 7共b兲兴. The
dependence of PG on PD and T can be very well approxi2
共1 − T兲2 which
mated by a quadratic function PG ⬇ PD
quickly drops when PD decreases. In practice, the minimum
necessary PD will be determined mainly by the constraints
on the total time of the experiment and by the dark counts of
the detectors.
In contrast, the Bell factor S strongly depends on the efficiency of the homodyne detectors, and BHD must be above

⬃90% in order to observe Bell violation 共see Fig. 8兲. However, this is not an obstacle because such 共and even higher兲
efficiency has been already achieved experimentally 共see,
e.g., 关50兴兲. Interestingly, we have found that it is possible to
partially compensate for imperfect homodyning with efficiency BHD ⬍ 1 by increasing the squeezing of the initial
state. This effect is illustrated in Fig. 8共b兲 which shows the
dependence of the Bell factor S on BHD for optimal squeezing opt. Figure 8共c兲 then shows how the optimal squeezing
increases with decreasing BHD.
In addition to imperfect detection efficiency BHD, the
electronic noise of the homodyne detector is another factor
that may reduce the observed Bell violation. We model the
added electronic noise by assuming that the effective quadrature that is detected xdet is related to the signal quadrature xS
by a formula
xdet = 冑BHDxS + 冑1 − BHDxvac + 冑Nelxnoise ,
where xvac and xnoise are two independent Gaussiandistributed quadratures with zero mean and variance 1 / 2,
and Nel is the electronic noise variance expressed in shot
noise units. On the level of covariance matrices, Nel can be
included by modifying the formula for the noise matrix G,
G = 共1 − BHD + Nel兲IAB 丣 共1 − PD兲ICD .

共42兲

The homodyne detector with electronic noise is actually
equivalent to a detector without noise but with a lower ho-

FIG. 7. Effect of the inefficiency of the photodetectors PDA
and PDB. 共a兲 Bell parameter S as a
function of the efficiency PD of
the photodetectors. 共b兲 Probability
of success as a function of the efficiency PD. The curves are plotted for T = 0.57, BHD = 100%,
and the same transmittances as in
Fig. 6.
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FIG. 8. Effect of inefficient homodyning. 共a兲 Bell parameter S as a function of the efficiency BHD of the homodyning. The curve is
plotted for T = 0.57, PD = 30%, and the same transmittances as in Fig. 6. 共b兲 Bell parameter achieved for the optimal squeezing opt is
plotted as a function of BHD. 共c兲 Optimal squeezing opt is plotted as a function of BHD. The curves are plotted for PD = 30% and the same
transmittances as in Fig. 6.

modyne detector efficiency BHD
⬘ = BHD / 共1 + Nel兲. This can
be shown by noting that the renormalized quadrature
xdet / 冑1 + Nel is exactly a quadrature that would be detected
by a balanced homodyne detector with Nel = 0 and efficiency
BHD
⬘ . Our calculations reveal that the electronic noise should
be 15– 20 dB below shot noise 关see Figs. 9共a兲 and 9共b兲兴,
which is currently attainable with low-noise charge amplifiers. Again, higher squeezing can partially compensate for the
increasing noise.
So far we have assumed that the source in Fig. 1 emits a
pure two-mode squeezed vacuum state. However, experimentally, it is very difficult to generate a pure squeezed
vacuum saturating the Heisenberg inequality. It is more realistic to consider a mixed Gaussian state such as a squeezed
thermal state which can be equivalently represented by adding quadrature-independent Gaussian noise with variance
Vnoise to each mode of the two-mode squeezed vacuum. The
effect of the added noise stemming from the input mixed

Gaussian state is quite similar to the influence of the electronic noise of the homodyne detector 关see Figs. 9共c兲 and
9共d兲兴. We find again that the added noise in the initial Gaussian state should be 15– 20 dB below the shot noise.
In the experimental demonstration of single-photon subtraction 关47兴, a main source of noise and imperfections was
that the single-photon detector was sometimes triggered by a
photon coming from other modes than the mode detected in
the balanced homodyne detector. The single-mode description of a parametric amplifier is only an approximation and
the amplifier produces squeezed vacuum in several modes. A
balanced homodyne detector very efficiently selects a single
mode defined by the spatiotemporal profile of the local oscillator pulse. However, this reference is missing in the case
of a single-photon detector, where the effective single mode
has to be selected by spatial and spectral filtering, which
reduces the overall detection efficiency . In practice, the
filtering is never perfect; hence the photodetector PDA 共PDB兲

