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Résumé / Summary in French

La theorie des systemes ouverts o re de nombreux outils de modelisation mathematique de
systemes quantiques en interaction avec un environnement. Ce memoire donne un apercu de
la maniere dont une classe de ces outils peut etre utilisee pour la modelisation de machines ther-
modynamiques quantiques. Il porte sur des systemes simples, comportant deux cavites unimodes
non correlees, chacune en interaction avec un environnement. Le systeme contient une composante
mecanique soumise aux pressions de radiation des modes des cavites. Par ailleurs, contrairement
aux machines conventionnelles qui comportent en general un ou plusieurs rotors, ne sont con-
sideres ici que des degres de liberte mecaniques lineaires, par exemple un piston quantique ou une
membrane opto-mecanique. Ceci rend les systemes plus aptes a une modelisation mathematique
complete. L’e et d’un couplage entre les deux cavites via un beam-splitter est aussi analyse.
A notre connaissance, les contributions d’une telle interaction n’ont jamais ete etudiees dans le
contexte des machines quantiques auparavant. Si le couplage entre chaque cavite et son envi-
ronnement est adequat, I'intervention d’un operateur(humain) externe n’est alors pas necessaire
et ces machines sont dites autonomes. Ceci les rend particulierement interessantes et elles font
I’objet de nombreuses recherches. La methodologie proposee ici consiste, dans un premier temps,
a deriver I'equation ma“tresse decrivant I’evolution temporelle de I'operateur densite du systeme
reduit. La procedure d’application de la trace partielle sur les environnements sous certaines
hypotheses est etat de I'art. 1l est alors possible d’en deduire des equations d’evolution portant
sur des distributions quantiques de quasi-probabilite dans I'espace des phases. En particulier,
une generalisation de la distribution de Glauber-Sudarshan appelee ’positive P distribution’ peut
etre de nie dans un espace des phases etendu. Son equation d’evolution est alors equivalente
a un systeme di erentiel stochastique decrivant I’evolution temporelle quantique des variables
de nissant I’espace des phase. Il est aussi possible de faire la méme chose dans le cas de la dis-
tribution de Wigner, a condition de tronquer les derivees d’ordre trois ou plus dans son equation
d’evolution. Le systeme d’equations di erentielles ainsi obtenu correspond alors a la limite quasi-
classique du systeme precedent. Ces systemes d’equations sont resolus numeriquement a I’aide de
XMDS?2 pour di erentes conditions initiales, notamment le cas de cavites intriquees. L’exactitude
des simulations peut etre evaluee a I'aide de solutions exactes, obtenues grace aux equations
d’Heisenberg, pour le cas le plus simple. Le dernier chapitre presente les di erents resultats des
simulations dans le cas sans environnement. Finalement, une conclusion et des perspectives sur
de futurs travaux possibles, permettant de completer I'analyse et generaliser les modeles, sont
donnees a la n.



Abstract

This master thesis investigates the mathematical modeling of quantum thermodynamical systems
using the tools of open systems dynamics. As a test case, we study two double-cavity models
of unconventional linear thermodynamical machines, di ering in their mechanical component:
a quantum piston and a membrane. Unlike conventional thermodynamical machines based on
circular motion (rotors), these machines exploit a linear mechanical degree of freedom, making
them very convenient for a precise mathematical modeling. In addition, as with most current
studies of quantum thermodynamics, they are autonomous, that is, they are not operated by any
external agent. For each machine, we derive a master equation describing the time evolution of its
density operator using state-of-the-art assumptions. Then, we derive two equivalent phase-space
evolution equations, one for the Wigner distribution and one for the positive P -distribution. From
these evolution equations in phase space, we nally obtain two systems of stochastic di erential
equations describing the time evolution. The one based on the positive P is equivalent to a
fully quantum description, while the other one corresponds to a sort of classical limit. We also
analyze the e ect of adding a strong coupling between the two cavities through a beam-splitter
interaction, showing that this can have a big impact on the master equation. We perform numerical
simulations of the stochastic equations for di erent initial conditions, and benchmark them against
exact solutions available in certain limits. The tools developed in this thesis will be determinant
to understand the role of quantum coherence and entanglement when extending our models to
more complicated autonomous machines based on linear mechanical degrees of freedom, which is
our goal in the long term.

Keywords: quantum thermodynamics, optomechanics, open quantum systems, phase-space tech-
niques, Wigner distribution, positive P distribution, master equations, stochastic simulations.
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1 Context and motivation

1.1 Introduction: thermodynamics in the era of quantum mechanics

Converting heat into useful mechanical work or using mechanical work in order to heat or cool,
that is the purpose of thermodynamical machines. Such machines rule our everyday routine and
are at the heart of the technological advent of modern society. Thermodynamics has formalized in
one single theory the results of most of the experiments and experiences acquired through trial and
error since the early years of human evolution. Nowadays, the analysis of di erent ways in which
di erent forms of energy can be transformed into each other e ciently, or physical/mathematical
concepts such as entropy, do not seem so mysterious anymore.

Since the last two centuries though, new physical theories have come into play. The biggest
paradigm shift was quantum physics, which was born from the observation of unseen, until then,
phenomena, specially when microscopic systems were involved. Coherence and entanglement are
mayjor discoveries of modern physics, which have yet to unravel their full potential, but are already
creating an impact in modern quantum technologies. To complete our understanding of how to
use these phenomena for concrete applications, thermodynamics has to be extended with these
guantum mechanical phenomena. Quantum information theory already allowed to quickly lay
solid foundations for this new eld of study, coined quantum thermodynamics. There is a lot
of extremely ourishing work being carried out nowadays [1]. One of the major goals of current
research is to reassess the theoretical limitations of e ciency displayed by classical machines.
Thus, there is a particularly signi cant e ort of the scienti ¢ community directed towards possible
contributions of quantum e ects such as coherence, entanglement, or squeezing in that prospect.

But this time things are being done the other way around. The research is rst being con-
ducted on the theoretical aspects and limitations of quantum machines, hoping that technological
applications will be able to follow soon after. For example, one proposal suggests that cooling can
be seen as a form of error correction, which shows how ideas from quantum thermal machines can
be incorporated directly in quantum technologies as a way to ght decoherence. It is thus possible
that in the near future thermodynamical machines may become important from the perspective
of nanotechnology and the implementation of quantum information processing devices [1].

Of course, on the way to that promising future, one may wonder what exactly could be called
a quantum thermodynamical machine today. On a broad scale, one can de ne it as a quantum
system in contact with several thermal baths (environments). For example, a maser can be
interpreted as a heat engine [1]. Currently, thermal machines comprised of a single qutrit or a
few qubits have been constructed [1], and moreover, it was shown that they can approach Carnot
e ciency. Further than that, however, there are not many practical examples yet.

Although the study of quantum thermodynamical machines is a relatively new eld, it is
rapidly evolving into a broad and vast discipline. Though a bit more concrete, the title of this
thesis is still similarly broad and ambitious. However, rather than focusing on studying the various
thermodynamical machines that fall into the category of autonomous, and proposing new ones,
we have focused as a rst step on the modeling of the basic ingredients that such devices contain,
and the development of tools capable of analyzing e ciently the corresponding models. In the
remaining of this introductory chapter we elaborate on these points.



1.2 Warm up models for quantum thermodynamical machines

The initial motivation for this thesis stems from [2], where the authors analyze the thermody-
namical cycle of an autonomous quantum rotor heat engine inspired in classical piston engines.
The engine is sketched in Fig. 1. A rotor, characterized by an angular variable, is connected to a
piston that also acts as a mirror of a cavity. The cavity eld exerts a radiation pressure force onto
the piston, and this way gets e ectively coupled to the rotor’s motion. On the other hand, the
cavity is connected to two separate heat baths at di erent temperatures. Crucially, the coupling
to each bath depends on the angular position of the rotor: the coupling to the hot (cold) bath
is larger when the clamping point of the rotor is on the left (right) side. Hence, starting from
the position shown in the gure and no coupling to the cold bath, radiation pressure pushes the
piston down, which makes the rotor rotate clockwise. Once the bottom turning point is reached,
the coupling to the cold bath starts opening (and the one to the hot bath starts closing), such
that the photon number decreases in the cavity, and the rotor has enough inertia to overcome the
radiation pressure force and reach the upper turning point. At that point the coupling strengths
start to invert again, and this way unidirectional continuous rotation is achieved. This system
acts then as an autonomous quantum thermodynamical machine, which allows to convert heat
into work through the rotor.

The authors analyze the model both in the classical limit and in a fully quantum mechanical
fashion. The main result turns out to be rather unsatisfying, though, since it states that the
guantum analysis exhibits consistently lower e ciency than the corresponding classical one due
to quantum noise. Speci cally, in the conclusions the authors state: \We have also explored the
role of quantum e ects, and our results show, in the case of our engine, they meanly give rise to
additional noise in the motion of the rotor. It is a relevant question whether other quantum e ects
such as entanglement and coherence can lead to a better performance compared to a fully classical
version of the engine".

While this model is very interesting for its direct connection with practical classical engines,
the use of a quantum rotor makes the theoretical analysis of the system very challenging. Indeed,
in the paper the authors are limited to the analysis of the extremely low-temperature regime, in
which the cold bath is assumed at zero temperature and the hot bath at an average of a single
qguantum. This is due to the fact that for systems containing a rotor, the only general techniques
available for their analysis are based on brute-force simulations of the dynamical equations for the
state represented in the Hilbert space [3].

D
D

Figure 1: Sketch of the autonomous rotor heat engine considered in [2] (taken from it).



Now, even for the low temperatures considered in the paper, the Hilbert-space dimension required
to capture the physics accurately is at the edge of what we can simulate with current computers.
Moreover, it is a known fact that the Hilbert-space dimension increases exponentially with the
number of elements considered in the system. Hence, it seems that the analysis of quantum e ects
such as entanglement will be extremely challenging in this system or generalizations of it.

On the long term, the project presented in this thesis aims at providing models that are still
equally rich physics wise, but are based on mechanical elements that allow for a wider range of
mathematical tools for their analysis. Among these, mechanical systems based on linear continuous
degrees of freedom such as position or momentum would be the most desirable ones. In regimes
where the evolution equations are quadratic in these degrees of freedom, a vast toolbox based
on symplectic analysis and Gaussian states has been developed since a few decades ago [4, 5].
But even when the dynamics are beyond quadratic in positions and momenta, one can go around
Hilbert-space simulations by using phase-space representations and related stochatic tools [6, 7].
We will elaborate on this in the next section, and in far greater depth along the next chapters,
since these techniques are the main focus of this thesis.

While our long term ambition is providing an autonomous heat engine based solely on bosonic
or linear degrees of freedom, where the role of quantum e ects can be analyzed in a more transpar-
ent way, the speci c aim of this thesis is a bit more humble. We aim at developing the tools that
will be used to analyze theoretically such ambitious machines, speci cally, phase-space stochastic
techniques. For this, we introduce two models that, although cannot be considered heat engines,
are autonomous thermodynamical machines that contain what we believe will be the main in-
gredients expected to appear in engine models: mechanical and optical elements interacting via
radiation pressure, and heat baths.

We present the models in Figure 2. Both models have two cavities separated by a perfectly
re ecting mechanical element, which can be a piston (left) or a membrane (right). In both cases,
each cavity is coupled to their own heat bath. Presumably, the autonomous rotor heat engine of
[2] could be generalized to linear degrees of freedom by allowing the coupling to the heat baths to
depend on the position of the mechanical element, although we still don’t explore this possibility
in this thesis.

Let us comment on why we consider two di erent mechanical elements. Note that a piston is
modeled as a rigid solid characterized by a single degree of freedom, the position of its center of
mass, which is assumed to move as a free particle. Obviously, this is a not very realistic situation
for experiments, where friction is unavoidable for such bulky elements. Moreover, because the
displacement of the piston is not bounded by any potential, the usual assumption of a radiation
pressure force independent of the displacement cannot realistically model the optomechanical
interaction, since it assumes small displacements [8].

piston membrane
cavity a cavity b cavity a cavity b
heat bath heat bath heat bath x heat bath
X

Figure 2: Sketch of the toy models considered in this thesis. In both cases a perfectly re ecting
mechanical element separates the eld of two cavities, each in turn connected to a heat bath. The
mechanical element feels a radiation pressure force exerted by the cavity elds, and can be either
a piston (left) or a membrane (right).



All these reasons motivate the introduction of a more realistic mechanical element, a membrane,
or in general a mechanical element harmonically bound to a certain position. Since a little over
a decade ago [8], we indeed have such mechanical harmonic oscillators operating deep at the
guantum regime in various labs all over the world. In addition, a membrane has an intrinsic cycle
linked to its periodic motion, so it might be more suited for the de nition of thermodynamical
cycles.

1.3 Open systems and phase-space techniques

At the most basic level, the description of the dynamics of the state of a thermal machine is based
on open systems theory [1, 9]. This is the theory that aims at describing the dynamics of a system
when it is in contact with a large environment [10], as it is the case of the cavities of the previous
section in contact with a heat bath. Since the system exchanges energy with the environment,
phenomena such as dissipation appears, which forces us to abandon pure states in favor of mixed
states. Under certain typical conditions (known as Born-Markov, which we will introduce in detail
later) one can nd a simple linear di erential equation for the dynamics of the density operator,
the so-called master equation. This contains terms that cannot be written as a commutator with
the state, meaning that the system dynamics are no longer described by just a Hamiltonian.

The master equation is usually found by formally integrating out the environment, starting
from a Hamiltonian model for its interaction with the system. Once we have it, ideally it can be
solved by representing the state in a basis of the Hilbert space (density matrix), and solving the
system of coupled linear equations for its components. Unfortunately, this is only possible when
the system doesn’t explore too many basis states of its Hilbert space, as otherwise the dimension
of the linear problem becomes too large for state-of-the-art computers.

One can alternatively opt for a Heisenberg picture description, which leads to the so called
guantum Langevin equations [11]. These are stochastic nonlinear dynamical equations for the sys-
tem operators, which are in general very hard to treat analytically, or even numerically, requiring
again a representation in a basis of the Hilbert space.

These high cost of the numerical simulations in the Hilbert space motivates us to seek for
alternative descriptions. For bosonic systems, one can describe the state of the system through
a phase-space quasiprobability distribution [6], that is, a function dependent on the phase-space
variables, which satis es many properties of usual probability distributions, except for crucial ones
such as positivity or absence of strong divergences. One can turn the master equation into an
evolution equation for these quasiprobability density functions. While the remaining equation is
a partial di erential equation as di cult to solve as the original master equation in general, one
can devise approximations that allow to treat it at least numerically.

One usual numerical route consists in  nding approximate limits where the evolution equation
of the quasiprobability distribution can be mapped to a set of stochastic equations for the phase-
space variables, so that the evolution of the quantum state can be sampled stochastically with
a computer. We will see that the so-called truncated Wigner representation allows precisely for
this. However, the approximation required is in general too strong, and leads to a model in
which quantum noise is mimicked with additive classical noise, what is acceptable only in the
high-temperature limit and when quantum coherence is not very relevant.

One can wonder whether there exists a way of sampling quantum dynamics with classical
stochastic variables without approximations. Remarkably, the answer is yes, but with a catch:
it requires de ning a distribution, the positive P representation, that lives in an extended phase
space with twice the number of variables [7, 12]. While for numerical purposes this is not a
huge overhead, conceptually it is a very daring idea: a bosonic mode is no longer described only
by position and momentum, but also by two more variables with no intuitive interpretation in
general. Nevertheless, from a purely practical point of view, this is a very useful technique, that



allows treating the full quantum mechanical evolution via a set of classical stochastic equations,
whose complexity does not scale with the Hilbert space dimension required to describe the states
explored by the system.

The biggest part of this thesis is devoted to develop these stochastic techniques for the models
presented in the previous section, setting the stage for the analysis of the more complicated
autonomous heat engines that we plan on developing in the future.

1.4 Structure of the thesis and original contributions

Let us conclude this introductory chapter by o ering a guide through the structure of the thesis
and what we consider are its main original contributions.

We have divided the thesis in three main chapters. In Chapter 2 we review the basics of open
systems theory, using our models of Figure 2 as the guiding examples. In particular we derive the
master equation that governs the evolution of the state of the cavity modes and the mechanical
element.

As a rst original contribution, in Section 2.2.5 we derive the master equation when a beam-
splitter interaction between the cavities is included. To the best of our knowledge, this case hasn’t
been treated in the literature, and we show that it is a neat example of how the energy spectrum
of the system has a strong in uence on the nal form of the master equation. In particular, we
show that deriving rst the master equation in the absence of interaction, to add the interaction
later as an extra Hamiltonian is only correct when the beam-splitter coupling is much weaker than
the coupling to the environments. In the opposite case, we actually show that the cavities see
identical e ective environments, at a temperature which is the average of the temperatures of the
heat baths. Our general master equation allows to interpolate between these two regimes.

In Chapter 3 we introduce rigorously phase-space quasiprobability distributions. Using the
master equations derived in the previous chapter as the guiding example, we explain in detail how
to nd evolution equations for these distributions, and analyze whether these can be mapped to
dynamical stochastic equations for the phase space variables. These examples will allow us to show
that only one speci c distribution, the Wigner distribution, allows for such map and only after a
speci ¢ approximation (truncation of third order phase-space derivatives) is performed. We show
that, as is well known [13], such an approximation leads to a set of equations in which quantum
noise is simulated as additive classical noise that provides half a quantum of noise even at zero
temperature, which is known as stochastic electrodynamics. For high temperatures, this model
converges then to the expected classical one, and therefore it is not expected to capture the e ects
of quantum coherent e ects. This motivates us to resort to the positive P representation in a
doubled phase space, and show that it allows for the stochastic map without any approximations.

As small original contribution in this part, we adapt the use of phase-space methods to the
piston (or, in general, to any mechanical element which is not harmonically bound). Conceptually,
this is not a completely trivial procedure, since phase-space representations are naturally de ned
only for harmonic oscillators (except the Wigner representation). We show that the way to
generalize phase-space techniques to such cases is by choosing a reference harmonic oscillator,
and use its corresponding distribution to represent the state of the mechanical element. The
situation is equivalent to analyzing the dynamics of a particle in a general potential in the basis
of eigenfunctions of a reference harmonic oscillator. Of course, this might be very complicated
in general (think of describing the evolution of the initial wave packet of a free particle in the
Hermite-Gauss basis of a harmonic oscillator). Hence an interesting and nontrivial part of this
thesis is showing that phase-space representations can indeed capture the quantum dynamics of
the piston. To our knowledge, this is a subtle point that no one has explicitly mentioned before.

Chapter 4 contains our main original results: we show that the stochastic equations we develop
are indeed capable of sampling the dynamics of our models. Speci cally, in order to benchmark the



simulations, we consider an analytical limit: absence of coupling to the environment. We show that
in this limit the dynamics are analytically solvable in the Heisenberg picture, if we further neglect
the beam splitter interaction between the cavities. We use this analytical solution to benchmark
our stochastic simulations, showing that they agree very well. Since in this limit the dynamics
are very sensitive to the initial conditions, we consider two initial conditions that showcase how
entanglement can make a big di erence when optomechanical interactions are considered. In
particular, we show that starting with the cavities in a two-mode squeezed state, the mechanical
element becomes completely insensitive to the cavities. Finally, we move away from the analytical
case by considering the e ect of the beam splitter. We show that the simulations provide results
consistent with what we can expect from physical arguments, and show that the optomechanical
interaction if e ectively suppressed for large beam-splitter couplings, what we also manage to
explain analytically.

We use the nal chapter to o er some conclusions and comment on the future steps that we
will take.



