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Quantum thermodynamics in a multipartite setting: A resource theory of local
Gaussian work extraction for multimode bosonic systems
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Quantum thermodynamics can be cast as a resource theory by considering free access to a heat bath, thereby
viewing the Gibbs state at a fixed temperature as a free state and hence any other state as a resource. Here,
we consider a multipartite scenario where several parties attempt at extracting work locally, each having access
to a local heat bath (possibly with a different temperature), assisted with an energy-preserving global unitary.
As a specific model, we analyze a collection of harmonic oscillators or a multimode bosonic system. Focusing
on the Gaussian paradigm, we construct a reasonable resource theory of local activity for a multimode bosonic
system, where we identify as free any state that is obtained from a product of thermal states (possibly at different
temperatures) acted upon by any linear-optics (passive Gaussian) transformation. The associated free operations
are then all linear-optics transformations supplemented with tensoring and partial tracing. We show that the local
Gaussian extractable work (if each party applies a Gaussian unitary, assisted with linear optics) is zero if and
only if the covariance matrix of the system is that of a free state. Further, we develop a resource theory of local
Gaussian extractable work, defined as the difference between the trace and symplectic trace of the covariance
matrix of the system. We prove that it is a resource monotone that cannot increase under free operations. We also

provide examples illustrating the distillation of local activity and local Gaussian extractable work.
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I. INTRODUCTION

Thermodynamics is a macroscopic theory applicable in the
limit where the number of particles and volume tend to infinity
[1]. However, with our increasing ability to control or manip-
ulate small systems and the realization of molecular motors
[2-4] and nanomachines [5-9], the scope of applicability of
thermodynamics is starting to stretch beyond the macroscopic
region. One of the main goals of the thermodynamics of
small systems—quantum thermodynamics—is the extraction
of work by means of cyclic Hamiltonian transformations
of a quantum state. Evidently, it is of great importance to
know which states do not allow for any work extraction
under Hamiltonian transformations. Such states are known as
passive states [10,11]. For a quantum system in a state p with
a given Hamiltonian H, the maximum amount of work that
can be extracted using any unitary U is defined as

W(p, H):= mﬁlx Tr[ﬂ(,o — U,OUT)].

Thus, a passive state p, is such that W (pp, H) = 0. It is also
known that, given a passive state pp, a tensor power of it may
or may not be passive; i.e., W(pg@”, Heo) may or may not be
zero for some integer n, where Hy, is the total Hamiltonian. A
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passive state p, that remains passive for all its tensor powers
pr?”, Vn, is known as completely passive. A central result in
quantum thermodynamics is that the only completely passive
states are the thermal Gibbs states p oc exp(—BH) [11].

A resource theory of thermodynamics can be developed
to systematically describe work extraction from a quantum
system and, in general, the allowed state transformations are
those where the system interacts via an energy-preserving
unitary together with an ancilla chosen to be in a thermal
Gibbs state (with an arbitrary Hamiltonian) at some fixed
temperature [12—15]. In this resource-theoretic treatment of
quantum thermodynamics, the thermal Gibbs state of the
system at the same temperature as that of the ancilla is the only
free state [12—14]. Although considering arbitrary Hamiltoni-
ans and arbitrary energy-preserving unitaries is satisfying in
the context of establishing a general framework for quantum
thermodynamics, it may also be interesting to focus on states
and unitaries of higher practical relevance. For bosonic sys-
tems, for example, restricting to Gaussian states and Gaussian
operations has proven to be very fruitful, particularly in the
field of quantum information theory with continuous variables
[16-18]. Similarly, exploring quantum thermodynamics with
Gaussian bosonic systems is a promising avenue [19], which
we investigate here.

In this paper, we explore a multipartite quantum ther-
modynamical scenario as illustrated in Fig. 1, where each
party can extract work locally by applying a local unitary
and this process is being assisted with a global energy-
preserving unitary (hence, allowing no global work extraction
as such). This is not a trivial extension of work extraction for a
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FIG. 1. Multipartite quantum thermodynamical scenario in
which each party extracts work locally and this process is being
assisted with a global energy-preserving unitary (allowing the parties
to exchange energy among them but not allowing global work
extraction). Here, we consider the model where the quantum system
held by each party is a harmonic oscillator (or a bosonic mode) and
local work extraction is restricted to Gaussian unitaries (especially
squeezing). It is assisted with a global energy-preserving (passive)
Gaussian unitary, which corresponds to any linear-optics circuit.

single party because there exist situations where an energy-
preserving coupling allows the parties to extract work locally
even though their local (reduced) states are initially passive.
Given the definition of passive states, a natural choice may be
to consider them (instead of Gibbs states) as free states in a
resource theory for extractable work. However, considering
passive states as free states defies a plausible criterion for
any reasonable resource theory, namely that if a state p is
free, then p®" should also be free for any integer n [20]. For
this reason, we rather take Gibbs states as building blocks of
our free states for each party, which allows us to develop a
multipartite resource theory for local extractable work within
this restriction.