FIG. 9. Effect of the electronic
noise and thermal input states. 共a兲
Maximum achievable Bell parameter S with the optimal squeezing
opt as a function of the electronic
noise Nel. 共b兲 Optimal squeezing
opt giving the highest Bell parameter S for a given electronic
noise. 共c兲 Maximum Bell parameter S as a function of the thermal
noise of the input state Vnoise. 共d兲
Optimal squeezing opt giving the
highest Bell parameter S for a
given thermal noise at the input.
The curves are plotted for PD
= 30%, BHD = 95%, and T = 0.9
共solid line兲, 0.95 共dashed line兲,
and 0.99 共dot-dashed line兲.
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can sometimes click although no photon was removed from
mode A 共B兲.
We can model this false triggering by redefining the
POVM element ⌸1,C 共⌸1,D兲 appearing in Eq. 共24兲. The new
⌸1 becomes a convex mixture of the original POVM element
I − 兩0典具0兩, which corresponds to triggering by a photon coming from the mode A 共B兲, and the identity operator I, which
corresponds to the false triggering. We can write ⌸1共兲 = I
− 兩0典具0兩 and the coefficient 0 艋  艋 1 can be related to the
fraction of false triggers P f . Assuming for simplicity a pure
two-mode squeezed vacuum in modes A and B, the singlemode state in C or D just before detection is a thermal state
with mean number of chaotic photons n̄ = PD共1 − T兲2 / 共1
− 2兲. 共Note that this includes the effect of imperfect detectors with efficiency PD.兲 The probability of projection of the
thermal state on vacuum reads Pvac = 1 / 共n̄ + 1兲. The probability of false trigger P f can be expressed in terms of the probability of a trigger P共兲 = 1 −  Pvac and the probability of a
correct triggering event P共 = 1兲 = 1 − Pvac,
P共兲 − P共 = 1兲
Pf =
.
P共兲

共43兲

FIG. 10. Influence of false triggers. The Bell factor S is plotted
as a function of the probability of false triggering P f for T = 0.9,
 = 0.72 共solid line兲, T = 0.95,  = 0.66 共dashed line兲, and T = 0.99,
 = 0.62 共dot-dashed line兲, PD = 30%, and BHD = 95%.

better filtering and/or using sources that produce squeezed
light in well-defined spatial modes, such as nonlinear periodically poled waveguides.
C. Four photon subtractions

From this formula we obtain

=

1 − 共1 + n̄兲P f
.
1 − Pf

共44兲

The analytical formula 共41兲 for the Bell factor S can still be
used even in the presence of false triggering. We only have
to redefine the four coefficients q j as follows: q1 = 1, q2 = q3
= −2, q4 = 42.
The effect of the false triggers is illustrated in Fig. 10. As
expected, the achievable Bell factor decreases with increasing P f . The results are shown for a realistic set of parameters
as identified in 关42兴 and for three different values of T. For
high transmittance 共T = 0.99兲 up to 13% of false triggers can
be tolerated while for T = 0.95 the acceptable fraction of false
triggers decreases to P f = 9%. In a recent experiment 关47兴,
the estimated fraction of false triggers was P f ⬇ 30% which
would have to be significantly reduced in the Bell test experiment. Possible ways of suppressing false triggers include

Until now we have focused on a single-photon subtraction
on each side 共one photon removed from mode A and one
from mode B兲. If we now consider a scheme where two
photons are subtracted from each mode, the deGaussification of the state will be stronger and we may expect a higher Bell violation than before. To subtract two photons from each mode, we only need to add one more
unbalanced beam splitter and photodetector on each side inside the source in Fig. 1. A successful state generation would
be indicated by simultaneous clicks of all four detectors. Assuming perfect photon-number resolving detectors, the state
generated from two-mode squeezed vacuum 共3兲 by subtracting two photons from each mode can be expressed as
⬁