2 Open quantum systems

Open quantum systems theory is one of the distinctive features of quantum optics. It was intro-
duced in order to deal with the fact that real physical systems cannot be described as completely
isolated from their environment. Implementations in real systems always include some interaction
with the external world. This interaction is typically a source of energy dissipation, although
it can also involve energy provision, both processes usually characterized by the impossibility of
creating quantum coherence through them (incoherent energy exchange). The question is how to
describe such processes. The state of the external world is in general too complex to be monitored
by experimentalists, and hence it is useful to nd e ective descriptions involving only the experi-
mentally accessible system. A very powerful way is through so-called ‘master equations’, which is
what we concentrate on in this chapter.

By de nition, an open quantum system is a system S coupled to another quantum system
called the environment [9] (S is sometimes also denoted by the ‘reduced system’). In most cases,
it is assumed that the combined system S plus environment is closed, hence evolving according
to some Hamiltonian H = Hs Ig +1s Hg + Hin, Where H; and I are the Hamiltonian and
identity operator in the corresponding subspace in the absence of interaction, the latter being
fully encoded in Hj. Then, the evolution of the combined system is described by a unitary
U (t) = exp (Ht=i~). From a general point of view, the reduced density operator s(t) at time tis
obtained from the density operator (t) of the total system using

s(t) = trs {U(D) (t)U' (D)} ; )

As we will see in section 2.1, under certain conditions, we can neglect the e ects of the system
dynamics on the environment, and completely integrate the environmental degrees of freedom out.
The interaction of the system with its environment leads to correlations between them. Thus,
even if the total system starts in a separable state, the state of the reduced system will become
mixed over time. To generalize the description of the time evolution to an open quantum system,
some superoperators® called dynamical maps are used. Let’s say that at time t = 0 the state of
the total system S plus its environment is in an uncorrelated product state (= s(0) g where
s(0). The transformation describing the change of the reduced system from its initial time t =0
to some time t > 0 is described by the dynamical map V (t) de ned by

s®=V() sO) tg{UM®[sO) sIUV'®)}: )

It’s possible to show that, as long as the system and environment are initially uncorrelated,
a dynamical map represents a convex-linear, completely positive and trace-preserving quantum
operation [9]. It is also interesting to note that fV (t)jt  0g is a continuous one-parameter family
of dynamical maps where V(0) is the identity map. Such a family describes the whole future
time evolution of the open system. If furthermore, V (t) satis es the following property called the
semigroup property

V)V () =Vt +t); t;te 0 (3)

then fV (t)jt  0g is called a quantum dynamical semigroup [9]. As we shall see, this naturally
occurs in quantum optics under suitabble approximations (Born-Markov).

The ultimate goal of this formalism is to derive an equation describing the dynamics of the open
system. The study of open quantum systems is a very broad eld though, and many approaches are
possible, the choice usually depending on the system that one wants to analyze. For example, the
e ective integration of the environmental degrees of freedom can be done either in the Schrodinger

We denote them by superoperators because they are a map between operators, not between Hilbert space
vectors.



picture or in the Heisenberg picture. The obtained equations that describe the dynamics of the
system are called master equation or quantum Langevin equations, respectively. The tools and
methods used to describe the open quantum optical system described above are presented in the
following sections, where we focus on the Schrodinger picture approach.

2.1 Interaction with a reservoir, heat bath and Gibbs states

Reservoir and heat bath are terms used to describe some type of environments. The term reservoir
refers to an environment with an in nite number of degrees of freedom. It may consist of particles
with 3 degrees of freedom each, for example. In our case we focus on a reservoir consisting on the
electromagnetic eld in free space. The electromagnetic eld can be described as a collection of
harmonic oscillators (modes) which represent the degrees of freedom of the electromagnetic eld
[10, 14]. In 3D, these generally labeled by 4 indices (e.g., wave vector and polarization). However,
when we only care about the modes outside a cavity, it is enough to consider the external modes
matching the cavity mode we work with in transverse pro le and polarization, so that they form
a quasi-1D reservoir of harmonic oscillators completely characterized by a single label: their
frequency ! [10]. When treated as a reservoir, the frequencies form a continuum (in fact, it can
be shown that a rapid decay of the reservoir correlations needed for the Markov approximation,
requires such a continuum of frequencies [9]). On the other hand, the term bath or heat bath is
used for a reservoir which is in a thermal equilibrium state.

In what follows, we consider the open system coupled to a heat bath of harmonic oscillators
representing a radiation eld. The bath is supposed to be much larger than the system. This
means that, in the weak-coupling limit (assumed in what follows), the environment isn’t really
a ected by the system. In contrast, the reduced system is strongly in uenced by its coupling to
the bath.

In quantum optical scenarios, the following assumptions are almost always universally made:

The system-bath interactions are linear in the bath annihilation and creation operators.

The e ects of any frequency dependence in the coupling constant are neglected. This, as will
be clear later, is usually allowed because of energy conservation (only reservoir frequencies
close to the system’s transitions contribute). Moreover, in certain common experimental
situations the coupling can be designed to be frequency-independent. Let us point out that
such a frequency-independent coupling constant is a stronger condition than Markovianity.

In the nal master equation, there may be some rapidly oscillating terms. It’s possible to
show that these terms do not contribute to the dynamics of s, and thus they are usually
neglected. This is the so-called rotating-wave approximation [10].

Now, let’s clarify these assumptions with the example of an open optical single mode cavity,
with annihilation operator a. We denote by b(!) the annihilation bosonic operators for each mode
of the bath, which satisfy the continuous canonical commutation relations [b(1);bY(¥)] = (¥ 19).
The Hamiltonian of the system and the reservoir in the absence of interaction is then

Hs = ~1.a@'a; (4a)

HB:/&dp4wamax (4b)
0

where 1. is the cavity frequency.

It is common to model the interaction between the cavity and the external modes by a beam-
splitter interaction, that is, a coherent process that transfers photons from the cavity to the
external eld and vice versa. Indeed, this is an exact model in the case of a partially transmitting
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mirror. As there is a continuous set of frequencies, the sum of all possible processes must be
considered. The interaction Hamiltonian is then

Hine = i~/1d! (H(Da ab()]; ©®)
0

where (1) is the coupling function between the environment and the cavity. It depends on the
transmissivity of the mirror at frequency ! and is in full generality frequency dependent. We
will however assume, as is usually the case, that it is small (large mirror re ectivity) and can be
consider approximately frequency independent over a large frequency domain, see below.

On the other hand, note that in the weak coupling case that we are dealing with, the energy
of the full system is still mainly de ned by the free Hamiltonians (4). Hence, energy conserva-
tion implies that only reservoir frequencies close to the cavity frequency will contribute to the
interaction, which is thus called a resonant interaction. Speci cally, rewriting the coupling as

(Y) =+/ =, weak coupling (or large mirror re ectivity) means that we assume .. There-
fore, only reservoir frequencies around the interval [, ; 1.+ ] will contribute, around which
we can assume the mirror re ectivity to be frequency-independent. Indeed, the transmissivity of
typical mirror can be made pretty at as a function of the frequency, so this will be correct as long
as the allowed interval is small enough [10]. In addition, we can extend the integration limits to
] A; A[ which will simplify the upcoming integrals. The unphysical negative frequency modes
will not contribute, as they are very o -resonant. After these considerations, the Hamiltonian of
the system reads then

H = Heys + Hg + Hing; (62)
He :/ld!~!by(!)b(!); (6b)

Hint = i~\/j/1 difp'(Da  ab(1): (6c)
1

We will consider a bath that is initially in a thermal state, such that g is the Gibbs state
de ned as the equilibrium distribution of the canonical ensemble

e HB:kBT
= m = o t[N(1)]; (7)
where g1 denotes a continuous tensor product over all frequencies, and
e (-1=ksT)b¥b

~1= 4 ’ (8)
tr {e (~1=kgT)b b}
is the thermal state for a single harmonic oscillator with annihilation operator b, parametrized
by its average photon number n(!) = trfo¥b g = [exp(~1=kgT) 1] * which follows the Bose-
Einstein distribution as a function of the frequency.

Note that for such a thermal state the rst and second moments of the multimode reservoir
read

B

th(N) =

hb(1)i = trfb(1)g g = O; (9a)
hb(1)b(1%)i = tr Fo(1)b(1") gg = O; (9b)
hbY(1)b(1%i = tr {B'(1b(1Y) g} =n(1) (1 17); (9c)
hb()PY(1%)i = tr {b(1(1Y) s} =[n(1)+1] (1 1%): (9d)

These relations are easy to prove by taking into account that di erent reservoir modes are uncor-
related, and thermal states are phase invariant.

Finally, let us point out that we will work at temperatures where the Bose-Einstein distribution
is approximately at in the relevant interval ¥ 2 [, ;!.+ ], so that we can make a frequency-
independent approximation n(!') = n(!.) n in the equations above.
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2.2 Master equations and Lindblad form

The aim of this section is to derive an equation describing the dynamics of the open system.
Since we do it in the Schrodinger picture, the resulting equation is called a master equation.
These di erential equations are very similar to their counterparts in classical physics. All the
gquantumness is contained in the variables, which in the quantum formalism correspond to the
entire density matrix, including o -diagonal elements. Otherwise, a density matrix with only
diagonal elements can be modeled as a classical random process, and there is nothing quantum
in the equation. This section shows how the master equation is derived, rst considering one
single-mode cavity in contact with a piston or a membrane, and then adding a second cavity as
in Figure 2.

2.2.1 The piston-cavity Hamiltonian

As a rst step let’s derive the Hamiltonian of the system. It is the sum of the piston Hamiltonian
(which we model as that of a free particle, it’s center of mass, given by P2=2m) and the cavity
Hamiltonian, given by ~1(X)aYa. Here X and P are the position and momentum of the piston,
respectively, which satisfy the commutation relation [X;P] = i~. The frequency !(X) of the
cavity is inversely proportional to its length | = I + X, where | is the length of the cavity at time
zero. Using the expansion (1+ X=I)) * 1 X=l, valid for small piston displacements, X I,
and denoting by !. the cavity frequency at time zero, we then obtain the system Hamiltonian

P2
Hy. = — +~1.a8%a ~GX&a’a; 10
sys om c ( )

where we have de ned the optomechanical coupling G = !.=I..

This system Hamiltonian replaces in (6) the simple single-mode cavity Hamiltonian of the
previous section. Note, however, that we will assume that GX, (where Xq is some mea-
sure of the mechanical displacement, for example its average position plus uncertainty, jhXij +
\/hX2i  hXi?2), such that the piston does not change the cavity appreciably from the point of
view of the environment, as otherwise the elimination of the latter becomes more complicated (we
will see this clearly when considering a similar situation in Section 2.2.5, speci cally an interaction
between cavities that changes the Hamiltonian’s spectrum considerably).

2.2.2 Elimination of the bath

We can proceed now to eliminate the environmental degrees of freedom. Our starting point is the
von Neumann equation for the full system
d
dt
Since we are going to use a perturbative approach valid under weak-coupling conditions, let us
move to a picture where we remove the free dynamics induced by Hy. With full generality, given
a density operator evolving according to d =dt = [H=i~; ] and a unitary transformation of the
form U = exp(Hyt=i~), the transformed density operator ~(t) = UY(t) (t)U(t) is easily shown to
obey the evolution equation

d~=dt = [H(D)=i~~];  with H,(©) = UY(OHU(t) Hy (12)

Considering (11) and choosing the change of picture de ned by Hy = Hy, the interaction Hamil-
tonian becomes

i =[Hsys + Hg + Hine; 1 [Ho + Hing; | (11)

H|(t) =e Hot=i~(H0 + Hint)eHoFi~ HO —e Hot=i~Hinte}—|0t:i~

= i~\/j / dle HosHeX[py(1)a  alb(1)JetHosHe)tim; (13)
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Since [Hgys; Hg] = 0, we have

Hi(t) = i~\/i/d! (e%HBtﬁy(!)e iHetgiHaystae iHyst  giHevstaye iHsvsteiHeth(1)e %H5t>:
(14)

We can calculate each term independently:
ehrey(nge 1ot = §5(1) + Lo (0] + U0 [Ho: He: (1] + (15)
=)+ 2 /01 U~y (1 1)+ = b‘y(!)nz_:o% =V(1)et: (16)
Similarly,

eifetf(r)e iHet=f(r)e Mt

If we further de ne the interaction picture cavity annihilation operator a(t) e Msysti~ggHsyst=i~
we obtain

1
Hy (t) = i~\/j / d1 [a(t)b’()e™*t  a/(Hb(1)e 1] (17
1

The master equation follows directly from the von Neumann equation by solving formally,
replacing the solution into the equation, and tracing out the environment. Let us show this next.
Formal integration of equation (12) gives us

~®:%m+i/1ﬂmwwwm (18)
1~ Jo

which reintroduced in (12) leads to

dd% = Iitrs f[H, (1); ~(0)]g i / dt’ tre F{H: (); [Hi (t); <)o
= ~12 d trg f{H, (O); [Hi(t ) ~(t  )llg; (19)

where the term depending on the initial condition disappears because trg f[H, (t); ~(0)]g Z hb(1)i =
0 according to (9). Up to here all the derivations are exact. To go further, two more approxima-
tions are made.

The rst one is the Born approximation [10], which consists in considering only terms up
to second order in the interaction, and is equivalent to setting ~(t ) = ~s(t ) g in
equation (19), as we argue next. Initially the environment and the system are in a separable
state. As time goes by the interaction induces correlations between them, but these are therefore
at least of order one in the interaction. Furthermore, the environment is a huge system barely
perturbed by the weak interaction with the system, so we expect deviations with respect to its
initial state g to appear only at a large order in the interaction. These then justi es the use of
the ~(t )=-~(t ) g ansatz.

The second approximation is the Markov approximation [6, 10]: we assume that the evolution
equation of the state at a given time, depends only on the state at that same time (memoryless
evolution). This is justi ed when the two-time reservoir correlation functions decay much faster
than the characteristic rate at which the system evolves. However, in our case it naturally appears
as a direct consequence of the frequency-independent approximation for , which is therefore an
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even stronger condition than Markovianity. We therefore proceed without explicitly applying the
Markov approximation, which will come naturally at a later stage.
Applying the Born approximation, equation (19) becomes

dd;:g/o d trg fHIHIE  )ist ) ello: (20)

In order to perform the time integral (20), let’s now write down all the terms contained in the
kernel. Since the Hamiltonian has 2 terms and there are two nested commutators, we will have
(2 1+2 1) 2+2 1+(2 1) 2 =16 terms in total. Putting the frequency integrals, the partial
trace over the environment, and the constant = aside, the integral’s kernel is the sum of the
following terms:

Q= Mlamat  )-s(t ) (O (21a)
Q,= ei'te 1Mt Dg)a¥(t  d~s(t ) (b1 g; (21b)
Qs = &'’ Jg)~(t at ) B()-sb’(1Y); (21c)
Qs =el'te ' Dg)~(t a'(t ) B(1)-sb(1"); (21d)
Qs = e Ml Dg¥)ait  )~s(t ) b(HY()g; (21€)
Qs=e e " I@a(t )~st ) b(Hb(!)-g; (21f)
Qr=e "Mt DY)t Jat ) b(H)-sb'(1); (219)
Qs= e e M Dg¥)~s(t &t ) b(1)~sb(1)); (21h)
Qo= e’ Jeittait  )~(t  at) (-1 (21i)
Quo=¢e""t Je Mat  )~s(t  al(t) B(1")~gb(1); (21j)
Qu=e "¢ delttal(t ()~ at) -~sb’(1); (21K)
Q= e e Mt )t @M b(1)-eb(1); (211)
Quz = '’ Jeitt (t Jat  a(t)  ~s(1)(1); (21m)
Qu = e”°<‘ Mgt Dat  )al(t)  ~sb’(1)b(D); (21n)
Qs =e " et et Ha®) ~sb(1YY(1); (210)
Q=6 "¢ Je Mt 't )a'(t) ~sb(*)b(1): (21p)

The trace over the environment is now easily performed with the help of (9). We see that
Q1;Q3; Qs; Qsg; Qg; Q12; Q13; Q6 all vanish. The remaining terms are found as

—/td /1d!/1d!°trBfQ4g (22)

——/ / d-/ rie™t W Op 5t e tre (V1) o(1))

tI'be('o)by( ) eQ
t 1
= (n+1)/d/ die a(t)~(t )a'(t )
0 1

2 ()
=2 (n+1) /0 d Oa-st et )
= (n+Da) st
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where we have used the property fotd ( )f( ) = £(0)=2. Proceeding in a similar way, we can
evaluate the rest of the terms, obtaining

/ / at / d’trg fQsg =  (n + 1)&a~s; (23a)
a1 1
—/ d / dt / d1'trg fQ;0 = na’~sa; (23b)
0 1 1
t a1 1
— / d / d! / d!? 0 trg leog = (n + 1)a~say; (230)
0 1 1
t a1 1
— / d / d! / d!? 0 trg lelg = nay"‘sa; (23d)
0 1 1
t a1 1
—/ d / d! / Utrg fQug = n-~sae’; (23e)
0 1 1
/ / d! / dl trg lesg = (n + 1) Saya (23f)
Adding all these terms we get the master equation
dd% = (n+1)[2a~sa’ a'a~s ~sa’a]+ n[2a’~sa aa'~s ~sad’]: (24)

This is the master equation for the single open cavity mode in the interaction picture. We can
write it in the more compact form

d~s

at (n +1)Da[~s] + NDgy[~s]; (25)
where D[ 1=23 J¥Y fJ3YJ; g, and Dj is known as Lindblad superoperator. We then say that
the master equation is written in Lindblad form.

Now let’s to come back to the initial picture. In order to do this, we simply nd the evolution

equation of the original state s(t) = Us(t)~s(t)UZ(t), with Us = exp(Hsyst=i~), which is easily
shown to be

Hsys d~ s

d H
— 3 = I Yg~g5UY  Ug~sUL =2 + Us—>UY (26)
t i~ dt
- i
= |52 8|+ (N +1UsDa[~s]U + nUsDey[~s]US
:H Z
= ii)/S’ S + (n + 1)DUSaUé[ S] + nDUsﬂyUé[ S]
L .
= %; s| ¥+ (n+1)Dy[ s]+ nDyl s

This master equation is similar to the von Neumann equation of the system plus some more terms
(the Lindblad terms) which stem from the interaction with the environment. For this reason they
are called dissipative terms. Note that in many open system problems the dissipative terms can
be written in Lindblad form.

In full generality, a Markov process is usually formulated in terms of the Chapman-kolmogorov
equation 2 which has similarities with the semigroup property. In fact, it is possible to show that

21f T (xjx°) is a transition probability from state X’  x(t) to state x  x(t), the Chapman-kolmogorov equation
states that T (xjx?) = [ dx"T (xjx")T (x"jx). For discrete Markov processes, it can be written in matrix form as
T (x(t + 1)) = T(X(D)T (X(1")).
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the semigroup property (3) is the property of any Markov process [9]. Then, if it is justi ed to
neglect memory e ects in the reduced system dynamics, the family of dynamical maps describing
the evolution of the reduced system forms a quantum dynamical semigroup. Furthermore, if we
assume no explicit time dependence in the Hamiltonian of the whole system, it’s the possible to
show that the generator of this group L, such that V (t) = et , d s=dt=1L[ g], is

N2 1
L[ s]= ilH; s]+ Y -Da( s); @7)
k=1
where N is the dimension of the system’s Hilbert space and Jy, are operators that are usually
denoted by jump operators.
Furthermore, note that in the absence of optomechanical coupling, the thermal state (n)
is the stationary state of the problem, L[ ¢,(n)] = 0, as expected: the cavity reaches thermal
equilibrium with the environment.

2.2.3 Double cavity model

We are now in conditions to write down the master equation corresponding to the model shown
in Figure 2 (left): the piston acts as a moving mirror shared by two cavities (coupled to indepen-
dent heat baths), which then exert radiation pressure forces onto it in opposite directions. The
Hamiltonian of the full system is in this case is

P 2
Hos = o +~1a’a  ~GXa'a+~Ib'b +-GXbb; (28a)

HB:/1d!~!eV(!)e(!)+/ld!~!dy(!)d(!); (28b)
1 a1

a1 1
Hint=i~\/j/ d1[e'(Na aye(!)]+i~\/i/ dHd(1)b  bYd(1)]: (28c)
1 a1

Where we have denoted the annihilation operators of the left (right) cavity and its bath by a and
e (b and d). Note that for simplicity we have assumed that the cavities are identical, including
their coupling strengths to the piston and their respective baths.