兩out典AB ⬀ âA2 âB2 兩in共T2兲典AB ⬀

共n + 2兲共n + 1兲共T2兲n兩n,n典AB ,
兺
n=0
共45兲

and the probability of success reads

FIG. 11. Violation of BellCHSH inequality with four photon
subtractions. 共a兲 Bell parameter S
as a function of the squeezing 
for perfect detectors PD = BHD
= 100%. 共b兲 Bell parameter S as a
function of the efficiency BHD of
the homodyning. The curve is
plotted for T2 = 0.40, PD
= 100%, and the same transmittances as in Fig. 6.

022105-10

PHYSICAL REVIEW A 71, 022105 共2005兲

LOOPHOLE-FREE TEST OF QUANTUM NONLOCALITY…

FIG. 12. Symbol convention. 共a兲 Single-mode squeezer along
the x quadrature. 共b兲 Beam splitter. 共c兲 Conditional subtraction of a
photon as described in the preceding section.

1 + 10T42 + T84
P4ph = 2T2共1 − T兲44共1 − 2兲
. 共46兲
共1 − T42兲5
Since the state 共45兲 exhibits perfect photon-number correlations, the Munro formula for the Bell factor can again be
directly applied 关39兴. Numerical calculations show that the
maximum Bell violation with the state 共45兲 and sign binning
of quadratures is achieved for T2 = 0.40 which yields
Smax,4ph = 2.064, which is indeed higher than the maximum
achievable with two-photon subtraction, Smax,2ph = 2.048, and
very close to the maximum value S = 2.076 关39兴.
A more realistic description of the four-photon subtraction
scheme that takes into account realistic imperfect detectors
can be developed using the approach described in detail in
Sec. III B. We find that the Wigner function of the conditionally generated state is a linear combination of 16 Gaussians.
The results of numerical calculations are shown in Figs.
11共a兲 and 11共b兲, which illustrate that the two-photon subtraction from each mode yields higher violation of the BellCHSH inequality than one-photon subtraction only for very
high transmittances T ⬎ 0.95. For lower transmittances, the
fact that the photodetectors do not distinguish the number of
photons reduces the Bell factor. Moreover, adding a second
stage of photon subtractions dramatically decreases the probability of generating the non-Gaussian state. The probability
4
共1 − T兲4, so for T ⬎ 0.95 and
can be estimated as PG ⬇ PD
−6
PD = 50% we get PG ⬇ 10 and the duration of data acquisition would make the experiment infeasible. We conclude
that from the practical point of view there seems to be no
advantage in using the scheme with four photon subtractions
instead of the much simpler scheme with two photon subtractions.
IV. ALTERNATIVE SCHEMES

In this section we will study the violation of Bell-CHSH
inequalities for a large group of alternative schemes, which
involve from one to four photon subtractions. The main objective of this section is to compare the maximum BellCHSH factor S obtained for the different proposed setups. As
the main purpose of this section is the comparison of the
different schemes, we will consider only idealized schemes
with almost perfect single-photon subtraction on the beam
splitters 共T = 0.99兲, and perfect photodetectors and homodyning 共PD = BHD = 100% 兲. The maximum achievable Bell factor for each scheme presented below was determined by optimizing over the angles 1,2 and 1,2 as well as over the

FIG. 13. Schemes with only one photon subtraction. The first
column labels the different setups proposed, the second shows the
scheme, and finally the last column gives the maximal Bell factor S
obtained when optimizing the squeezing. 共a兲 Photon subtraction after the creation of the two-mode squeezed vacuum. 共b兲 Photon subtraction before mixing two single-mode squeezed states on a beam
splitter.

squeezing  of the initial Gaussian states. The sign binning
of the measured quadratures has been used in all cases. All
the schemes presented in this section use the symbol convention depicted in Fig. 12.
In the preceding section, we have seen that the probability
of successful generation of a non-Gaussian state decreases
significantly with the number of photon subtractions. At the
same time the complexity of the implementation of the experimental setup increases with the number of photon subtractions. It is then obvious that the most interesting schemes
for a Bell-CHSH violation are those involving only one photon subtraction. Unfortunately, for the schemes that we have
considered 共see Fig. 13兲, no violation was observed.1 In this
case, the maximal value of the Bell-CHSH factor is S = 2,
which is achieved at the limit of an infinite squeezing. In
fact, all the schemes considered here that do not result in a
Bell violation correspond to S = 2, a point which is associated
with the limit  → 1. Indeed, in this limit, the photodetector
of single-photon sensitivity placed after the beam splitter of
fixed transmittance T almost always gives a click, so that the
conditional degaussification fails. We are thus left with a
state that is very close to the original 共Gaussian兲 two-mode
squeezed vacuum state, for which our choice of angles
makes it possible to saturate the Bell-CHSH inequality
共S = 2兲. This so because, in the infinite-squeezing limit, the x
共p兲 quadratures of the two modes are fully correlated 共anticorrelated兲.
After one-photon subtraction, the simplest schemes are
those with two photon subtractions. In the preceding sections
it was shown that it is possible to violate the Bell-CHSH
inequality with two photon subtractions 关scheme Fig. 14共a兲兴.
It follows from Fig. 14 that several other schemes 关see Figs.
14共d兲 and 14共e兲兴 also violate Bell-CHSH inequality, but the
1

Note that we represent the two-mode squeezer using its theoretical equivalent scheme composed of two orthogonal single-mode
squeezers followed by a beam splitter. Even though these two
schemes correspond to physically distinct optical implementations,
this choice of representation is better adapted to the comparison
between the different possible positions of the photon subtraction.
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FIG. 14. Schemes with two photon subtractions. The right column gives the maximal value of the Bell factor S for the proposed
setups.

maximal achievable Bell factor S appears to be much smaller
in comparison to the scheme shown in Fig. 14共a兲.
By adding one more photon subtraction to the schemes
shown in Fig. 14, we can construct an ensemble of schemes
with three photon subtractions. After numerical optimization
we have found that none of these schemes succeeds in violating the Bell-CHSH inequality. This striking result together
with the fact that we have not found any violation for
schemes based on a single subtraction suggests that it may be
necessary to have a scheme with an even number of photon
subtractions in order to observe S ⬎ 2.
In the preceding section, we have also proposed one
scheme with four photon subtractions that violates BellCHSH inequality 关Fig. 15共a兲兴. Many other possible schemes

FIG. 15. Schemes with four photon subtractions. Last column
gives the maximal value of the Bell factor S for the proposed
setups.

FIG. 16. Schemes consisting of superpositions of other schemes
proposed above. 共a兲 Superposition of one photon subtraction on
mode A or B. 共b兲, 共c兲 Superposition of two photon subtractions on
mode A or B.

exist where four photons are subtracted. Figure 15 illustrates
some particular examples, which are based on the preparation of two-mode squeezed vacuum via mixing of two
single-mode squeezed states on a balanced beam splitter. The
photon subtractions are symmetrically placed to both modes.
Strikingly, if all four photons are subtracted either before or
after mixing on a beam splitter, then we get S ⬎ 2. However,
if a single photon is subtracted from each mode both before
and after combining the modes on a beam splitter, then we
do not obtain any Bell violation.
Finally we have also studied an alternative group of
schemes where instead of subtracting photons separately
from modes A and B, we mix the auxiliary modes C and D
on a balanced beam splitter before the detection on the photodetectors. Consider the scheme depicted in Fig. 16共a兲
where only a single photon is subtracted. The mixing of
modes C and D on a beam splitter erases the information
about the origin of the detected photon which implies that
the conditionally prepared state is a coherent superposition
of states where a single photon has been removed either from
mode A or from mode B. However, even this modification
does not lead to Bell violation with just a single subtraction.
We can extend the scheme by placing a photodetector at
both output ports of the beam splitter 关cf. Fig. 16共b兲兴. In the
limit of a high transmittance T → 1, the conditioning on the
click of each detector selects the events where there were
altogether two photons at the beam-splitter inputs. The
bosonic properties of the photons imply that a simultaneous
click of both photodetectors occurs only if the two subtracted
photons are coming from the same mode 共A or B兲 关51兴, but
again we do not know from which mode the two photons are
subtracted. This scheme is thus equivalent to the superposi-
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tion of two schemes of the type shown in Fig. 14共c兲. Unlike
the scheme in Fig. 14共c兲, the scheme in Fig. 16共b兲 is symmetric with respect to the modes A and B. However, no violation can be observed. On the other hand, the scheme in Fig.
16共c兲 leads to S ⬎ 2 by realizing a superposition of states
where two photons are subtracted from a single-mode
squeezed vacuum state and this state is then mixed with another single-mode squeezed vacuum on a balanced beam
splitter 关see Fig. 14共d兲兴. In comparison to the scheme in Fig.
14共d兲, we obtain much higher violation S = 2.046.
V. CONCLUSIONS