We can trace out the baths following the same procedure as in the previous section. Since
the baths are independent, and the cavities interact only through their common coupling to the
piston, which we assumed weak as explained above (GXq ), the master equation will just
trivially combine the terms corresponding to each independent cavity. We get:

d S Hsys_

w0 D e nDalsl DD+ MOl sE (@)

where we have denoted by n, and n, the thermal photon number of the corresponding cavity.

2.2.4 The membrane model

So far we have considered the mechanical component to be a piston whose center of mass moves
freely. Although this is a very interesting model that already contains a lot of the physics we
ought to explore, it’s not experimentally realizable. From this point of view, a more interesting
mechanical element consists of a membrane® as shown in Figure 2 (right). The resulting model is
still very close to the previous one, except that now the free mechanical Hamiltonian is replaced

3Technically, the membrane has many mechanical modes, similarly to an optical cavity. Here, as in most
optomechanics works, we assume to work only with one speci ¢ mode.
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with a harmonic oscillator. Such type of models have been experimentally implemented with
actual membranes or other types of mechanical oscillators, and are ubiquitous to the young eld
of quantum cavity optomechanics [8].

The Hamiltonian of the membrane reads

P2 m 2 1
Hinem = 5 + — X2=~!m<cyc+§); (30)

where we have de ned the annihilation and creation operators ([c; ¢¥] = 1) through X = Xq(c+cY)
and P = ipo(c ). Xo = +y/~=2m and pp = ~=2X, = /~m =2 are, respectively, the position
and momentum uncertainties of the membrane in its ground state (zero-point uctuations).

The models, including the optical cavities and their heat baths, take the same form as in (26)
and (29), for the single-cavity and double-cavity cases, respectively, with a system Hamiltonian
that reads

Hyys =~ cc+~la’a+~1bh  ~g(c’ +c) (aa bb); (31)

where we have de ned optomecanical coupling rate g = GXq, which is assumed small similarly
to the piston case, ¢ . Changing the mechanical component between the two cavities does
not in uence the way they interact with their environment. Thus, the dissipative Lindblad terms
remain exactly the same. The master equation is still of the form (29) but the Hgys term is now
given by (31).

2.2.5 Coupling the optical modes through a beam splitter

The previous examples allowed for the naive procedure of modeling the open system just adding
terms of the form (25) for any mode coupled to a bath. This, however, is only allowed when the
e ect of the coupling between the modes of the reduced system is negligible from the point of
view of the reservoirs. In this section we consider a relevant example that shows how this naive
approach has to be modi ed in the presence of strong coupling. In particular, we analyze what
happens when we add a beamsplitter interaction between the two cavities.

Since the optomechanical coupling is still treated as a small perturbation that can be added
at the end, we don’t consider it now, so we focus on the optical modes. The Hamiltonian of the
full system is then

Hsys =~laa+~1b+~ (aby + ayb); (32)
1 1
Hg =/ d!~!ey(!)e(!)+/ di~1gy(n)d(); (32b)
0 0
[t (1) [t (1)
Hine = |~/ diy/ —=[e'(V)a e(N)a’]+ |~/ diy/——=[d"(Hb d(1)b"]; (32¢)
0 0
where > 0 characterizes the strength of the beam splitter. If the condition is satis ed, then

the model of the previous section (modi ed just by the addition of the beam splitter Hamiltonian)
works. Here, however, we are interested in understanding what happens when > (the so-called
strong coupling regime), so we derive a new master equation that will work in this regime.

To this aim, let us rst write the evolution equations of a and b under the action of Hgys,

(- (- )6)
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The matrix M is readily diagonalized, yielding the eigenvalues a.s = !. . De ning the normal

modes
AN 1 1 1 a) .
(5)=%( % 1)(5): =

and similarly for the reservoir modes,

E()) _ 1/ 1 1 e(1) \ |
(5 ) =75 ( % 1) (e ) %)

The Hamiltonian is then rewritten as

a1
HB:/O d1~1 [EY(1)E(1) + DY(1)D()] ; (36b)
[T M
Him:|~/ diy/ 2 [E(HA+DY(1)B  E()A’ D(1)BY]: (360)
0

It might look as if by moving to the normal mode basis, we have turned the problem into two
modes (A and B) interacting with independent reservoirs (D and E, respectively). However, this
is not the case, since the reservoirs are now correlated. Consider, for example, the term

tr {E(1)DY(!) B}:%tr{[e(!°)+d(!°)][ (M +d(M)] s}

tr {e(1")e’(1) B}/ :cr{d(!o)ey(!) B}J+tr{e(!°)dy(!) B}/+:cr{d(!°)dy(!) B}/ (37)

(na+D) (1 19) 0 0 (no+1) (1 1)

=2 N (1 v

N -

which is only zero when the heat baths are at the same temperature, while in any other case,
shows non-zero correlations between the heat baths. Similarly?, we can evaluate all the other
non-zero reservoir correlation functions, obtaining

tr{E(DEY o} =tr {DY(1)D(1Y) o} = ;(na+ 1) (1 1) (383)
tr {E(MEY(Y) g} =tr {D(MDY(1") &} = %(na+nb+2) (r M (38b)
tr {EY(1)D(!) g} =tr {D(MEY(Y) g} =tr {DY(ME(!") g} = %(nb na) (1 19 (38¢c)

The rest of the correlation functions, speci cally the ones containing two annihilation or two
creation operators, are zero.

It is also important to comment on one subtle point: since we have modi ed the spectrum
of the Hamiltonian Hsys, the Born-Markov conditions have to be reassessed. For example, the
weak coupling approximation means now that g . Note that this condition, automatically
implies I, that is, as the beam splitter interaction must stay away from the so-called ultra-
strong coupling regime. We assume to work in these limits in the following. These conditions also
allow us to extend the frequency integrals to 1, as well as applying the frequency-independent
approximation for (1). However, note that since the resonant frequencies of A and B are di erent,

4See Appendix A for more details on the calculations.
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when we can allow for di erent reference values for each of the interactions. Speci cally,
the interaction-picture Hamiltonian, de ned by (12) with Hy = Hsys + Hg, takes the form

1 B
Hi(t) = i~/1 d! \/EEV(!)A(t)e”t + i~/l d! \/EDV(!)B(t)e”t +He;  (39)

where j = ( j). Note that we are allowed to take A & g only when AB-

With these considerations at hand, it is now simple (but slightly lengthy) to trace out the
reservoirs® following the same steps as in Section 2.2.2, starting from expression (20). Let us
present and discuss the nal form of the master equation in the interaction picture, that is, for

the state ~s(t) = UZ(t) s(t)Us(t), with Us(t) = exp(Hsyst=i~). The equation reads
d...
d_ts = A(n + 1)DA[~S] + AnDAy["S] + (n + 1) BDB["S] + BnDBy[~S]

+P—% n <2A~SBV {~s; BVA} + 2BY~sA {~S;ABV} + H:c:); (40)

where we have de ned n=(n;+ny)=2and n=(n, ny)=2. Note that the interaction-picture
operators can be written as A = UY(t)AU(t) = e ' AtA and B = UY(t)BU(t) = e ' 8'B, where
we remind that A and B are time-independent because we started in the Schrodinger picture.
Using this expressions, the previous equation is rewritten as

d~s

FT a(n +1)Da[~s]+ anDay[~s] + (n+1) gDg[~s]+ gNDgy[~s] (41)

+P— n[e 2 t<2A~sBy {~s;BYA} +2BY~sA {~s;ABy}> +H:c:]:

This form of the master equation allows us to discuss the di erent regimes of the beam-splitter
interaction in a very transparent way. In particular, note that while the terms in the rst line are
time-independent, the terms in the second line oscillate at a frequency proportional to . Hence,
how much they contribute to the dynamics will depend on how slow is the oscillation. Two limits
are particularly interesting:

First, the limit ¥ 0, where the oscillations disappear. As expected, replacing A and B by

their relations with a and b, we recover the naive terms appearing in (29) corresponding to

modes a and b seeing their independent environments. The steady state in this limit is then
th(Na) th(Ny), so that each oscillator thermalizes to its respective temperature.

The second limit is as N, where the second line of (41) can be neglected within
the rotating wave approximation. Hence, we are left with the terms of the rst line that
describe two modes that see two identical heat baths (but might exchange energy with
them at di erent rates a.g), Which can be described as the average of the previous two
environments (average thermal photon number n). The steady state in this limit is then
tn(n)  (n), so that both oscillators thermalize to the same e ective temperature.

We then see that the beam-splitter interaction radically changes the character of the open model.
Let is nally come back to the original Schrodinger picture, where the master equation reads
ds

. P2
= [ AAYA + BYB + o GX(AYB + ABY); s} (42)

+ A(N+1)Da[ s]+ anDay[ s]+(n+1) gDg[ s]+ gNDgy[ 5]

+P% n(2A B { BIA}+2BY A { 5 AR} +H);

SSee detailled calculations in Appendix A.2.
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where we have included the piston motion and the corresponding optomechanical coupling, which
we remind we are allowed to do as long as G AB-

One nal remarkable fact is that, if we allow the transmissivity of the cavity mirrors to be
completely at over the whole 2 interval, sothat o= g , this master equation takes keeps
the naive form (29) when written in the original modes a and b. Speci cally, for the piston model
we get

2
dd_ts = i|laa+ Db+ (ab’ +a'h)+ ZI:n_~ GX(@@a Wb); s (43)

+ (Na+1)Dy[ s]+ NaDay[ s]+ (No +1)Dy[ s]+ nyDy[ sl;
while for the membrane we get
dd_ts = i[laa+Ib+ (@ +ab)+ cdc glc+c)(@a bb); s (44)
+ (Na+1)Dy[ s]+ NaDy[ s]+ (Np +1)Dy[ s]+ nyDy[ s]:

For de niteness, we will consider this limit in the following, so that these are the most general
master equations that we will consider in this thesis.
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3 Phase space stochastic techniques

In the previous section we derived the master equation of our system. This equation provides the
evolution of the density operator. While ideally it is interesting to have the full state of the system,
most of the time it is enough to consider simpler quantities or observables with more intuitive
interpretation, that can even have a classical interpretation (take the average photon number or
the quadrature uctuations as examples). One of the main uses of phase-space techniques in
quantum optics is to derive di erent types of evolution equations from the master equation. In
many situations, these equations are simpler to solve and easier to interpret. They also o er a
natural route towards the classical limit.

The goal of this section is to introduce such phase-space techniques. We rst introduce the
concept of phase-space quasi-probability distributions. Then, we explain how to nd evolution
equations for them, when given as a starting point the master equation. Later, we make the
connection between these phase-space evolution equations and a system of stochastic equations,
both in the classical limit and the quantum regime.

3.1 Phase space distributions

Phase space distributions are an alternative way to represent quantum states [6]. There are usually
three main distributions that are used. The oldest one is the Wigner distribution. The two others
are the Glauber-Sudarshan P distribution and the Husimi Q distribution.

Similarly to what is done in classical mechanics, the Wigner distribution was introduced in
order to visualize quantum states in phase space, the space (x;p) spanned by position and mo-
mentum (we consider a single degree of freedom for concreteness). In classical physics these two
guantities are enough to completely describe the physical state. In quantum physics though, posi-
tion and momentum do not commute, and therefore obey Heisenberg’s uncertainty principle. As it
is not possible to have them perfectly de ned simultaneously, quantum states will be intrinsically
fuzzy in phase space: they cannot be represented by a point. The function representing such fuzzy
state is called the Wigner distribution. As a result, quantum noise implies that there are no well
de ned trajectories in phase space. Moreover, the Wigner distribution can be negative, reason
why it cannot be considered as a true probability distribution, which shows that quantum noise
cannot be simulated with classical phase-space noise.

Let us now introduce formally the Wigner distribution. If we want the phase-space formalism to
be equivalent to quantum mechanics, the Wigner distribution must contain the same information
as quantum states. Accordingly, one way of building the Wigner distribution associated to a
guantum state is by asking for the function W (x; p) whose marginals coincide with the probability
distribution of obtaining an outcome for x or p. It’s possible to show [10] that these conditions
uniquely de ne the Wigner distribution

dx"dp’ e
re (4 )

where we use dimensionless versions of position and momentum (quadratures) with commutator
[%;p] = 2i and D(X';p") = ez®® *® js the displacement operator. Note that in the following
we will include the hats in the operators whenever they can be confused with classical variables.
The object (X% p") = trf D(X’; p")g is called the quantum characteristic function, because of its
Fourier transform relation with the Wigner distribution. This will allow us to draw conclusions
on the relations with the two other distributions.

It is easy to check that these expression has the right marginals, [, dpW (x;p) = hxj jxi for
example, and is therefore normalized. It’s also easy to see that it is real and bounded (W? < 1),
but nothing prevents it from being negative.

W (x;p) = PPt £ DX pY)g; (45)
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Sometimes, it is useful to express the distribution in terms of the complex variable =
(x + ip)=2. Performing the change of variables in equation (45), imposing the normalization
Jod? W( ), we get

wu:/cge tr{eay a}: (46)

The characteristic function =hD( )i = tr{ e ?® a} is the expectation value of the

displacement operator D( ) = e ® 2. The di erent distributions appear when we generalize
it as D,( ) = D( )ed =2, where z 2 [ 1;1]. For the following values of z we obtain the most
common distributions:

For z = 0 we get the Wigner function.

For z= 1 we get the Husimi distribution, Q( ) =h j j 1 (j i is a coherent state), which
is always positive and bounded.

For z = 1 we get the Glauber-Sudarshan distribution, de ned through = [.d P( )j ih j.
In this case, P( ) can be negative or even have strong divergences. For example, for a
coherent state =] gih oj it is a delta function P( ) = @ 0).

Let’s call ,( ) hD,( )i the generalized characteristic function. Its Fourier transform
provides then a generalized quasi-probability distribution

2 2
F()= d_ze A ):/d_ze trf D,( )g; (47)
C C

where z = f1;0; 1g correspond to the common choices exposed above.

For our purposes, apart from their de nition, the most important property of these distri-
butions is their connection to quantum expectation values. It is possible to show [6] from (47)
that the choices z = 0;1; and 1 are related, respectively, to symmetrically, normally, and
antinormally ordered moments, that is,

/ > W() ™ "=hp@ma")®ij; (48a)

C

/d2 P() ™ "=nha™a"i (48b)
C

/d2 Q() ™ "=ha"a'Mi; (48c)
C

where the notation (a¥™a")® means taking the weighted sum of all possible orderings. For exam-
ple, (a¥a)® = (a’a + aa’)=2.

All the expressions presented in this section can be trivially generalized to multimode situations
such as the one we considered in the previous chapter.

3.2 Fokker-Planck equations and stochastic representations

Before proceeding let’s introduce the concept of Fokker-Planck equations. A Fokker{Planck equa-
tion is a particular type of partial di erential equation describing the time evolution of a probability
density function. One famous example is the Smoluchowski equation describing the time evolution
of the probability density function of the position of particles undergoing Brownian motion in a
force eld.
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More precisely, let’s call P (x;t) the probability density function for x 2 RV, satisfying the
following equation:

=1

N
BPD= | D BAG+ 5 D GEDN)| PGty 49)
i=1

When the matrix D is positive semide nite, then this is called a Fokker-Planck equation. A is
then called the drift vector and D is called the di usion matrix.

Fokker-Planck equations are equivalent to the following system of equations describing a
stochastic process [6]

& =A@ +BR) O (50)
where D(x) = B(x)BT(x), and the components of (t) are independent real white Gaussian

noises, that is, their multi-time stochastic correlation functions are given by

M =0 (51a)
i@ =5 ) (51b)
in(t) o (t2) jo(ts) =0; (51c)

jl(tl) jz(tZ) js(t3) j4(t4) = jl(tl) jz(tZ) js(t3) j4(t4) + jl(tl) js(t3) j2(t2) j4(t4); (51d)
: + () () () jo(t3):

Note that we denote stochastic averages with an overbar. B is usually called the noise matrix.

The equivalence between the Fokker-Planck equation (49) and the stochastic Langevin equa-
tions (50) can be understood in the statistical sense, that is, given any function f(x), its average
at a given time t is given by

fix(0)] = N dNxP (x; t)F (x): (52)

As shown in the next section, we can turn the master equation into a partial di erential
equation describing the evolution of the quasi-probability distribution F,. Was this equation of
the form of a Fokker-Planck, we would then be able to obtain a system of stochastic equations to
describe the quantum dynamics, which are in general easier to treat than master equations.

3.3 Phase-space dynamical equations from the master equation

Here we derive some equivalence rules allowing us to write the evolution equation of F,. In order
to introduce them, let us consider the single-cavity system (26), governed by the master equation

d i . .
e 2m—~P2 ilca’a+iGXa'a; s|+ (N+1)Dy[ |+ nDy[ I (53)

The addition of the second cavity or the membrane will be trivial, and the rules we will provide
can also be easily applied to the model including a beam-splitter interaction between the cavities,
as we will show later.
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3.3.1 General phase space correspondences

In the following we prove that each of the following fundamental terms in the master equation
correspond to very speci ¢ di erential operators in the evolution equations for the phase-space
distribution:

a ( 21 )Fz( ) (542)
a ( 21 )Fz( ) (54b)
2 ( 21 )Fz( ) (54)
& 1 ( #@ )FZ( ): (54d)
For example, consider the equation - =a . Then
o2 o2
oF.()= [ e wfD()g= [Te  tfaD.()g (55)
Cd2 C
= [ —e trf D,( )ag
C
Now, noting that
B D()=8 [ "= |eTe ¢V (56)
=eay( a)e ae(z 1)T+eaye azzle(z 1)2:DZ()|: a+221:|
+
z 1
D.0a=( 0 +72;% )0u0),
we obtain
2
0wr()= [T w{ (0 <2 )00} a0
C
2
=[S (8 +% )ufou
C
2
:/d—ztrsz()g(@ +? 1)6 /@ e trf D)
C 2 C

where in the last step we have integrated by parts. The second term goes to zero if we assume
that the characteristic function ,( ) =trf D,( )gfalls su ciently fast to zero at the boundaries
of phase space. Therefore, we nally obtain the desired result by operating on the exponential of
the rst term:

2
()= [Seeng( e )e =( e RO @

which is the result we wanted to prove.
It is interesting to consider the correspondence rules in terms of the quadratures. Let us de ne
them both in operator form, 8 =a’+a and # =1i1(a¥ a), and stochastic form, x = + and

22



p=1i( ). From the later relations, it is easy to nd the relations between the derivatives:

— 1 — H

@x - 5(@ + @ ) . @ - @x |@p (59)

0p=530@ @ ) @ =0x+i@

leading to the correspondence rules

R ¥ (x+i@ z0x) F.(x;p); (60a)
2 (x i@ 2z0x)F(Xp); (60b)
pY(p+ilx z@)F.(X;p); (60c)
P T(p i0x 2z@)F.(xp): (60d)

The set of equations (54) and (60) provide the general equivalence rules to go from the master
equation to the evolution equation in phase space. Next we apply them to the terms relevant for
our master equation.

3.3.2 Harmonic oscillator terms

Let’s take as a rst example the harmonic oscillator term that appears in (53):
[iaa ] 1[0 G)+0 (i )|R(); (62)
There is no di usion at all since there are no second order derivatives.