We have proposed an experimentally feasible setup allowing for a loophole-free Bell test with efficient homodyne
detection using a non-Gaussian entangled state generated
from a two-mode squeezed vacuum state by subtracting a
single photon from each mode. We have presented a full
analytical description of a realistic setup with imperfect detectors, noise, and mixed input states. We have studied in
detail the influence of the detector inefficiencies, the electronic noise of the homodyne detector, and the input mixed
states on the achievable Bell violation. The main feature of
the present scheme is that it is largely insensitive to the detection efficiency of the avalanche photodiodes that are used
for conditional preparation of the non-Gaussian state, so that
detector efficiencies of the order of a few percent are sufficient. On the other hand, the detection efficiency of the balanced homodyne detector should be of the order of 90% and
the electronic noise of the homodyne detector should be at
least 15 dB below the shot noise level. The optimal squeezing that yields maximum Bell violation depends on the experimental circumstances but is, generally speaking, within
the range of experimentally attainable values. As a rule, the
optimal squeezing increases with decreasing BHD and increasing noise.
We have also discussed several alternative schemes that
involve the subtraction of one, two, three, or four photons.
The experimentally simplest and most appealing schemes are
those where only a single photon is subtracted because photon subtraction is a delicate operation and also each subtraction in the scheme drastically reduces the probability of successful state generation. Unfortunately, we have not been
able to find a scheme with only a single subtraction which
would exhibit violation of Bell inequalities. However, the
class of schemes that we have studied is still somewhat restricted. One can thus hope that such a scheme may be designed by considering more complicated setups involving
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unbalanced beam splitters and possibly a different binning
procedure 关52兴. Moreover, we may discretize the measured
quadratures into a higher-dimensional alphabet 共instead of
using a binary alphabet兲 and then possibly use the extended
Bell inequalities in higher dimensions in order to exhibit
non-locality. These issues certainly deserve further investigation.
Among all the schemes where two photons are subtracted,
the maximum violation S = 2.046 is achieved by the scheme
discussed in Secs. II and III. Taking into account that we
have not found any scheme with three photon subtractions
which would violate Bell-CHSH inequality, the only way of
exceeding the 2.046 violation appears to be by subtracting
four photons. This scheme has been analyzed in some detail
in Sec. III C where it was shown that this allows us to reach
the Bell factor S = 2.06. Unfortunately, the price to pay for
this slight increase of S is that the probability of successful
conditional generation is so low that it makes the experiment
infeasible.
The results presented in this paper provide a clear example of the utility of conditional photon subtraction which
can be considered as an important tool in quantum optics and
quantum-information processing with continuous variables.
Besides violation of Bell inequalities, this method can be
used to generate highly nonclassical states of light 关47兴 and
to improve the fidelity of teleportation of continuous variable
states 关44–46兴 and it forms a key ingredient of the recently
proposed entanglement purification protocols for continuous
variables 关31,32兴. The very recent experimental demonstration of a single photon subtraction from a single-mode
squeezed vacuum state provides a strong incentive for further
theoretical and experimental developments along these lines,
and we can thus expect that some of the schemes discussed
in the present paper will be experimentally implemented in
the not too distant future.
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