3.3.3 Lindblad terms

Let us now consider the Lindblad terms of (53), which we consider separately:

2a ¥ @a’a a’a

0O+ () @ vee |R(): (622)
@ )+ ( )+E+De 0 |R(): (62b)

28 a aa’ aay

The two cases have positive semide nite di usion. In order to see this we have to move to a real
(quadrature) representation. Using the correspondences (59), we obtain

06 =e+8>0= 2¢ (g ]) 0 s2( 1 (69)

which is indeed positive de nite.
Adding up the the Lindblad terms with their corresponding prefactors as they appear in (26),
we get the correspondece

(N+DDa[ 1+nDu[ 18 [0 ()+0 ( )+8 0 (2n+1 2)|F( ) (64)

3.3.4 Free piston motion

Let’s analyse now the term in (26) accounting for the free motion of the piston, which is described
in terms of the position X and momentum P of its center of mass, satisfying [X;P] = i~.

In order to use the equivalence rules as de ned before, we have to de ne annihilation and
creation operators for the piston. This means that we have to work in the basis of a harmonic
oscillator. Of course, the choice of oscillator is arbitrary. Speci cally, the choice is e ected by

xing a single parameter such as the width of its ground-state wave function, Xo. Once this choice
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is made, the relation between position and momentum of the piston and the annihilation and
creation operators of the oscillator (denoted by ¢ and c¢Y, respectively) is xed to

X = xo(6 + &); P = ip(¢ &) (65)

where po = ~=2X,. Let us point out that in the case of the membrane, the choice of X, is xed by
the frequency of the harmonic potential, unlike for the piston, which is truly arbitrary. We will
keep however the same notation for both cases, as it will be convenient later.

We can nd the correspondence rules for position X and momentum P from those of the
quadratures (60), simply using the replacements x = X=X, and p = P=py, leading to

X (x+i;@p zx%@x) F.(R); (662)
R G< i~6r z%@QFARx (66b)
ﬁ!(P+%@<Z%%)HGW (66c)
p ! (P i 0x zpé@p) F.(R); (660)

where we have collected the stochastic position and momentum in a single vector R = (X;P)T
for future convenience.
As an important remark, note that for z = 0 the correspondences do not depend on the choice
of harmonic oscillator basis, Xo. This means that only in the Wigner representation one has a
unique way of de ning evolution equations in the phase space spanned by position and momentum.
Using these correspondence rules, we then obtain

i P 2
[ 2m—~|ﬁ\2; } L {@x( E) + Ox @p (Z%>} F.(R): (67)
We have second order derivatives for z & 0. Moreover, in such case the matrix D is not positive
semide nite, since it is given by
_pE (0 1.
D =2 (1 0), (68)

with eigenvalues  zp3=m, one of which is negative for all z & 0.

Hence, in this case, we don’t obtain a Fokker-Planck equation in the P or Q representations. So
it seems that to describe the system with a set of stochastic Langevin equations we should use the
Wigner distribution for which the di usion term vanishes (z = 0). However, as we show next, the
optomechanical interaction destroys the Fokker-Planck form for the Wigner distribution, unless
we introduce some approximations. Nevertheless, we will introduce in section 3.5 a generalization
of the Glauber-Sudarshan distribution called the positive P distribution, which will allow the
desired stochastic mapping without any approximations.
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3.3.5 Optomechanical interaction

Finally we analyse the term in (26) accounting for the optomechanical interaction. Combining
the correspondence rules (54) and (66), we get

[ iRa'a; }: iKX+i%@p zxg@x)< #@ >< %@ ) (69)

( #@ )( %@ > (x i 0 ZXS@XH F.( iR)

=loCiore 6 0wee (5 pe-t)
+ 000 (~§ ) + 800 (~§ )+exe (¢ ) exe (ind )

~22 1
4

0r0 @ }Fz( ;R):

We see that there is a term involving third order derivatives in the Wigner representation. As
mentioned above, we will have to neglect it if we want to get a Fokker-Planck equation. This is
what we will call the truncated Wigner approximation. In contrast, the P and Q distributions
provide only up to second order derivatives. Unfortunately, the corresponding di usion matrix is
not positive semide nite. In order to show this, we have to go to a real (quadrature) representation
again using (59). Speci cally, we need to transform the following terms:

e +0 =
0 e =

@ G)X+iD)+ @ +IGIX i) =Bx+Bp  (T02)
@ B)X+iD) @+ D=iGp iGx  (70D)

The di usion terms can now be written as

80 (-5 )+08 (-5 )+0x0 (i ) +0x0 (2§ );
= 860, (~5x) + B0y (~5p) + Bl ( 2X3P) + 0By (2X3X) (7
leading to the di usion matrix
0 0 xjp ~%
D=2z g%p xgx ng ~og : (72)
=5 5 0 o0

The eigenvalues of this matrix are  z5+/p? +x? and  x3+/p? + x2, which show that, indeed, the
matrix is not positive semide nite.
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3.3.6 Phase-space evolution equation for the single-mode case

Combining all terms together as they appear in the master equation (53), we obtain the equivalent
evolution equation for the phase-space representations:

&F,( Rt = [@ (( +il  iGX) )+@ (( i1 +iGX) ) (73)

"'@x( %)"'@P( ~(3(11"'172))
2

80 (@ne1 7))+t (22)
z Sy g2

+0p0 <~G§ >+@p@ <~G§ >+@x@ (iGzxg ) @x@ (iGzx§ )

22 1

~G 0r0 @ ]Fz( 'R, 1):

3.3.7 Phase-space evolution equations for our most general models

We are now in conditions to present the phase-space evolution equations equivalent to our most
general models with two cavities (43) and (44). Apart from the ingredients introduced above, we
need to apply the correspondence rules to beam-splitter interaction term, which leads to

[ i@ +ab) ] B0 )+e (0 )+ )+0 (P )|R(: ) (74

where we have denoted by the complex stochastic variable associated to the second cavity.
Taking this into account, the phase-space evolution equation associated to the most general
piston model (43) reads

0F.( ; ;R;t)=[@ (( +il iGX) +i )+@ (( it +iGX) i ) (75)

+0 <(+i!+iGX) +i )+@ (( it iGX) i )

+@x( %)+@p( G (j I jj2)>

00 (el 2)+s0 (Gurl D )+ix (22)
+0p0 <~Gg )+@p@ (~Gg >+@ (iGzx§ ) 0x@ (iGzx§ )
80 (-G5 ) @0 (~G§ ) exé (6o )+@x@ (iG2x3 )
Z @p@@ + ! F.( 5 SRiY):

On the other hand, the phase-space evolution equation for the most general membrane model
(44) is easily obtained from the previous one as follows. First, we replace the terms related to
the free piston motion by terms related to the mechanical harmonic oscillator Hamiltonian. This
amounts to @x ( P=m) + @x@ (zp3=m) ¥ @ (i )+@ ( i ), where we denote by the
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complex stochastic variabble associated to the membrane. Second, we use the change of variables
and derivatives

{@Xz-(@ te ) {xzxq( ) (76)

@ =i(@ @ )=2po P = ipo( )

nally leading to

BF.( ; ; ;t)=[@ ((+iv g + ) +i )+@ (( ir+ig( + ) i )
+@ (((+iv+ig + ) +i )+e (( 0 g + ) i)
+@<i ig (j i jjz))+@ ( i +ig(j jjz))
+00 (@u+1 2) )+00 (Cu+l 2)) ")

+0 @ (izg )+@ @ (izg )+@@ ( izg )+@ @ (izg )
2 22

4

s’ 1o e )ee +ig

; @ 0 )8 e ]a(: gt

3.4 Truncated Wigner

As we showed above, in order to obtain a positive semide nite di usion matrix we have to use
the Wigner distribution which contains third order derivatives. Neglecting those terms, gives
a Fokker Planck equation which is the truncated Wigner evolution equation. There is strong
evidence pointing out that this is the same as considering a sort of classical limit, with quantum
noise replaced by a source of classical noise that tries to mimic quantum uncertainties, a scenario
known as stochastic electrodynamics [13]. We will see this correspondence explicitly in the form
of our nal stochastic equations. Let us introduce this approach by considering the single-cavity
model (73). Setting z = 0 in Eq (73) and truncating up to second order derivatives yields

W ( :R;t) = [@ (( +il  iGX) >+@ (( i1 +iGX) ) (78)

+0x( P=m)+Gp( ~G (i P+12) ) +0 @ ((2n+1))]W( R;0):

Keeping the complex representation (see below for a proof of why we can do that), using equation

(63) and ordering the variables as ( ; ;X;P), the di usion matrix reads
0100
D=@+1) |5 o ool (79)
0 00O
leading to a noise matrix
1 i
B=\En+D) |5, (80)
0 0
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Hence, using (50) we nd the system of stochastic equations

= ( +il, iGX) +/@n+1) (©); (81a)

X =P=m; (81b)

R=~G(j j"+1=2); (81c)

where (t) is a complex, white, Gaussian noise, with (f)=0= () () and () ()= (t t).
Note here that for = 0 the equations are fully deterministic. On the other hand, a complex

additive noise term is what one expects from classical thermal noise. Hence, this shows that,
as mentioned above, these equations are very close to the classical limit. There are a couple of
subtle di erences though. First, because of the symmetric order of the Wigner representation,
the equations have small di erences with respect to the fully classical ones, for example the factor
1/2 in the last equation. On the other hand, even when the heat bath is at zero temperature
(n = 0), the noise term is di erent than zero. This comes from the fact that the truncated Wigner
accounts for the quantum vacuum uctuations, which are present even at zero temperature. Note
however that all these di erences are negligible in the limit j j>;n 1, which one may regard as
the true classical limit.

Let us now discuss why we can stay with the complex variables ¥ ; g when writing the
stochastic equations, instead of moving to the quadrature representation fx; pg, as we did in the
previous section when analyzing the positivity of the di usion matrix. To this aim, let us rst
de ne the matrix that connects these representations:

Q i w (82)

Note that this matrix also allows us to connect the derivatives as @ = RT @, where we have de ned
@ = (@x;8,)" and @ = (@ ;@ )T. Plugging these relations into the real Fokker-Planck equation
(we show only the di erential operator),

> GA; + %Z 00D = D> OmY RmjAj + % > @m@n> RmjRuDj;  (83)
] jk m j mn \jk - )
Am Dmn

provides the relation between the drift vector and the di usion matrix in the real and complex
representations:

A =RA; D = RDR": (84)

Since R is not orthogonal (RRT & 1), it is clear that the eigenvalues of D and D are di erent.
On the other hand, given a noise matrix for the real case, D = BBT, the noise matrix B = RB
decomposes the complex di usion matrix, since D = RDR"T = RBBTRT = BB'. Moreover,
given the stochastic equations in real form, r = A + B (t), the complex form reads = = Rr =
RA +RB (t). This shows that the complex drift vector A and noise matrix B de ned above are
indeed the ones appearing in the complex form of the stochastic equations.

Let us nally write down the truncated-Wigner stochastic equations associated to the general
two-cavity models (75) and (77). Based on the previous derivations, it is straightforward to write
the following stochastic equation associated to the piston model (75):

= ( +il, iIGX) i +/@2ng+1) L(b); (85a)

= ( +il+iGX) i +/@n,+1) H(b); (85b)
R=-~G( i ji?; (85d)
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where the noises are complex, white, Gaussian, and independent, hence obeying the following
statistics:

M =0= (1) (V) i® =5 @ o) (86)

Similarly, for the membrane model (77) we obtain

= ( +ile ig( + ) I +/(@2na+1) a(b); (87a)
= +ile+ig( + ) i +v@2ny+1) p(b); (87b)

=0 +ig(j PP (87¢)

3.5 Positve P representation

The positive P distribution is a generalization of the Glauber-Sudarshan P distribution [7, 12].
Let us introduce it through the example of the single-cavity model (73). We will generalize the
result to our models of interest (75) and (77) at the end of the section.

Remember that the good thing of the P distribution is that we didn’t get third order deriva-
tives, see (73) with z = 1. It had a problem though: the di usion matrix is not positive semide -
nite. Anyhow, suppose that we ignore the negativity of the di usion matrix and we try to nd a
noise matrix satisfying the required di usion matrix decomposition, D = BBT. Indeed, it is possi-
ble to nd such a noise matrix, but the remaining equations would not lead to complex-conjugate
trajectories for and , signaling that something went wrong. This, on the other hand, can be
interpreted as the oscillator trying to go out of its true phase space, into an extended one, where

is not the conjugate of . The positive P distribution formally generates a representation
where the oscillator is allowed to move in such an extended phase space. The drawback is that
this means using two independent complex variables for each mode, instead of one. However, we
will see that the payout is big: now we will be able to nd stochastic equations representing the
guantum dynamics without any approximations.

The rigorous de nition of the positive P distribution in terms of a quantum characteristic
function, as well as the corresponding correspondence rules to nd phase-space equations from
master equations, can be consulted in [6]. For our purposes, it is enough to point out that the
phase-space equation can be retrieved from the Glauber-Sudarshan one simply by replacing by
a complex variable independent of , which we usually denote by ™.

Here, we also need to extend the phase space in the mechanical mode. Using the correspon-
dences (76), the complex form of the evolution equation (73) for the Glauber-Sudarshan case
(z = 1) takes the form

&P ( : ;t):[@ (( +il, iGxo( + ) >+@ (( i1, +iGxo( + ) ) (88)
£@ +0) (e )r@ (5l F)r@ +e)@ 8 (4

+00 (@n)+@ 0 )@ +0 )(% )+(@ +0 )@ @ )(iGZX(’ )]P(; 1):

From this equation, the evolution equation of the positive P distribution is found simply by
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replacing and by the independent complex variables * and ™, respectively, obtaining

6P*( 0= [@ ((+ite iGxo( + %) J+0-(( it+iGo( + 1) ) (@)

J/ [

-~

~
A A +

in2 in2

A A 4

in2 in2
where we have gathered all the complex stochastic variablesinto = ( ; *; ; ™)' and denoted
by P* the positive P distribution. Note that the complex-conjugate of these variables do not
appear anywhere in the equation or the distribution, and therefore, everything is analytic (in the
complex sense) in this equation. This means that we can choose the direction of derivation in the
complex plane at will (e.9., @ = @rer ¢ = 1@imr ¢), and it is possible to show [7, 12, 14] that
there is always a choice that turns this equation into a true Fokker-Planck equation. Therefore,
P* stays a probability density function if it is so initially (we will show later in Section 4.3.2 that
it is indeed a true probability density function for all quantum state). This is the virtue of the
positive P representation.

Let’s proceed now to nd the corresponding set of stochastic equations. Ordering the variables
as in , the (complex) di usion matrix reads

0 2n iIGXg 0
| 2n 0 0 iGxg *
D= iIGXo 0 ip3=m~ 0 (90)
0 iGxg * 0 ipd=m-~

Findinga 4 4 noise matrix that satis es D = BBT is not easy. We use the following trick. First,
we write the di usion matrix as the sum of two matrices, D = D; + D5, with

0 2n 0 0
| 2n 0 0 0 )
Di=1"%9 0o ip=m~ o0 ! (912)
0 0 0 ipi=m~
0 0 iGXo 0
_ 0 0 0 iGxy Y| .
D2 =1 iex, 0 0 0o | (91b)
0 iGXo * 0 0
Each of these matrices is easy to decompose as D; = B;B] and D, = B,B], speci cally with
P ippp_ 0 0
o Pa- P o 0 _ 0
71 o 0 ip3=m-~ 0 ' (922)
0 0 0 Vv ip3=m-~

p— P
' g g

[1GX S R
) Pl P

0 S
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Then if we use a noise matrix B = (B; B,) with dimensions 4 8, we get the desired decomposition
BT
BB' = (B: B,) ( ) =B,B] +B,B, =D;+ D, =D:

The fact that the ‘internal’ dimension of B is larger than the dimension of D, means that the
stochastic representation will be more expensive (in terms of number of noises required for the
simulation) than it could be.

The system of stochastic equations equivalent to the Fokker-Planck equation (89) is then given

by:
—A( )+B( ) (©); (93)

48 81

where the components of (t) are real, white, independent, Gaussian noises satisfying the statistics
(51). It is interesting to note at this point that the positive P distribution allows to evaluate ex-
pectation values in normal order, similarly to the Glauber-Sudarshan representation. For example,
considering a single oscillator for simplicity, we have

ha'Ma"i = 2d2 &> "PT(; ) M "= dmon (94)
C

Let us now write down the explicitly form of the stochastic equations. We start by identifying
the form of the noise terms:

=A PR+ o)+ ViGxe 2 (i 5O+ o); (952)
F=ALPR (L0 k) + ViGxe =2 (0 +i a(D); (95b)

_=A +,/ipgmm~ 5(t) +/iGxo =2 (i s(t) + 6(1)); (95¢)
TEA -+ ipiEme (1) + ViIGX =2 (4(1) + i (D)): (95d)

Instead of working with 8 real noises, it feels then natural to de ne 4 independent complex noises,

(= (10+i )= 2 (962)
2(t) = ( s() +i 4(t)) P2 (96b)
= sO+i50)"2 (960)
®=(s0+i0)"2 (960l

which satisfy the statistics (125). Let us also de ne position and momentum variables de ned by

X=X( + ™) (97a)
P = ipo( ") (97b)

which we remark are in general not the real position and momentum of the piston, but complex
variables ( and * are not complex-conjugate) living in the extended positive-P phase space.
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The nal system of stochastic equations associated to the master equation (26) is then given
by

= ( +il, IGX) +/2 n () ++/iGXxe 3(D); (98a)

= (0 i +IGX) T+ /2 n () + 4/ iGXe T 4(t); (98b)

.~ - -p_ _

x =0+ fied(i .0+ 0); (98c)
_ [2ipt : P _

P=-G * i % () + 1/ .Gxopg(u v, P 3(t)): (98d)

Note that, as mentioned above, even if we set ( ; )and ( *; ™) complex conjugate initially, the
equations will quickly destroy those relations. This is easy to see, for example, by realizing that
the noise terms of _and _* are not complex-conjugate.

Note that each noise term comes from a well-de ned physical process that can be identi ed from
the nature of the coe cients: ;(t) is the thermal noise entering the cavity from the environment,
while ,(t) and 3.4(t) are associated to the free motion of the piston and the optomechanical
interaction, respectively.

Let us nally provide the positive-P stochastic equations associated to the most general model
(75) and (77). The generalization is straightforward. In the case of the piston (75) we get:

= (il iGX) i +2 na) +/iGxo  1(b): (992)

= (O QLHIGX) T+ T +/2 ML)+ 1GXe * a(D); (99b)

J= (4L HIGX) i+ 2 o)+ 10X s(b): (99¢)

= (Y 0GX) i t+/2 My (1) + /iGxo T a(b): (99d)
P [i- —— p_ _ _

X = oo m®+ie(i 0+ L0V L0V s0) (©9)

R =~G( ) 2w (99f)
p__ _
RIS ] G C Bt C R VAR C IRV )

where all the noises are independent, complex, white, and Gaussian.
In the case of the membrane, replacing ( ; ; )by ( *; *; *)in (77), we obtain

@P ™ ( ;t)=[@ (( +il ig( + 7)) +i >+@+(( it+ig( + 7)) T i +>
+@ (( +il +ig( + +)) +i >+@+<( it oig( + +)) o +>

(e w )er( s ea ) o

+80 (20 )+0 0 (2n, )+0 0 (ig )+0 0 ( ig )
+0 0 (ig)+0-0 (g +)]F’*( 0;

where we have again collected inasinglevector = ( ; *; ; *; ; ™) all the complex stochastic
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variables. The di usion matrix can be written in this case as D = D; + D, + D3, with

D,

D2:

D3:

(101a)

(101b)

(101c)

(102a)

(102b)

(102¢)

The total noise matrix is then built as B = (B; B, B3), leading to the stochastic equations

= ( +ile ig(

iTe+ig(

0O 20, 0 0 00
2, 0 0 0 00
0O 0 0 2n 00
o 0 2, 0 00"
O 0 0 0 00
O 0 0 0 00
0 0 0 0 ig 0
o 0o 00 0 ig*
0O 0 00 0 0
o o 00 0 0 |
ig 0O 00 0 0
0 ig*00 0 0
00 0 0 0 0
00 0 0 0 0
00 0 0 ig O
00 0 0 0 ig*
00 ig 0 0 0
00 0 ig* 0 0
SN ipd‘ua 0 0
P .
Na I’ N, po p0
0 B i
0 o Pa P |
0 0 0 0
0 0 0 0
pP_ pP_
i 0
0 0 ‘9_+ P
ig| o o o0 0
2 0 o |
i?)_ - pl P
0 0 N
0 0 0 0
84 o 0
ig| it T 0
dlp g Do
i 0P
o o T F j =
)0+, GO+ ig )
+ M) T+ TH2n, )+ ig T o(t);
+ M) 0+ /20, () + ig s(b);
+ ) T+ T2 (D) +Vig T oa(D);
)+ Vig O+ g 5
)+ oig T L)+ Vg T (D)
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3.6 Relation between the covariance matrix and stochastic averages

In the previous sections we have found the stochastic equations that we will use to simulate the
dynamics of the system numerically. Reconstructing the full state (density operator) from the
stochastically sampled variables is in most situations impossible. Instead, we have to focus on the
evaluation of expectation values of speci c observables. For Gaussian states, the rst and second
order moments of the basic bosonic operators of the system would indeed su ce to characterize
the full state [4, 5]. Even for non-Gaussian states, these lowest order moments are usually the most
interesting ones, as they are related to the expectation value and uncertainty of the electromagnetic

eld or the mechanical variables. Higher-order moments can be evaluated to check how much the
state di ers from a Gaussian one. In this section we explain how to nd these important rst
and second order moments from the di erent phase-space stochastic representations that we have
developed (truncated Wigner in Section 3.4 and positive P in Section 3.5).

3.6.1 The covariance matrix

Let us start with some de nitions (for clarity, in this section we bring back the ‘hat’ notation
for operators so we don’t confuse them with their associated stochastic variables). We de ne the
vector of quadratures £ = (Ra; Pa; Ro; Po; Re; Pc), where X, =i+ MY and f, = i(h ™). Note
that in the piston case, we have X, = X =x, and p. = F5\:po. The rst and second order moments of
these modes are then compactly expressed through the mean vector d and the covariance matrix
V, with elements

d=hfi Vi=oh A+ A (104)

where given any operator A we denote its uctuations around the mean by A=A hAi.

Sometimes it is useful to work with a di erent representation for the moments, a complex one
de ned through annihilation and creation operators. Let us introduce it now as well. De ne the
vector operator ~ = (&; &;5;5Y; &; &), where the relations m = (& + ipm)=2 with the quadratures
hold. Then, we de ne the complex mean vector A and covariance matrix , with elements

i =0 jr=h " N (105)

Our goal now is to connect these expressions to stochastic averages. Because the Wigner
and positive P representations correspond to di erent orderings of quantum expectation values
(symmetric and normal order, respectively), we have to be careful.

Before we proceed, it is useful to remark that the commutation relations can be written in the
compact form

M A1 =2i 5, [Y N = i (106)

where we have de ned the so-called symplectic form

w 0 O 0 1
=0 w O0]; withw= ; (107)
10
0 0w
and O is a matrix of zeros.
3.6.2 Connection with Wigner stochastic averages
Let us de ne the vector of stochastic quadraturesr = (X ;p ;X ;p ;X ;p ),withx = + and
p = I( ) within the Wigner representation. From it, we de ne the stochastic mean vector
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d™) and covariance matrix V™) with elements
d=r;  v"=Trr (108)

where for any stochastic variable A we de ne a corresponding uctuation A = A A. Now,
recalling that within the Wigner representation stochastic averages correspond to symmetrically
ordered quantum expectation values, and noting that expressions (104) are already in symmetric
order, we then get the simple relation

d=d"W); Vv =vW: (109)
Let us now de ne the complex vector =(; ; ; ; ; ), and the corresponding complex
stochastic mean vector AM™) and covariance matrix ™), with elements
W J— W) _ .
7= =" (110)

In order to relate these with (105), we rst need to write the covariance matrix in symmetric
order. This is easy using the commutation relations (106), speci cally

.1 ] ] -
j|:h Aj A||:§(h Aj A|I+h N Aj|+ jl): i | + j|:2: (111)
Hence, we obtain the relations
A =AW = W4 _. (112)

2

As interesting speci c relations, note that (109) tells us that the variance of any quadrature is
directly related to the corresponding stochastic expression, h ®2i = x2, while (112) shows that
the mean photon numbers are related by a 1=2 shift, h & &i = 1=2.

3.6.3 Connection with positive-P stochastic averages

Let’s proceed similarly now with the stochastic variables associated to the positive P represen-
tation. We de ne again the vector of stochastic quadratures r = (X ;p ;X ;p ;X ;p ), but now
withx = + *andp = i( *). From it, we de ne the stochastic mean vector d®) and
covariance matrix V ) with elements

d”=m; v =Trm (113)

Before connecting these with (104), we need to bring the covariance matrix to normal order. This
IS very easy, because in the expression of the covariance matrix only terms of the form 48¥ = 1+4&Y&
(and similarly for the other modes) are not in normal order. But these appear only in the diagonal,
e.g., R2 = a2+ &2 + &4+ a8’ = 1+ : ®2 ;, where the notation ‘::” means arranging in normal
order as if operators would commute, e.g., : 48Y: = &&. Hence, we nd the relations

d=d®; V=1+V®: (114)

where 1 is the identity matrix.
We de ne next the complex vector = ( ; *; ; *; ; ™), and the corresponding complex
stochastic mean vector A®) and covariance matrix ), with elements

=0 fup)= i (115)

In order to relate these with (105), we rst need to write the complex covariance matrix in normal
order. Note that only the upper triangular of  contains terms that are not in normal order.
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Speci cally, it contains antinormal terms such as 48 = &4 + 1 (and similarly for the other
modes). De ning the matrix  containing only the upper triangular of and zeros everywhere
else, we then obtain

A:A(P); = (P)+ ; (116)
with
s 00 . 01
=10 s O0f; withs= 00l (117)
0 O s

Equations (109), (112), (114), and (116) provide us with the relations we need to evaluate
any desired quantum moments up to second order from the corresponding phase-space stochastic
representation.
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4 Benchmarking stochastic simulations: isolated systems

In the previous chapters we introduced the tools and the mathematical description of the au-
tonomous thermodynamical machines we are interested in: two cavities interacting with heat
baths, and coupled to a mechanical element that can be a piston or a membrane. In both cases we
have developed stochastic Langevin equations that should allow us to sample both the classical
and quantum dynamics of the system, see, respectively, (85) and (99) for the piston, or (87) and
(103) for the membrane. In order to benchmark the simulation of these stochastic equations, we
would like to have some analytic results to which we can compare to. As we show in Section
4.2, this is indeed possible if we forget about the environments and the beam splitter, setting

= 0= . Then, in Section 4.3 we solve numerically the corresponding stochastic equations, and
compare with the exact results. This will also provide the rst opportunity to analyze the e ects
of entanglement by comparing separable with entangled initial conditions.

4.1 Dimensionless equations

Before performing numerical simulations, it is important to identify the relevant free parameters
of the equations. In this section we introduce some variable changes that will allow us to nd
these easily. For starters, we move to a picture rotating at the cavity frequency for the optical
variables, that is, we make the variable change = e''<t | and similarly for the rest of optical
variables. Since the noises are delta-correlated (white), this change does not a ect the form of the
equations, except for now the terms with 1. go away. Moreover, in order to ease the notation, we
don’t add the ‘bar’ in the variables.

4.1.1 Classical limit: dimensionless truncated Wigner equations

In the absence of coupling to the environment (= 0), the stochastic equations of the piston
model within the truncated Wigner representation (85) read

_=iGX i (118a)

-= iGX i (118b)

X = P=m; (118c)

R=~G(jj* ji: (118d)

In order to make the equations dimensionless, we simply introduce arbitrary length scales for
position and momentum, X, and pg = ~=2X,, and then de ne the mechanical quadratures x = X=X,

and p = P=p,. Note these quadratures were called x and p in Section 3.6, but here we drop the
subindex since we don’t need to distinguish them from the optical quadratures. A comment on
Xo: While it is arbitrary, in our case it will be chosen to match the width of the initial wavefunction
of the piston, as we will see later. Introducing this change, we get

_ = i1GXpXx o (119a)
- = iGXpX i (119b)
X = (Po=MXo)p; (119¢)
p=~Gpo(j ¥ ji%): (119d)
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Hence, de ning the frequency = po=mx, = ~=2mx3 and the optomechanical coupling rate
g = GXp, we get

= igx (- (120a)
- = igx I (120b)
X= p (120c)
p=29(j ¥ jJ?): (120d)
Finally, we see that de ning a new dimensionless time t = t, and normalizing all the rates to ,
thatis,g=9g= and = = , we obtain the equations
_=igx [ (121a)
-= igx o (121b)
X=p; (121c)
p=29( i* i) (121d)

where now the ‘dot’ must be understood as derivative with respect to t. These equations depend
only on two parameters, the normalized optomechanical interaction g and beam-splitter coupling

. Of course, we will also have any parameters that may come from the initial condition, e.g.,
the width of the piston’s wavefunction, the photon number of the cavities if we consider thermal
states, or the entanglement if we consider entangled states, etc. Later we will provide speci ¢
examples.

Note that we could even remove g from the equations by normalizing all the stochastic variables
to it. However, we prefer not to do this, because this is speci ¢ to the truncated Wigner, and
moreover makes the limit g ¥ 0 rather obscure.

Applying the same changes to the membrane equations (87), we obtain

=g + ) i (122a)
-= ig( + ) I (122b)
= 0o+ig(j P P); (122¢)

which, as it turns out, depend on exactly the same parameters as (121).

4.1.2 Quantum dynamics: postive P equations

Let us now do a similar derivation for the stochastic equations associated with the positive P
representation, which should capture the full quantum dynamics. As in the previous section, let
us start with the piston equations (99). In terms of the mechanical quadratures x = X=X, and
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p = P=po, which we remind are complex in this representation, the equations read

C=iGxex i +/iGxe 1(b); (123a)
T= iGXex t+i T+ iGxe * (1) (123b)
= iGxex i ++/ iGxe 3(tb); (123c)
F=iGxex THI T+ /iGxe T 4(b); (123d)

_ ([ Po
k= (o) o+ [ m®) (123¢)
+

p_ N
iGxo(i 7o+ O+ L0+ 0);

=S¢+ ) /A (123f)
Po

sV iex(iD L0 PTioriv T Vo)

Using Xopo = ~=2, we see that the frequency = ~=2mx3 appears rather naturally in the equa-
tions, together with the optomechanical coupling rate g = GX,. In terms of these, the equations
read

_=igx I +./ig 1(b); (124a)
= digx T+ T+ g o), (124b)
-= dgx i+ ig o (D), (124c)
=gk i T+ /ig T o4(); (124d)
x= p+i i m(®)+ Vig (i SO RO RS WA RV ) (124e)
p=29( * ) P m(t) (124f)

VA G B O R VAR C RV ()

As before, we can use to de ne a dlmensmnlesE)tlme t = t. However, in this case it becomes
then convenient to de ne new noises (t) = (t)= , so that the two-time correlators remain the
usual ones (125), but now with respect to the dlmensmnless time,

i () =0; i® @)= @ o) (125)

In the following, we remove the hats from the noises though, in order to ease the notation. With
this change, the nal dimensionless equations for the piston read

_=igx I +/ig 1(b); (126a)
= oigx i T+ ig (), (126b)
- = igx i+ ig 3(b); (126¢)
= igx i /g * o) (126d)
x=p+ i)+ fgj T+ O+ L0+ S0) (e
p=29( * m(t> (126f)

VA G B O R VAR C BV )
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Remarkably, even though in this case we have many more (noise) terms, these equations depend
on the same dimensionless parameters as their truncated Wigner counterparts, ¢ = g= and

We can apply the same changes to the membrane equations (103), obtaining

_=igl + )i +y/ig 4, (127a)
=g+ ) i g T ) (127b)
-= ig( + M) i+ ig 3(b); (127¢)
=g+ ) i T /ig o), (127d)
_= 0 o+ig( 7 N +Vig L+ g 5, (127¢)

=it oag( ! T) Vg T M)+ Vig () (127f)

Unlike in the truncated Wigner case, we see that now normalizing the stochastic variables to g
doesn’t remove the latter from the equations, as the noise terms would get a factor g.

4.2 Analytic solutions for =0

We now proceed to the derivation of some analytic solutions. This can only be done in the absence
of beam-splitter coupling between the cavities, sowe set = 0. Also, for the rst time in the thesis,
we will work in the Heisenberg picture. The analytic expressions for X(t), P(t), a(t), and b(t)
will allow us to nd any desired observables, and use them to benchmark the stochastic equations
that we have developed. Note that in the reminder of the section we remove hats from operators,
since being in the Heisenberg picture, no confusion is possible (we always refer to operators).

4.2.1 The piston model

The Hamiltonian for the piston model can be written as

P2 p2
=_ -~ y hy=— ~ :
H o GX(a;a bnb) o GX n; (128)
a b

where we have denoted the photon number di erence operator by n = n; n,. Using the
Heisenberg equation of motion dA(t)=dt = [A(t); H=i~] (valid for any operator A), we obtain the
conservation of the number of photons of each cavity
dna =0= %
dt dt

which of course implies the conservation of the photon number di erence

D na(t) =na(0); nyp(t) = nyp(0); (129)

n(t) = n(0): (130)

Since this photon number di erence is a constant of motion, the equations for position and mo-
mentum are trivial to solve. Speci cally, we get for the momentum

dd—F; =[P;iGX nl=~G n(t) > P@®)=P@0O)+~G n(0)t; (131)

which leads to a position

dX _[_ P27 _P(t
E_{X’th}_ m

D X(t) =X(0)+ ?t + S—r; n(0)t?: (132)
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With this equations at hand, it is easy to evaluate the expectation value of any mechanical
observable. We will focus on the rst and second order moments, that is, the mechanical mean
vector and covariance matrix. As discussed in Section 3.6, we consider normalized versions of
the position and momentum, X = X=Xy and p = P=pg, with Xgpg = ~=2. In terms of these, the
solutions read

x(t) = x(0) + p(O)t +g n(0)t*; (133a)
p(® =p0) +29 n(O) (133Db)
where we have introduced dimensionless time t and optomechanical rate g as introduced in the

previous section. Taking the expectation value of these expressions, the mechanical mean vector
d = (dy; dp) is found to be

dy (t) = hx(t)i = dy(0) + dp(O)t + gd 12 (134a)
do(t) = hp(t)i = dy(0) + 2gd t; (134b)

where we have de ned the average photon number di erence d , = h n(0)i. As a rst thing
to see here, note that the momentum will increase or decrease in time at a constant rate, which
makes sense since the force applied to the piston is proportional to the radiation pressure, which
is constant as n(t) = n(0). If the piston is initially at rest, this leads to unidirectional motion,
with constant acceleration, describing a parabola over time.

Let us now compute the mechanical covariance matrix, which we write as

_ (Vx Vsp\ _ h x2i hf x; pgi=2) .
V= (vxp vpp) = (hf x; pgi=2  h i ) (135)
where we remind that, for any operator A, its uctuation reads A = A hAIl. Note that, in our

case, the position and momentum uctuations at time t can be written in terms of the uctuations
at time zero as

x(t) = x(0)+ p(O)t+g n(0)t* (136a)
p(t) = p(0)+2g n(O)t: (136b)
This allows to trivially connect the covariance matrix at time t with that at time zero as
Vix(£) = Vsex(0) + 2V (0)t + Vo (0)E2 + g2V t%; (137a)
Vop(t) = Vpp(0) + 4g°V nt?; (137b)
Vip(t) = Vi (0) + Vppp(0)t + 2g%V t3; (137¢)

where we have de ned the variance of the photon number di erenceV , =h n?(0)i, and we have
assumed that initially the optical cavities and the piston are uncorrelated, such that h x ni =
O=hp ni

For concreteness, we will assume that the piston starts with a Gaussian wave function of width
Xo and centered at X = 0. This corresponds then to the vacuum state of the annihilation operator
¢ = (X +ip)=2, such that the initial mean vector and covariance matrix are

0 10
d(0) = (o) ; V(0) = <0 1) ; (138)
leading to

de(t) = gd nt? (139a)

do(t) = 29d t; (139b)

Vic(®) = 1+ t2 + g2V t* (139c)

Vpp(t) = 1+ 492V t% (139d)

Vip(t) = t+ 292V ,t3; (139)
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As for the state of the cavities, we will use this opportunity to show that quantum correlations can
make a huge di erence. Speci cally, we consider two di erent families of states, both characterized
by the average photon number in the cavities, which we take the same, and call n. The rst family

then corresponds to separable thermal states = (n)  (n). Note that for this state
hnai = n = hnyl; (140a)
hn2i = ha’aa’ai =  ha’aiha’ai + ha’aihaa’i + ha'?ihai = 2n? + n = hnZi: (140b)
Gaussian ~—— ——
with hai=0 havai+1 0

And hence, we get

d ,=0; (141a)
Va=h(na n)?i=hnii+hn2i 2hn, nyi =2n(n+1); (141b)

——

h naih nyi

leading to

dx(t) = 0 = dy(t) (142a)
Vg (t) = 1+ t2 + 2g°n(n + 1)t*; (142b)
Vpp(t) = 1+ 8g®n(n + 1)t%; (142c)
Vip(t) = t+4g°n(n + 1)t (142d)

On average, the position and momentum of the piston do not change, since the average photon
number di erence is zero. However, the variance of the photon number di erence is di erent
than zero (since the thermal photon-number uctuations of each cavity are uncorrelated), which
is revealed as a strong modi cation of the mechanical covariance matrix as time goes by.

In contrast with the previous case, we then consider now a family of states in which the cavities
have perfect photon-number correlations: two-mode squeezed vacuum states. These are de ned
as [4, 5]

jTMSVi = e"@ ajoj =

1
> tanh"rjn;ni;  with r 2[0; 1[: (143)
coshr —

Note that the reduced state of each cavity is just a thermal state,

1 2n 1 inh2 A\ N

nh“r
tr, FiTMSVihTMSVjg = S AN ihnj = S (S'_ )
<~ cosh”r “=5 (L +sinh?r)

——jnihnj = (sinh®r):  (144)

Hence, taking sinh?r = n, locally jTMSVi is indistinguishable from the the product of thermal
states considered before. The di erence lays now in the correlations between the cavities. In
particular, note that (143) is an eigenstate of the photon number di erence operator n, with zero
eigenvalue. Hence, in this case all the moments of these operator are identically zero,h n™i =0
8m (signaling perfect photon number correlations between the cavities), leading to

dn=0 V=0 (145)

Hence, in this case the optomechanical interaction plays absolutely no role in the dynamics of the
piston, that is,

dy(t) = 0 = dp(t) (146a)
Vi (t) = 1+ t%; (146b)
Vpp(t) = 1; (146¢)
Vyp(t) = t: (146d)
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4.2.2 The membrane model

Now, let’s see what happens in the case of the membrane. We remind that the Hamiltonian reads
in this case

H=~ cdc -~gc+c) n: (147)

As before, the photon number di erence is a conserved quantity, n(t) = n(0). Hence, the
Heisenberg equation of motion of the mechanical annihilation operator reads

%= i c+ig n(0) D> c®=e "(c(0) g n()+g n(); (148)

where we have introduced the dimensionless time and optomechanical coupling. In this case, it is
more natural to evaluate the complex mean vector and covariance matrix, whose relevant elements
we de ne as

= hci; we =h ¢ ci; « =hc ci: (149)

We can easily evaluate these from (148). In the case of the mean vector, we get

M=e"( (0 gdn) +gd n (150)
As for the covariance matrix elements, rst we note that we can write the uctuation operator as
cy=e "(c©) g n@)+g n(); (151)

from which we easily obtain
o) = &c(0) +20%(1  cost)V ,; (152a)
() =e At (0) 2g% (1 cost); (152b)

again assuming that the cavities and the membrane are uncorrelated initially.

If we assume that the membrane is on its ground state initially, characterized by =0 =
we = oy We then get

M=g(1 e ™d (153a)

we() =29%(1  cost)V g (153b)

() = 2g% (1 cost)V n: (153c)

Finally, we consider the same initial states for the cavities as we did for the piston. For the
separable thermal state, we obtain

(t) = 0; (154a)
o) =4g°n(n +1)(1  cost); (154b)
() = 4g’n(n+1e (1 cost)V n: (154c)

whereas for the two mode squeezed vacuum state we have

(t) =0= cyc(t) = cc(t): (155)

Hence, again, the optomechanical interaction has no e ect when the photon-number correlated
state is considered, while thermal cavity uctuations show up in the mechanical covariance matrix.
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4.3 Stochastic Simulations

In this section we solve the system of stochastic Langevin equations numerically, comparing with
the analytical expressions that we derived in the previous section. While we have developed very
carefully the stochatic equations that describe the evolution of the system, we still haven’t said
anything about how to sample the required initial states within each representation (Wigner or
positive P). In the rst part of this section we address this issue for the initial states considered
in the previous section: thermal states and two-mode squeezed vacuum states. Then we perform
numerical simulations using the XMDS2 package [15], which is the leading numerical software in
the eld of stochastic equations.

4.3.1 Initial state sampling with the Wigner distribution

Let us start explaining how to sample with the Wigner distribution the initial states we are
interested in. Since we consider Gaussian initial states, this is particularly easy with the Wigner
distribution. Speci cally, the Wigner function of a Gaussian state with covariance matrix V (we
take zero mean vector, since that’s the case in both initial states we consider) is [4, 5, 10]

1 e %rTV 1
V(@2 N detV

where N is the number of modes we consider, and r = (Xi;p1;::; Xn;Pn)' IS @ column vector
collecting all the phase space variables. The general idea to sample Gaussian states is simple:
since the covariance matrix is real and symmetric, it can be diagonalized with an orthogonal
transformation. Then, moving to the phase-space coordinates de ned by such transformation, the
Wigner function turns into a product of simple one-dimensional Gaussians that can be sampled
with independent variables normally distributed. Let’s see this in our speci c cases.

Let us remark that in the following we use the notation ; for real independent random numbers
normally distributed with unit variance, that is,

W (r) = r. (156)

_j=0; ?: j|: (157)

In the case of a single-mode thermal state, the covariance matrix is [4, 5, 10]

Ven(n) = (20 + 1) (3 (1’) ; (158)

which is already diagonal. The Wigner function reads then (we omit normalization factors in the
following)

W (r) = e X°2@n+Dg p*=2@n+1). (159)

which is the product of two Gaussians with variance 2n+1. These can be sampled from stochastic
position and momentum as

x:p2n+1 1; p=p2n+1 2; (160)

or in terms of a single complex stochastic variable = (X + ip)=2 as

=,/n+%—1§¥: (161)

Note that vacuum is sampled in this exact way with n = 0.
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Next we consider the two-mode squeezed vacuum state, with covariance matrix [5, 4]

_ (cosh(2r)1 sinh(2r)Z\ .
Vrmsy = (sinh(Zr)Z cosh(2r)1)’ (162)

where Z = (3 01), 1 is the identity matrix, and we order the phase space variables as r =
(Xa; Pa; Xo; Pb) " . This covariance matrix is readily diagonalized with an orthogonal transformation,

e’ 0 0 0 10 1 O
0 e? 0 , 1 (120 1 0
T — . —
B VymsyB = 0 0 e 2 ; with B = pi 01 0 1 (163)
0 O 0 e 01 0 1
Hence, de ning the transformed phase space variables
Ry
x = Rl = Br; (164)
o
g
the Wigner function is decomposed into a product of four one-dimensional Gaussians,
W(X) —e X+=2€2re X =2e 2"e p+=2e Zre p =2e2r: (165)
These variables are then sampled as
X+ =€ g (166a)
X =e ", (166b)
pr=¢e " 3 (166¢)
p =e" 4 (166d)

or transforming back to the original variables, and de ning the complex stochastic variables as
usual,

:Eéi(x++x +ipy +ip )=plg(er1+e "o+ie " g+ie" y); (167a)
=E|%)§(x+ X +ips ip)=pl§(er1 e " ,+ie "3 e ) (167b)

4.3.2 Initial state sampling with the positive P distribution

Sampling with the positive P distribution is in general more complicated. For Gaussian states,
however, one can still nd Gaussian functional forms for P *, which make the task relatively simple.
One important thing worth remarking here is that, contrary to the Wigner distribution (or any
of the other quasi-probability distributions de ned in the standard phase space), the positive P
distribution is not unique [7, 12]. In other words, di erent functional forms of the distribution can
sample the same quantum state. In order to see this, let us introduce two important properties
connecting the positive P distribution with quantum states. First, any quantum state can be
expanded as [7, 12]

/\:/ d2N dZN +P+( : +)Jh IE i -J’ (168)
C2N J 1
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where N is again the number of modes, = ( 1;:5;5 N)T and * = ( ;5 )7 collect the
complex extended phase-space variables, and j 1 refer to multi-mode coherent states [6, 10]. The
second expression goes in the opposite direction: P* can be written in terms of the state as

P+( . +)_ ie w + 7 + 7 . (169)
74 2 2 '

Consider now the vacuum state for a single mode, = jOih0j. Expression (168) tells us that
PY(; Y= () (™ ). On the other hand, plugging = jOih0j in (169) we get a very
di erent expression, involving a product of Gaussian functions for *and + . Hence,

if both expressions are to hold, this shows that the positive P distribution is not unique.

But let’s move on now to more practical matters: how to sample the initial states we are
interested in. Let us start with thermal states of a single mode. Expression (168) tells us that
whenever a well-behaved Glauber-Sudarshan P ( ) distribution exists, a valid choice of positive P
is

PT(: D=P()(C" ) (170)

Now, since the P distribution of a thermal state (n) is the Gaussian [6] (as before, we omit
normalizations)

Pnm( ) =e 31N =¢ x=ne vion, (171)

where as usual = (X + ip)=2, we can easily sample a thermal state within the positive P
representation based on the following stochastic variables:

pﬁ—lé'%; = (172)

In the n ¥ 0O limit, the distribution (171) tends to a delta function ( ) as corresponds to vacuum.
Hence, the vacuum state is sampled as

=0= *: (173)

Sampling the two-mode squeezed vacuum state is a bit more involved. We cannot use the
relation (170), since the P distribution of the two-mode squeezed state has negativities and diver-
gences beyond a delta function. Nevertheless, since the overlap of Gaussian states with coherent
states is always a quadratic form of the coherent-state amplitudes [10], expression (169) always
allows us to write the corresponding positive P distribution as a Gaussian probability distribution
that can be sampled similarly to how we sampled in the Wigner case. This is the route that we
follow here. Indeed, we follow a shortcut. In [16], the authors already used this expression to
sample a single-mode squeezed state je' ri = exp[r(e' a¥> +e ' a?)]j0i as

/coshr ez L+ie 2 2) +91§( s+ 4); (174a)
/coshr r r 1 .
ez 2 2) pf( 3 1 g) (174b)

On the other hand, we use the fact that a two mode squeezed vacuum state can be written as a
50/50 beam splitter acting on two single mode-squeezed states [5]

jTMSVi=B( ri jri); (175)
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where B = ez®@5 &) Next, we use

Pargy( 5 D=PIB ;B )

(176)

where we have de ned the matrix B = p%( Y i). We prove this expression at the end of this

section. Identifying in this expression with the state j ri jri, and noting that
P (s +):Pj+l’i( ) Pj:i( )5
(175) leads to
Pirmsvi( +):P+(j ri jri)( )
N + + 4+ . + +
=P (*7—'92—) i (%*’T) ;

which based on (174) can be sampled as

+ . jcoshr , « . or 1 ]
—p§—=l (621""922)"'93(3""4);
T+t . Jcoshr , ¢ r 1

Py = i (ez 1 e 2 ;) f9§( s i a);
coshr , « L or 1 .
Py =5 (B2 srie 2 o)+ Po( 7+ o)

NI=

Tt /coshr(e

Solving for the independent complex variables, we nally get

. oor 1 .
5 e 2 g) 193(7 I g):

P
coshr (. «r . or r .o 1 . .
=———|i(e? 1+ie 2 ;) (e2s+ie 2 ) | +3(3 7+ia i)
Iocosh r{.,r . ox r . or 1 . i
. Iocosh r r r r r 1 . i
=— i(e21 ie2,) (e25 de2e) |+5(7 a+ia i)
. Iocosh r r r r . r 1 . .
=— i(e21 dezp)+(e2s de2e) |+5( 3 7Hiatig)

a77)

(178)

(179a)

(179b)

(179¢)

(179d)

(180a)

(180b)

(180c)

(180d)

Let us nally prove expression (176). We will use the following property of a beam-splitter

acting on a coherent state coherent:

Bj i=Be ¥ Y Hejoi = Be @+ ¥ HeByBj0i = ¢ BB+ BB Hejg

= o(Pr)a+(F7)¥ Hegni =BT i

(181)

where we have used BaBY = (a + b):pi and BbBY = (b a):pi. Using then expression (168),
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we get
Bj ih *jBY
4 4 +p+ .+

B B =
C4
_ 4 4 +p+, . BT BT T
= C4d d PTC ; ™) S
= d*ud*u*P*(Bu; Bu™) JUTU_ J_
~ Jca hBu™ jBui
=Bu N e
hu* jBBYjui=hu* jui
4 4 +p+ . +J Ih +j.
C4d d Pééy( ; )—h i i
+
Pee( i H=P(B ;B )

which is the expression we wanted to prove.
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4.3.3 Stochastic simulations I: comparison with the analytic case =10

We proceed now to the simulation of the stochastic equations discussed in Section 4.1, and their
comparison with the exact results of Section 4.2. We have performed the numerical simulations
using the XMDS2 package [15]°. The choice of this package is justi ed by its user-friendliness
since it uses an XML-based code generator, and also by its e ciency since it generates C++ code,
which is a low-level language much more e cient than Matlab. Additionally, let us note that
we have compared it with our own codes written in Matlab from scratch following [14, 17], and
with the XSPDE Matlab package, also developed by Peter Drummond and collaborators [18]. We
found these were outperformed by XMDS2 in all the instances we studied.

The goal of this section is checking the validity of our derivation of the stochastic equations and
the related codes, which we give in Appendix C. As representative cases, we present 8 simulations,
corresponding to all the possible combination of mechanical element (membrane or piston), phase-
space representation (positive P or truncated Wigner), and initial optical state (uncorrelated
thermal w(n)  (n), or entangled jTMSVi). In all cases we set’” = 0 (in order to compare
with the analytic solution), g = 0:001, and n = 1000. We choose these parameters because they
are close to the classical limit (large photon number and small optomechanical coupling), so that
the truncated Wigner representation should be close to the analytical results. For the piston we
simulate until t = 2, since according to (142a), deviations from the g = 0 can only be appreciated
if gnt 1. For the membrane, we consider up to t =2 , based on the periodicity of the analytical
solution (154a). Note that XMDS2 outputs the data in an h5 le, which we convert to the desired
plots with Octave (codes also provided at the end of Section C).

Before showing the results of the simulations, let us also introduce some more general remarks.
When =0, the truncated Wigner equations of Section 4.1 are completely deterministic, which
allows for a very big number of stochastic paths with high tolerance® on the order of 10 . On the
other hand, the positive P equations have multiplicative noise terms and are therefore much harder
to simulate. Thus, we perform less paths for this simulations, and set a much larger tolerance of
10 7.

We present the results in a total of 4 gures: membrane within the truncated Wigner (Fig. 3)
and positive P (Fig. 4), and piston within the truncated Wigner (Fig. 5) and positive P (Fig.
6). We consider both initial conditions within the same gure: uncorrelated thermal on the left
column and entangled state on the right column. Each column has six plots: the top one shows the
number of photons (hn,i in dashed red, and hnyi in dashed-dotted green), while the next two ones
show the rst order moments and the last three the second order moments forming the covariance
matrix (Ref g, Imf g, .. Ref g, and Imf g for the membrane; dy, d,, Vyxx, Vpp, and Vyp
for the piston). All the stochastic curves are shown in dashed red, and we also show the analytic
solution in solid blue for comparison.

We start with the membrane model, speci cally with its truncated Wigner simulation in Figure
3. As expected, the number of photons in the cavities stay constant in time. As the number of
paths is quite large (10°), they average very close to the exact value of n = 1000. We also see that
the mean vector (represented through Ref g) stays close to 0. It’s interesting though, to note
that the truncated Wigner simulation gives a very small (but well-de ned) oscillation around O.
This is due to the fact that d , is not perfectly sampled to 0 initially, and thus equation (153a)
gives a slight oscillation. For thermal initial conditions, the stochastic covariance matrix matches
perfectly the exact one. In the case of the entangled initial condition, all (complex) second order

6This package was created by Peter Drummond and Greg Collecutt in 1997. Let us remark that Peter Drummond
is one of the leading gures in the eld of quantum noise in nonlinear optical systems, and hence the use of this
package seems pretty adequate.

In real experiments g is usually even smaller [8].

8The program uses adaptive stepsize algorithm which requires a tolerance attribute that de nes the tolerated
relative error per integration step
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moments should be 0. However, again because V , is not exactly sampled to O initially, we nd
oscillations around zero that follow the form of equations (153b), and become smaller and smaller
the larger the number of stochastic paths is.
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Figure 3: Result of the simulations of Eqgs. (122), corresponding to the membrane model within
the truncated Wigner representation. \We consider initial uncorrelated thermal optical states
(right column) and an entangled state (left column). The parameters are g = 0:001, n = 1000,
and = 0. We average over 10° stochastic paths, and show the simulations in dashed red and the
analytical solutions of section 4.2 in blue.
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In Figure 4 we show the positive P simulations. The results are similar to those of the truncated
Wigner. Even the oscillating behaviour around 0 seems to be displayed, although the number of
paths is not big enough to see it clearly. Thus, in this idealized case with = 0 and a relatively
large photon number, there is not much di erence between the quasi-classical truncated Wigner
and the fully quantum positive P, as expected.
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Figure 4. Same as in the previous gure, but for Egs. (127), corresponding to the membrane
model within the positive P representation. Again, we consider initial uncorrelated thermal optical
states (right column) and an entangled state (left column), and the parameters are g = 0:001,
n = 1000, and = 0. In this case we average over 10% stochastic paths, with the simulations
shown in dashed red and the analytical solutions of section 4.2 in blue.
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Next we present the simulations for the piston, starting again with the truncated Wigner in
Figure 5 and the positive P in Figure 6. The results are comparable to the ones of the membrane.
In particular, we see that all the predictions of the analytic result are matched, within the accuracy
with which we sample the initial state: again, any small deviations are explained by the form of
equations (134) and (137), and the fact that d , and V ,, are not sampled perfectly to their
analytical values.
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Figure 5: Result of the simulations of Egs. (121), corresponding to the piston model within the
truncated Wigner representation. As in previous plots, we consider initial uncorrelated thermal
optical states (right column) and an entangled state (left column). The parameters are g = 0:001,
n = 1000, and = 0. We average over 10° stochastic paths, and show the simulations in dashed
red and the analytical solutions of section 4.2 in blue.
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Figure 6: Result of the simulations of Egs. (126), corresponding to the piston model within
the positive P representation. Once again, we consider initial uncorrelated thermal optical states
(right column) and an entangled state (left column). The parameters are g = 0:001, n = 1000,
and =0. We average over 2 10* stochastic paths, and show the simulations in dashed red and
the analytical solutions of Section 4.2 in blue.
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4.3.4 Stochastic simulations II: beyond the =0 case

Now that we have tested he accuracy of the stochastic simulations, we can analyze cases without
analytic solution. As a warm up, we still consider the closed-system limit ( = 0), but now add a
beam-splitter coupling between the cavities ( & 0).

We have checked that if we set = 0:01 or smaller, the previous results are virtually una ected
(see Appendix B). Going to larger values, we start seeing di erences, and we present here results
for = 0:2. Note that we keep the = 0 plots in the gure in order to appreciate the e ect
introduced by the beam-splitter.

In Figures 7 and 8 we present the results for the membrane model, within the truncated
Wigner and positive P representations, respectively. Let us rst note that the thermal state

th(N)  (n) is invariant under the beam-splitter operation, contrary to the entanglement of the
two-mode squeezed vacuum state JTMSVi, which is very sensitive [5]. Hence, we would expect
a larger impact of the beam splitter in the case of initial entangled conditions. However, note
that in both cases the beam-splitter leaves the number of photons on each cavity invariant, and
hence we still expect the force felt by the membrane to be zero on average. Indeed, we appreciate
in the plots photon numbers and a  that oscillate in time with a very small amplitude that
can be attributed to the sampling error of the initial states. Moreover, we have checked that the
amplitude decreases as we increase the number of stochastic paths.

On the other hand, di erences between the thermal and entangled initial states are more
noticeable in the covariance matrix. Speci cally, while we can appreciate a change with respect

to the = 0 case for both initial conditions, the change is far more dramatic in the entangled
case. Nevertheless, in both cases we see that the addition of the beam splitter breaks the simple
periodic behavior that the system was showing for =0.

The robustness of the thermal initial state against the beam-splitter interaction is even more
evident in the case of the piston, shown in Figures 9 and 10 for the truncated Wigner and the
positive P, respectively. For the thermal state (left columns) the e ect of the beam-splitter remains
almost negligible in the observed time interval, although we can see how it starts deviating for
longer times. On the other hand, beam-splitter e ects appear much faster for the entangled initial
state.

Let us also note that in all cases there doesn’t seem to be much di erences between the
truncated Wigner and the positive P representations, as expected from the fact that we are
working in the classical limit of large photon number and small optomechanical coupling.
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Figure 7: Result of the simulations of Egs. (122), corresponding to the membrane model within

the truncated Wigner representation, with

= 0:2, and the rest of parameters as in the previous

section: g = 0:001 and n = 1000. Once again, we consider initial uncorrelated thermal optical
states (right column) and an entangled state (left column). We average over 107 stochastic paths,
and show the simulations in dashed red and the
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Figure 8: Result of the simulations of Eqgs. (127), corresponding to the membrane model within
the positive P representation, with = 0:2, and the rest of parameters as in the previous section:
g = 0:001 and n = 1000. As usual, we consider initial uncorrelated thermal optical states (right
column) and an entangled state (left column). We average over 10* stochastic paths, and show
the simulations in dashed red and the = 0 analytical solutions of Section 4.2 in blue.
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Figure 9: Result of the simulations of Eqgs. (126), corresponding to the piston model within
the truncated Wigner representation, with = 0:2, and the rest of parameters as in the previous
section: g = 0:001 and n = 1000. We consider initial uncorrelated thermal optical states (right
column) and an entangled state (left column). We average over 10° stochastic paths, and show
the simulations in dashed red and the = 0 analytical solutions of Section 4.2 in blue.
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Figure 10: Result of the simulations of Egs. (126), corresponding to the piston model within

the positive P representation, with = 0:2, and the rest of parameters as in the previous section:
g = 0:001 and n = 1000. Once again, we consider initial uncorrelated thermal optical states (right
column) and an entangled state (left column). We average over 3 10 stochastic paths, and show
the simulations in dashed red and the = 0 analytical solutions of Section 4.2 in blue.
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In order to con rm that our simulations do not contain errors, we consider now a limit in
which we can analytically solve the problem: the large limit. Let us rst prove that for large
enough values of , the e ects of the optomechanical coupling should be e ectively suppressed,
irrespective of the initial state. In order to show this, let us move to the eigenmodes of the
beam-splitter Hamiltonian, which we introduced in (34):

H=H, -gx(@a bb)+~ (a’b+ab’)=Hy,+~gx(AB’+A’B)+~ (A’A B’B); (183)

where H,, = ~ c¢’c for the membrane and H,, = P?=2m = p?=4 for the piston. Let us
consider rst the membrane. Moving to the interaction picture de ned by the transformation
U=exp[ i( ¢dc+ a'a  bb)t], the transformed state evolves according to the Hamiltonian

Hi=~g(e ' ‘c+e' '¢Y) (e * "ABY +H:C): (184)

For , We obtain a rotation at frequency 2 , which will make the interaction negligible when
it becomes much larger than the interaction strength (rotating-wave approximation). While it is
di cult to evaluate the strength of the interaction in general, we can provide the conservative
limit gn for our case (interaction dressed by the number of photons). In this limit, the
optomechanical interaction is e ectively suppressed, so that the evolution of the membrane should
follow the free case g = 0.

Similarly, in the case of piston we obtain in the interaction picture

Hi =~g(x+p t)(e # 'ABY+H:C): (185)

Now the e ective strength of the interaction increases linearly with time. Hence, in this case
the rotating-wave approximation in the limit g tells us that the optomechanical interaction
will be suppressed only until a certain time, that (being conservative again) we can bound by
t < =gn. Staying within this time limit should ensure that the optomechanical interaction is
e ectively suppressed. We have veri ed that this is the case by simulating the piston model for
the same parameters as before (g = 0:001 and n = 1000), except for = 10, see Figures 11 and
12 for the truncated Wigner and the positive P, respectively. It can be appreciated how both
simulations (dashed red curves) agree very well within the stochastic accuracy with the analytic
result with g = 0 (solid blue curves).
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Figure 11: Result of the simulations of Eqgs. (121), corresponding to the piston model within the

truncated Wigner representation, with

= 10, and the rest of parameters as in the previous cases:

g = 0:001 and n = 1000. Once again, we consider initial uncorrelated thermal optical states (right
column) and an entangled state (left column). We average over 10° stochastic paths, and show
the simulations in dashed red and the analytical solutions of Section 4.2 in blue for g =0 =
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Figure 12:

Result of the simulations of Egs. (126), corresponding to the piston model within
the positive P representation, with

= 10, and the rest of parameters as in the previous cases:
g = 0:001 and n = 1000. Once again, we consider initial uncorrelated thermal optical states (right
column) and an entangled state (left column). We average over 10° stochastic paths, and show
the simulations in dashed red and the analytical solutions of Section 4.2 in blue for g =0 =
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5 Conclusions and outlook

In this thesis we have made a step forward towards the long term goal of nding an autonomous
guantum heat engine based solely on linear degrees of freedom. Speci cally, we have introduced
the two models of Fig. 2, which in spite of not being useful as thermodynamical machines (in the
sense of having a well-de ned thermodynamical cycle in which heat is transformed into work),
contain all the basic ingredients that the nal heat engine should have: a mechanical element
coupled to cavities, with heat baths providing the energy required to extract work, making them
autonomous.

These examples have allowed us to develop in depth the techniques that we will use for the
analysis of quantum thermodynamical machines based on linear degrees of freedom. We have pro-
ceeded in three steps. First, by tracing out the heat baths under the Born-Markov approximation,
we have derived the master equation governing the evolution of the state of the system. Then, we
have introduced the concept of phase-space quasiprobability distributions, and have turned the
master equation into a partial di erential equation for such distributions. Finally, we have put this
in correspondence with a set of stochastic dynamical equations for the phase space variables. We
have shown that this last step is only possible either by using a truncated Wigner representation
equivalent to stochastic electrodynamics (which for high-temperature is nothing but the classical
limit), or by using the positive P representation that reproduces the full guantum dynamics, but
making use of an extended phase space with twice the number of variables.

In order to benchmark the simulations based on these stochastic equations, we have considered
the limit of zero coupling to the environments, which is analytically solvable. We considered
two di erent initial conditions for the cavities: separable and entangled. In both cases, the
reduced state of each cavity is thermal, and we have worked in the large photon number and
small optomechanical coupling limit (classical regime), where both the truncated Wigner and the
positive P representations should work. We showed that indeed the simulations agree with the
analytics, but a large number of stochastic paths is usually required for accurate results, typically
on the tens of millions or beyond. This means that future analysis will require the use of parallel
computing facilities.

As a case that cannot be treated analytically, we consider the addition of the beam-splitter
coupling between the cavities (but still without environments). We showed that the stochastic
simulations provide results that agree with intuitive expectations, and even with an analytical
prediction in the large beam-splitter coupling regime: the optomechanical coupling gets e ectively
suppressed.

Looking forward, there is still a lot of interesting work to do in the models that we have
introduced here. Speci cally, from the point of view of quantum optomechanical phenomena it will
be very interesting to understand the asymptotic state reached by the system when we introduce
coupling to the environments. Speci cally, since we assume that the mechanical element is free of
friction, it is not yet clear under which conditions the system will reach a steady state, and also,
whether the initial state of the cavities will play an important role (usually, it is washed out by
the dissipation).

Once this warm up models are fully understood, together with the limits of our stochastic
simulations, we will move forward towards our long term goal: developing an autonomous heat
engine. While it’s still early to devise the exact model that will be required, we want to mention
here two possibilities. The rst one consists in using a similar strategy as that considered in
[2], that is, introducing mechanical-position dependent couplings to the environments. This is
known in the optomechanics community as dissipative optomechanical coupling, which has indeed
become available in experiments in recent times [19]. A second route would consist on introducing
more mechanical or optical elements, something that our stochastic techniques allow because their
complexity scales only linearly or quadratically with the number of elements (in contrast to Hilbert-
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space based techniques, which scale exponentially). This would allow to consider more complicated
scenarios in which entanglement between optical modes coupled to di erent mechanical elements,
or even between the mechanical elements themselves could play a role in boosting the e ciency
of the thermodynamical machine.

Overall, we believe that the tools developed in this master thesis will be of great relevance for
the analysis of thermal machines working in the quantum regime.
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A Beam-splitter interaction

In this appendix we give further details on the calculations concerning the Beam-splitter interac-
tion

A.1 Detailed initial conditions

This section contains the detailled initial conditions. The non vanishing initial terms are:

tr {E(1") gEY(M)} =tr {EY(ME(!") &} :tr{pli(ey(!)+dy(!))pl§(e(!0)+d(!°)) B}

tr {e’(1e(1") B}+%tr{ey(!)d(!°) B}+%tr{dy(!)e(!°) B}+%tr{dy(!)d(!°) B}
0 0

NI~ N -

(na+ny) (1 1%, (186)

tr {EY(1) gE(M)} =tr {E(1HYE’(Y) &} =tr{pl:(e(!“)+d(!°))pl§(ey(!)+dy(!)) B}

tr {e(1")e'(1) B}+%tr{d(!°)ey(!) B}+%tr{e(!°)dy(!) B}+%tr{d(!0)dy(!) B}
0 0

N

NI~ N -

(na+ny+2) (1 1Y (187)

tr {D(!") gEY(1)} =tr {EY(1)D(Y") &} :tr{pli(ey(!)+dy(!))pli( e(1?) +d(1") B}

= %tr{ey(!)e(!o) B}+%tr{ey(!)d(!°) B} %tr{dy(!)e(!") B}+%tr{dy(!)d(!0) B}
0 0
:%( Na+np) (1 19 (188)

tr {EY(Y) eD(1)} =tr {D(M)EY(Y) &} =tr{191§( e(!°)+d(!°))pl§(ey(!)+dy(!)) B}

= %tr{e(!")ey(!) B}+%tr{d(!°)ey(!) B} %tr{e(!“)dy(!) B}+%tr{d(!°)dy(!) B}
0 0

2%( Na+np) (1 19 (189)

tr {E(1") gDY(1)} =tr {DY(HE(") &} :tr{pli( ey(!)+dy(!))p%(e(!°)+d(!°)) B}
= %tr{ey(!)e(!o) B} %tr{ey(!)d(!o) B}+%tr{dy(!)e(!°) B}+%tr{dy(!)d(!0) B}
0 0

SCnaeng (1 1Y (190)
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tr {DY(1) gE(1)} =tr {EM)D'(Y) &} =tr{pl§(e(!“)+d(!°))pl§( (1) +d'(1)) B}

%tr{e(!o)ey(!) B} %tr{d(!O)gy(!) B}+%tr{e(!°)dyg!) B}+%tr{d(!°)dy(!) B}

( na+m) (1 1Y (191)

N|

tr {D(!") gDY(1)} = tr {DY(1)D(1") B}=tr{pl:( ey(!)+dy(!))pl§( e(1”) +d(1") B}

N

NIk, N -

tr {e*(De(!") &} %tr{ey(!)d(!o) B} %tr{dy(!)e(!o) B}+%tr{dy(!)d(!°) B}
0 0

(Na+ny) (1 1Y; (192)

tr {DY(1) gD(!")} =tr {D(1")D’(1) B}=tr{pl:( e(!°)+d(!°))pl§( e’(1) +d'(1)) B}

N

NI~ N -

tr {e(1)e'(1) &} %tr{d(!o)ey(!) B} %tr{e(!o)dy(!) B}+%tr{d(!°)dy(!) B}
0 0

(na+ny+2) (1 1%: (193)

The other initial conditions are of the form

trfFE(DE(1) Bg=tr{%(ea)+d(!))%(e<!”)+d(!ﬂ)) }

=%trfe(!)e(!“) Bg+%trfe(!)d(!°) Bg+%trfd(!)e(!°) Bg+%trfd(!)d(!°) B0
=0+0+0+0=0; (194)

and will all give zero.

A.2 Derivation of the master equation with beam-splitter

In this section we perform the detailled derivation of Eq (40) from the interaction Hamiltonian in
the interaction picture of Eq (39), H,.
To calculate the master equation, we have to calculate the terms in the commutator

HI@:iHIE i~ OI): (195)
In order to do this, we decompose the Hamiltonian into two parts: H,(t) =V (t) + V (t)¥, and we
replace in (195):
VOFV@VE )vE it )]
= VO v )+ve )it )
VY[V )V At )]
= [varve v gt )]

Fvoivie H+ve e ]G (196)

L
| IS
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where in the last step we used the following property:
o o D> LK 1] =LK 1); (297)
[Ki P=[%KT=[:K]l= [K; ]
where K is an Hermitian operator.

Now we observe that the terms in [V ;v ) ~(t )]] are 0 since they only contain initial

conditions of the form (194).
In other words, we only need to calculate

V@ [vie  nAt )]: (198)

The other terms coming from [V Y[V );~(t )]} will only be their complex conjugate®.
The calculation of Q, where by de nition

Q [V [Vt )~ )] = [Ey(!)Aei”+Dy(!)Bei”; VYt ) ~(t )H
= [E/(Aet+ DY(DBE [RE(Ye ¢ D+ DY M i )]]; (199)

gives 16 terms:

Q. =¢l'te ' INAA~(t ) EE(1)-g; (200a)
Q, =¢l'te ' IABY~g(t ) EY(1)D(1")-g; (200b)
Q;= e''le M IRt A ~sEY(HEQY; (200c)
Q= e''fe M I(NA(t B E'~D(1Y); (200d)
Qs =ei'te 1" IBAY~(t ) DY(V)E(!")-: (200¢)
Qs = ei'te ' IBBY~(t ) DY(1)D(1")~g; (200f)
Q;= e'le I Bt A DY(1)sE(Y); (200g)
Qs = ei'te Mt IB(t )BY DY(1)sD(1Y); (200h)
Qo= e M deitgy(t YA E(1)~E'()); (200i)
Qu= e M "Rt B E(")-sD'()); (200j)
Qu= e ' )iyt A D(")-EY(); (200K)
Q= e € )iyt B D()~DY(!); (2001
Qu=e Mt ittt YAA E(I)EY(Y); (200m)
Qu=¢e 't ittt YAB ~sE(1)DY()); (200n)
Qs =e ' Jeitt ot BYA ~sD(I)EY()); (2000)
Qe =¢ '@ del''5(t  )BYB ~sD(1)DY(!): (200p)

(2000)

9 [V;[Vy; ]}y= [[Vy; ]V;Vy} = [[ y;V];Vy} = [Vy;[V; ]}
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As before, using the initial conditions we get:

t 1 1 1
—A/ d / d!/ d1'trg fQ.g9 = 5 ANy + N AAY ~5; (201a)
0 1
—A B t 1 1 1p
/d / d!/ d1'trg fQZQ:E A B(Ny NY)ABY~s; (201b)
0 1 u B
t 1 1 1
—A/ d / d!/ d!’trg FQsg = 2 alnp + Ny +2)A~sAY; (201c)
0 1 1
P = [t 1 1 1p
/ d / d! / d!UtrB fQ4g = 5 A B(nb na)A"SBy; (201d)
"¢ Ta T3 o
/ d / d! / d!otrB fQ5g = = A B(nb na)BAy"‘ ; (2018)
0 1 u B 2
B t 1 1 1
—/ d / d! / d1'trg FQeg = = g(ny + N,)BBY~s; (201f)
0 1 1 2
—A B t a1 1 1p
/d / d!/ d1'trg fQ,g9 = 5 “a sy N)B~sAY; (201g)
/ / dl/ d1trg fQgg = % s(np + Ny +2)B~BY; (201h)
/ / dl / d1'trg FQog = % ANy + N)AY ~A; (201i)
P A B 0 _ 1p—— . .
d d! d! trg fQu09 = 5 A s(Ny  N)AY~sB; (201))
P T3 1p
/ d / dl/ d' trg lelg = z A B(nb na)By'*’SA; (ZOlk)
° 1 * 1
—B/ d / d!? d' trg lezg = = B(nb+na)By ~B; (201')
°t 1
—A/ d / d! / d1’trg fQ.30 = 5 a(np + Ny +2)~AVA; (201m)
0 1 1
P A B 1 1 1p—
/ d / d! / d!otrB fQ14g = E A B(nb na)"sAyB; (201”)
"¢ Ta T3 -
/ d / dt / d1'trg FQisg= =" A s8(Ny  N.)~sBYA; (2010)
0 a1 1 2
B t 1 a1 1
_/ ‘ / d!/ dr'tre FQug = 5 &(Ny + N + 2)~sBYB: (201p)
0 1 1 2
(2010)

Adding those terms (+H.C) we get:
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d=s ( A~s A + ~5AVA> + 5 ( B~sBY + ~SBVB)

at = A
ala JZ“ © (AR AR AeoA 4 s AIA)
+ gle ; " (BB~ B'~B B~B'+~B'B)
+ Pl ; M <ABV~5 + ~sBYA+BA < + ~AB  A~B B-A BY~A A~SBV)
+ H:C; (202)

which can be written

d~ Nn. +n n,+n N+ n Ny +n
d_tS: A( a2 b+1> Dal~s]+ A a2 bDAy[~5]+< a2 b+1) eDs[s]* & a2 bDBy[~S]

P

Ny Ny
+ AB

<2A~SBV {~S; BVA} + 2BY~gA {~S;ABV} + H:c:); (203)

which is Eq(40) .
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B Additional figures

We mentioned in the main text that our simulations show that the beam splitter interaction

produces no e ect when
case for the case = 0:01.
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Figure 13: Result of the simulations of Egs. (122), corresponding to the membrane model within
the truncated Wigner. We consider initial uncorrelated thermal optical states (right column) and

an entangled state (left column). The parameters are g = 0:001, n = 1000, and

= 0:01. We

average over 10° stochastic paths, and show the simulations in dashed red and the analytical

solutions of section 4.2 in blue.
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Figure 14: Result of the simulations of Egs. (127), corresponding to the membrane model
within the positive P representation. We consider initial uncorrelated thermal optical states
(right column) and an entangled state (left column). The parameters are g = 0:001, n = 1000,
and = 0:01. We average over 102 stochastic paths, and show the simulations in dashed red and
the analytical solutions of section 4.2 in blue.
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Figure 15: Result of the simulations of Eqgs. (121), corresponding to the piston model within the
truncated Wigner representation. We consider initial uncorrelated thermal optical states (right
column) and an entangled state (left column). The parameters are g = 0:001, n = 1000, and

= 0:01. We average over 10° stochastic paths, and show the simulations in dashed red and the
analytical solutions of section 4.2 in blue.
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Figure 16: Result of the simulations of Eqs. (126), corresponding to the piston model within the
positive P representation. We consider initial uncorrelated thermal optical states (right column)

and an entangled state (left column). The parameters are g = 0:001, n = 1000, and

= 0:01.

We average over 10° stochastic paths, and show the simulations in dashed red and the analytical
solutions of section 4.2 in blue.
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C Codes

This appendix gives the XML codes of the simulations as well as indications on the way to use
them under Linux. It is divided into 3 sections. The rst two sections are dedicated to the
membrane and the piston, respectively. The third section shows how to compile the codes and
extract the data for plots. All the codes have a similar structure. Thus, we start by showing a
complete example and then we just show which parts have to be replaced in order to change the
representation or the initial condition.

C.1 Membrane

A rst code is displayed below. As written in the description, it simulates the case of the Wigner
representation for thermal initial conditions. (Notice that the outputs can only be real).

1 <?xml version="1.0" encoding="UTF 8"?>
> <simulation xmds version="2">

w

© o N o g »

N NN NDNER R R R B B R R R
5 W N B O © ® N O O b W N P O

25

<name>2MemWigTher</name>

<author>Grigoriou Emmanouil</author>
<description>
System of stoochastic differential equations for:
Wigner distribution
No environments
Membrane + Beam splitter
2 cavities
Thermal state for cavities
Gaussian state for piston
</description>

<features>
<globals>
<! [CDATA[
real g = 0.001;
real lambda = 10;
real n = 1000;
11>
</globals>
</features>

<geometry>

<propagation_dimension> t </propagation_dimension>
</geometry>
<! This line defines the number of stochastic paths >

<driver name="multi path"™ paths="1000000" />

<l Next we define a noise vector for the sampling of the initial conditions
>

<noise_vector name="initialConditionsSampling"” dimensions=

="complex™ method="solirte">

<components>nl n2 n3 </components>

</noise_vector>

kind="gauss" type

<! "vector’ describes the variables that we will be evolving. >
<vector name="stochasticVariables" type="complex'">
<components>
ab x
</components>

<initialisation>
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a4 <dependencies>initialConditionsSampling</dependencies>

45 <! [CDATA[

46 a = sqrt(n+0.5) ni;

47 b = sqrt(n+0.5) n2;

48 x = n3 sqrt(0.5);

a9 11>

50 </initialisation>

51 </vector>

52

53 <sequence>

54 <integrate algorithm="ARK89" interval="6.2" tolerance="1le 15">
55 <samples>100</samples>

56 <operators>

57 <integration_vectors>stochasticVariables</integration_vectors>
58 <! [CDATA[

59 da_dt = i g (x+conj(x)) a i lambda b;

60 db_dt = i g (x+conj(x)) b i lambda a;

61 dx_dt = i x+ i g (a conj(a) b conj(b));

62 11>

63 </operators>

64 </integrate>

65 </sequence>

66

67 <! This part defines what data will be saved in the output file >
68 <output format="hdf5" filename="2MemWigTher_g0001_110_.n1000FINAL . xsil ">
69 <sampling_group initial_sample="yes">

70 <moments=>anorm bnorm cR cl ccR ccl cnorm </moments>

71 <dependencies>stochasticVariables</dependencies>

72 <! [CDATA]

73 anorm = a.Re() a.Re() + a.Im() a.Im();

74 bnorm = b.Re() b.Re() + b.Im() b.Im();

75 cR = x.Re();

76 cl = x.Im(Q);

77 ccR = x.Re() x.Re() x.Im() x.Im();

78 ccl = 2 x.Re() x.Im();

79 cnorm = x.Re() x.Re() + x.Im() x.Im();

80 11>

81 </sampling_group>

82 </output>

g3 </simulation>
84

To change the initial conditions of the simulation, one has to change the content of the tags
< Initialisation >< =initialisation >. Entangled intitial conditions as sampled in section 4.3 are
obtained by replacing them with the following piece of code:

1 <initialisation>

2 <dependencies>initialConditionsSampling</dependencies>
<! [CDATA[

4 a = 1/sqrt(8) (exp(r) xplus+exp( r) xminus +

5 i exp( r) pplus+i exp(r) pminus);

6 b = 1/sqrt(8) (exp(r) xplus exp( r) xminus+

7 i exp( r) pplus i exp(r) pminus);

8 X = (nl +i n2) 0.5;

° 11>

10 </initialisation>

11
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where we de ned r in

1 <globals>

2 <! [CDATA[

3 real g = 0.001;

4 real lambda = 10;

5 real n = 1000;

6 real r = asinh(sqrt(n));
7 11>

8 </globals>

9

In the case of the P distribution, we have to de ne a longer vector for the variables of the extended
phase space'®. For example in the thermal case the code will be:

<vector name="stochasticVariables" type="complex">
<components>
a ap b bp x xp
</components>
<initialisation>
<dependencies>initialConditionsSampling</dependencies>
<! [CDATA[
a = sqrt(n) ni;
ap = conj(a);
b = sqrt(n) n2;

© 0 N o O A W N Bk

=
o

bp = conj (b
12 X = 0;
13 xp = 0;

-
N

11>
</initialisation>
</vector>

[
a

[
o

[
~

The system of equations (127) is:

1 <sequence>

2 <integrate algorithm="ARKS89" interval="6.2" tolerance="1e 7">
<samples>100</samples>

4 <operators>

5 <integration_vectors>stochasticVariables</integration_vectors>
6 <dependencies>QuantumNoise</dependencies>

7 <! [CDATA[

8 da_dt = i g (x+xp) a i lambda b + sqrt(i g a) ksil;

9 dap_dt = i g (x+xp) ap + i lambda bp +sqrt( i g ap) Kksi2;
10 db_dt = i g (x+xp) b i lambda a + sqrt( i g b) ksi3;

11 dbp_dt = i g (x+xp) bp + i lambda ap + sqrt(i g bp) ksi4;
12 dx.dt = i x+ i g (ap a bp b) + sqrt(i g a) conj(ksil)

13 + sqrt( i g b) conj(ksi3);
14 dxp_dt = i xp i g (ap a bp b) + sqrt( i g ap) conj(ksi2)
15 + sqrt(i g bp) conj(ksid);
16 11>

17 </operators>

18 </integrate>

19 </sequence>

10We use substrict p for the new variables, for example, ap -,
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Finally, we also have to change the outputs :

<! This part defines what data will be saved in the output file >
<output format="hdf5" filename="2MemPdisTher_g0001_110_.n1000_1000FINAL . xsil ">
<sampling_group initial_sample="yes">
<moments>photonNumberaR photonNumberal photonNumberbR photonNumberbl cR cl
ccR ccl phononNumberR phononNumberl na2R na2l nb2R nb2l nanbR nanbl</moments>
<dependencies>stochasticVariables</dependencies>

<! [CDATA[
photonNumberaR = ap.Re() a.Re() ap.Im() a.Im();
photonNumberal = ap.Im() a.Re() + ap.Re() a.Im();
photonNumberbR = bp.Re() b.Re() bp.Im() b.Im();
photonNumberbl = bp.Im() b.Re() + bp.Re() b.Im();
cR = x.Re();
cl = x.Im();

ccR = x.Re() x.Re() x.Im() x.Im();
ccl = 2 x.Re() x.Im();
phononNumberR = xp.Re() x.Re() xp.Im() x.Im();
phononNumberl = xp.Im() x.Re() + xp.Re() x.Im();
na2R = ( ap.Re() ap.Re() ap.Im() ap.Im() )
( a.Re() a.Re() a.Im() a.Im() )
4 ap.Re() ap.Im() a.Re() a.Im();
2 ap.Re() ap.Im() ( a.Re() a.Re() a.Im() a.Im() )
+ a.Re() a.Im() ( ap-.Re() ap.Re() ap.Im() ap.Im() );
nb2R = ( bp.Re() bp.Re() bp.Im() bp.Im() )
( b.Re() b.Re() b.Im() b.Im() )
4 bp.Re() bp.Im() b.Re() b.Im();

na2l

nb2l = 2 bp.Re() bp.Im() ( b.Re() b.Re() b.Im() b.Im() )
+ b.Re() b.Im() ( bp.Re() bp.Re() bp.Im() bp.Im() );
nanbR = (ap.Re() a.Re() ap.Im() a.Im()) (bp.Re() b.Re() bp.Im() b.Im())
(ap.Im() a.Re() + ap.Re() a.Im()) (bp.Im() b.Re()
+ bp.Re() b.Im());
nanbl = (ap.Im() a.Re()+ap.Re() a.Im()) (bp.Re() b.Re() bp.Im() b.Im())

+ (ap.Re() a.Re() ap.Im() a.Im()) (bp.Im() b.Re()
+ bp.Re() b.Im());

11=
</sampling_group>
</output>

C.2 Piston

The codes of the piston are similar to those of the membrane. But the variables and their
initialization, the equations and the outputs are di erent. Thus, we start with a complete example.
We give the one of the positive P representation for entangled initial conditions as it may be the
more complicated and the most di erent from the previous one.

1 <?xml version="1.0" encoding="UTF 8"?>
> <simulation xmds version="2">

3

© o N o 0 A o

10
11
12

<name>2PistPdisEnt</name>

<author>Grigoriou Emmanouil</author>
<description>
System of stoochastic differential equations for:
positive P distribution
No environments
Piston + Beam splitter
Entangled state for cavities
</description>
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14
15 <features>

16 <globals>

17 <! [CDATA[

18 real g = 0.001;

19 real lambda = 10;

20 real n = 1000;

21 real r = asinh(sqrt(n));
22 real cr = cosh(r);

23 11>

24 </globals>

25 </features>

27 <geometry>
28 <propagation_dimension> t </propagation_dimension>
29 </geometry>

o

<driver name="multi path"™ paths="10000" />

N

W oW W W
P

W

w
S

<noise_vector name="initialConditionsSampling"™ dimensions=
real”™ method="solirte">
<components>nl n2 n3 n4 n5 n6 n7 n8</components>
</noise_vector>

kind="gauss" type="

4]

w w w
o

s <vector name="stochasticVariables" type="complex">

39 <components>

40 aap b bp xp

41 </components>

42 <initialisation>

43 <dependencies>initialConditionsSampling</dependencies>

a4 <! [CDATA[

45 a = sqrt(cr) 0.5 (i exp(r 0.5) n1 exp( r 0.5) n2 exp(r 0.5) nb
46 i exp( r 0.5) n6 ) + 0.5 (n3 n7 + i n4 i n8 );
47 ap = sqrt(cr) 0.5 ( i exp(r 0.5) nil exp( r 0.5) n2 + exp(r 0.5) n5
48 + i exp( r 0.5) n6 ) + 0.5 (N3 +n7 + i nd + i n8 );
49 b = sqrt(cr) 0.5 ( i exp(r 0.5) nl exp( r 0.5) n2 exp(r 0.5) nb
50 + i exp( r 0.5) n6 ) + 05 ( n3 +n7 + i n4 i n8 );
51 bp= sqrt(cr) 0.5 ( i exp(r 0.5) ni exp( r 0.5) n2 + exp(r 0.5) n5
52 i exp( r 0.5) n6 ) + 0.5 ( n3 n7 + i nd + i n8 );
53 X = 0;

54 p=0;

55 11>

56 </initialisation>

57 </vector>

59 <noise_vector name="QuantumNoise" dimensions=""
method="solirte" >

60 <components>ksil ksi2 ksi3 ksi4 ksim</components>

61 </noise_vector>

kind="wiener" type="complex"

64 <sequence=>

65 <integrate algorithm="ARK89" interval="2" tolerance="1e 7">

66 <samples>100</samples>

67 <operators>

68 <integration_vectors>stochasticVariables</integration_vectors>
69 <dependencies>QuantumNoise</dependencies>

70 <! [CDATA[

71 dadt = i g x a i lambda b + sqrt(i g a) ksil;
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103

105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124

a M W N P

dap_.dt = i g x ap + i lambda bp +sqrt( i g ap) ksi2;
db_dt = X b i lambda a + sqrt( i g b) ksi3;
dbp_dt = X bp + i lambda ap + sqrt(i g bp) ksi4;
dx_dt = p + sqrt(i) ksim +
sqrt(i g) (i sqrt(ap) conj(ksi2)+sqrt(a) conj(ksil)
+ i sqrt( bp) conj(ksi4)+sqrt( b) conj(ksi3));
dp_dt = 2 g (ap a bp b) i sqrt(i) conj(ksim)+
sqrt( i g) (i sqgrt(ap) conj(ksi2) sqrt(a) conj(ksil)
+ i sqrt( bp) conj(ksi4) sqrt( b) conj(ksi3));

ig
ig

11>

</operators>
</integrate>
</sequence>

This part defines what data will be saved in the output file >
<output format="hdf5" filename="2PistPdisEnt_g0001_110_.n1000_10000FINAL . xsil">
<sampling_group initial_sample="yes">
<moments>photonNumberaR photonNumberal photonNumberbR photonNumberbl xR xI
X2R x21 pR pl p2R p2l xpR xpl na2R na2l nb2R nb2l nanbR nanbl </moments>
<dependencies>stochasticVariables</dependencies>

<! [CDATA[
photonNumberaR = ap.Re() a.Re() ap.Im() a.Im();
photonNumberal = ap.Im() a.Re() + ap.Re() a.Im();
photonNumberbR = bp.Re() b.Re() bp.Im() b.Im();
photonNumberbl = bp.Im() b.Re() + bp.Re() b.Im();
xR = x.Re();
xl = x.Im();
x2R = x.Re() x.Re() x.Im() x.Im();
x21 = 2 x.Re() x.Im();
PR = p.Re();
pl = p.Im();
p2R = p.Re() p.Re() p.Im() p.Im();
p2l = 2 p.Re() p.Im();
XpR = x.Re() p.Re() x.Im() p.Im();
xpl = x.Re() p.Im()+x.Im() p.Re();

na2R = ( ap.Re() ap.Re() ap.Im() ap.Im() )
( a.Re() a.Re() a.Im() a.Im() )
4 ap.Re() ap.Im() a.Re() a.Im();
2 ap.Re() ap.Im() ( a.Re() a.Re() a.Im() a.lIm() )
+ a.Re() a.Im() ( ap.Re() ap.Re() ap.Im() ap.Im() );
nb2R = ( bp.Re() bp.Re() bp.Im() bp.Im() )
( b.Re() b.Re() b.Im() b.Im() )
4 bp.Re() bp.Im() b.Re() b.Im();

na2l

11=

nb2l = 2 bp.Re() bp.Im() ( b.Re() b.Re() b.Im() b.Im() )
+ b.Re() b.Im() ( bp.Re() bp.Re() bp.Im() bp.Im() );
nanbR = (ap.Re() a.Re() ap.Im() a.Im()) (bp.Re() b.Re() bp.Im() b.Im())
(ap.Im() a.Re()+ap.Re() a.Im()) (bp.Im() b.Re()+bp.Re() b.Im());
nanbl = (ap.Im() a.Re()+ap.Re() a.Im()) (bp.Re() b.Re() bp.Im() b.Im())
+ (ap.Re() a.Re() ap.Im() a.Im()) (bp.Im() b.Re()+bp.Re() b.Im());
</sampling_group>

</output>
</simulation>

For completeness we also give the equations and the outputs of the Wigner distribution
<sequence=>

<integrate algorithm="ARK89" interval="2" tolerance="1e 15">
<samples>100</samples>
<operators>
<integration_vectors>stochasticVariables</integration_vectors>
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<! [CDATA[

dadt = i g x a i lambda b;
db.dt = i gxb i lambda a;
dx_dt = p;
dp_dt = 2 g (a conj(a) b conj(b));
11>
</operators>
</integrate>

</sequence>

<output format="hdf5" filename="2PistWigTher_g0001_110_n1000FINAL . xsil">
<sampling_group initial_sample="yes">
<moments>anorm bnorm xR X2R pR p2R XpR </moments>
<dependencies>stochasticVariables</dependencies>

<! [CDATA[
anorm = a.Re() a.Re() + a.Im() a.Im();
bnorm = b.Re() b.Re() + b.Im() b.Im();
xR = x.Re();
x2R = x.Re() x.Re() x.Im() x.Im();
PR = p.Re();
P2R = p.Re() p.Re() p.Im() p.Im();

XpR ; x.Re() p.Re() x.Im() p.Im();
11>

</sampling_group>
</output>

C.3 Compiling and plotting under Linux

In order to compile an xmds program, you must rst save your code in a xmds le. Then you can
open a terminal in the adequate repertory and enter the command**

xmds2 leName.xmds
And that’s it, the simulation is compiled. To launch it you can then use
./ leName

This will execute the simulations and output an .xsil le and an .h5 le containing the data.
In order to plot the data of the simulation, you can convert the .xsil le to a Matlab le using

xsil2graphics2 -m leName.xsil

This generates a Matlab le that loads the h5 le and transform it into readable Matlab ar-
rays. For example, the generated code for the case of the piston within the Wigner representation
with thermal initial conditions is

if (exist(’OCTAVEVERSION’, ’builtin’)) % Octave

load 2PistWigTher_g0001_10_.n1000FINAL .h5

t.1 =-ceval(’.1.t");

mean_anorm_1 = eval(’_1.mean_anorm’);

mean_anorm_1 = permute(mean_anorm_1, ndims(mean_anorm_1): 1:1);
mean_bnorm_1 = eval(’_1.mean_bnorm’);

1For more detailled information you can consult the site of XMDS2: http://www.xmds.org/
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50
51

52
53
54
55
56
57
58
59
60
61
62

64

mean_bnorm_1 =
mean_xR_1 = ev

mean_xR_1 pe
mean_x2R_1 = e
mean_x2R_1 = p
mean_pR_1 = ev
mean_pR_1 = pe
mean_p2R_.1 = e
mean_p2R_.1 = p
mean_xpR_-1 = e
mean_xpR_.1 = p
stderr_anorm_1

stderr_anorm_1
stderr_bnorm_1
stderr_bnorm_1
stderr_xR_1
stderr_xR_1
stderr_x2R_1
stderr_x2R_1
stderr_pR_1
stderr_pR_1
stderr_p2R_1
stderr_p2R_1
stderr_xpR_1
stderr_xpR_1
clear _1;
else % MATLAB
t_.1 = hdf5read
mean_anorm_1 =
mean_anorm_1 =
mean_bnorm_1 =
mean_bnorm_1 =

mean_xR_1 = hdf5read (’2PistWigTher_g0001_10_.n1000FINAL.h5",

mean_xR_1 pe
mean_x2R_1 = h
mean_x2R_1 = p
mean_pR_1 =

mean_pR_1 = pe
mean_p2R_1 = h
mean_p2R_.1 = p
mean_xpR_1 = h
mean_xpR_-1 = p

stderr_anorm_1
stderr_anorm’
stderr_anorm_1

hdf5read (’2PistWigTher_g0001_10_.n1000FINAL .h5",

permute (mean_bnorm_1, ndims(mean_bnorm_1): 1:1);

al(’_1.meanxR");

rmute (mean_xR_1, ndims(mean_xR_1): 1:1);

val(’_-1.meanx2R");

ermute(mean_x2R_1, ndims(mean_x2R_1): 1:1);
al(’_1.meanpR");

rmute(mean_pR_1, ndims(mean_pR_1): 1:1);

val (’_1.mean_p2R’);

ermute (mean_p2R_1, ndims(mean_p2R_1): 1:1);

val (’_1.mean xpR’);

ermute (mean_xpR_1, ndims(mean_xpR_1): 1:1);

eval (’_1.stderr_anorm’);

permute(stderr_anorm_1, ndims(stderr_anorm_1)

eval (’_1.stderr_bnorm’);

permute(stderr_bnorm_1, ndims(stderr_bnorm_1)

eval (’_1.stderr_xR");

permute (stderr_xR_1, ndims(stderr_.xR_1): 1:1);
eval (’_1.stderr_x2R’);

o 1:1);

o 1:1);

permute(stderr_x2R_1, ndims(stderr_x2R_1): 1:1);

eval (’_1.stderr_pR"’");
permute (stderr_pR_1, ndims(stderr_pR_1): 1:1);
eval (’_1.stderr_p2R’);

permute(stderr_p2R_1, ndims(stderr_p2R_1): 1:1);

eval (’_1.stderr_xpR"’);

permute(stderr_xpR_1, ndims(stderr_xpR_1): 1:1);

(’2PistWigTher_g0001_10_.n1000FINAL .h5", */1/t’);
hdf5read ('2PistWigTher_g0001_10_.n1000FINAL.h5",
permute (mean_anorm_1, ndims(mean_anorm_1): 1:1)
hdf5read ('2PistWigTher_g0001_10_n1000FINAL.h5",
permute (mean_bnorm_1, ndims(mean_bnorm_1): 1:1)

rmute(mean_xR_1, ndims(mean_xR_1): 1:1);

’/1/mean_anorm’) ;

*/1/mean_bnorm’) ;

"/1/mean xR ") ;

df5read ("2PistWigTher_g0001_10_.n1000FINAL .h5", */1/mean_x2R’);

ermute(mean_x2R_1, ndims(mean_x2R_1): 1:1);

rmute (mean_pR_1, ndims(mean_pR_1): 1:1);

*/1/mean_pR’);

df5read (’2PistWigTher_g0001_10_.n1000FINAL .h5", ’/1/mean_p2R’);

ermute (mean_p2R_1, ndims(mean_p2R_1): 1:1);

df5read (’2PistWigTher_g0001_10_.n1000FINAL .h5’, ’/1/mean_xpR’);

ermute (mean_xpR_1, ndims(mean_xpR_1): 1:1);

= hdf5read ('2PistWigTher_g0001_10_n1000FINAL .h5", */1/

)

= permute(stderr_anorm_1, ndims(stderr_anorm_1)

o 1:1);

stderr_bnorm_1 = hdf5read (’2PistWigTher_g0001_10_.n1000FINAL.h5", "/1/

stderr_bnorm’
stderr_bnorm_1
stderr_xR_1 =
stderr_xR_1 =
stderr_x2R_
stderr_x2R_
stderr_pR_1
stderr_pR_1
stderr_p2R_1
stderr_p2R_1
stderr_xpR_1
stderr_xpR_1

end

e
I

)
= permute(stderr_bnorm_1, ndims(stderr_bnorm_1)
hdf5read (’2PistWigTher_g0001_10_.n1000FINAL .h5",
permute(stderr_xR_1, ndims(stderr_xR_1): 1:1);
hdf5read ('2PistWigTher_g0001_10_.n1000FINAL.h5",
permute(stderr_x2R_1, ndims(stderr_x2R_1): 1:1)
hdf5read (’2PistWigTher_g0001_10_.n1000FINAL .h5",
permute (stderr_pR_1, ndims(stderr_pR_1): 1:1);
hdf5read (’2PistWigTher_g0001_10_.n1000FINAL .h5",
permute(stderr_p2R_1, ndims(stderr_p2R_1): 1:1)
hdf5read (’2PistWigTher_g0001_10_.n1000FINAL .h5",
permute(stderr_xpR_1, ndims(stderr_xpR_1): 1:1)
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o 1:1);

"/1/stderr_xR’);

"/1/stderr_x2R ) ;

"/1/stderr_pR’);

"/1/stderr_p2R’);

"/1/stderr_xpR ") ;
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