In particular, we examine a multimode bosonic system as a
specific model, where the Hamiltonian is that of N harmonic
oscillators. Hence, the Gibbs states reduce to Gaussian ther-
mal states and energy-preserving unitaries become passive
Gaussian unitaries (i.e., all linear-optics transformations). In
order to develop a multipartite resource theory, we consider
as free states the products of thermal states (possibly at differ-
ent temperatures) acted upon by linear-optics transformations
[see Fig. 2(a)]. We first discuss the properties of this set of free
states, denoted as Z¢, and build the set of free operations At
that is consistent with Z;. Specifically, a free operation cannot
create local activity (i.e., a resource state) when acting upon
any free state. We note that Z is not convex, owing to the fact
that the set of Gaussian states is not convex. This issue might
be solved by using the convex hull of Z; (see, e.g., [21,22]),
but we choose not to follow this procedure here as there is
a physically motivated way to define a convex set Zyw that
contains Zr (see Fig. 3). Indeed, it appears that the covariance
matrices of our free states, which we call free covariance
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(b) Tensoring of free states.

(a) Free states.

FIG. 2. (a) Definition of an N-mode free state p{_ .y- Here,
71 ® --- & Ty is a tensor product of N thermal states (possibly with
different temperatures) and LI represents a linear interferometer. The
single-mode reduced states of p{___N are thermal states [, ..., Ty.
(b) From the definition (a), it is clear that the tensor product of free
states is itself a free state.

matrices, form a convex set. Furthermore, we prove that the
states admitting a free covariance matrix coincide with the
states from which no work can be extracted by local Gaussian
unitaries assisted with linear optics. This set of states with no
extractable work, noted Zy, is therefore convex. Clearly, Z is
contained in Zy as it corresponds to the subset of Gaussian
states within Zyw, that is, the Gaussian states from which no
local Gaussian work extraction assisted with linear optics is
possible (the non-Gaussian states with no extractable work
belong then to Zw \ Zy). It must be noticed that there exist
states in Zyw that do not belong to the convex hull of Z;, as
sketched in Fig. 3. These are non-Gaussian states with no
extractable work that cannot be written as convex mixtures
of (Gaussian) free states.

In this work, we start by developing a resource theory of
local activity in terms of quantum states (that is, building on
the set of free states Zy; hence not being in Z¢ is viewed as a
resource). We dub the resource states, i.e., the states p ¢ Z, as
locally active states in the sense that they contrast with passive
states. We develop resource monotones for local activity based
on contractive distance measures, with a particular emphasis

— o -

FIG. 3. Within the set of all quantum states Z, we define the set
of states Zyw from which no local Gaussian work extraction (assisted
with linear optics) is possible, namely states p such that W;(p) = 0.
The subset of Gaussian states within Zy is our set of free states
¢, namely states p whose local activity A;(p) = 0. Note that Z; is
not convex, owing to the fact that Gaussian states do not form a
convex set, but it is strictly included in the convex set Zyw. Thus, there
exist non-Gaussian locally active states (A; # 0) from which no local
Gaussian extraction of work is possible (W, = 0).
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on relative entropy. We find that the relative entropy of local
activity of a state p, noted A;(p), is additive for product states;
however, it is neither sub- nor superadditive for arbitrary
quantum states (although we can express a relaxed form
of subadditivity). Next, we explicitly calculate the relative
entropy of local activity for arbitrary two-mode Gaussian
states. Moreover, through explicit examples, we show that it
is possible to obtain a more resourceful state starting from
two copies of a less resourceful state. This shows that the
distillation of local activity is, in principle, possible.

In the second part of this work, we develop a resource
theory in terms of covariance matrices (that is, building on the
set of free covariance matrices instead of free states; hence
not being in Zy is viewed here as a resource). This leads to
a resource theory of local Gaussian work extraction assisted
with linear optics. We elaborate on the properties of local
Gaussian extractable work in this multipartite setting, noted
Wi (p), and discuss its possible distillation. Interestingly, it
can be expressed as the difference between the trace and
symplectic trace of the covariance matrix associated with the
state, allowing us to access its properties by exploiting the
symplectic formalism of quantum optics.

The rest of the paper is organized as follows. We first set
the notations and some preliminaries in Sec. II. In Sec. III,
we introduce the set of free states and free operations for our
resource theory of local activity and discuss their properties.
In Sec. IV, we define local-activity monotones and then
provide some explicit calculations in Sec. V. In particular, we
derive a closed-form formula for the relative entropy of local
activity for arbitrary two-mode Gaussian states. In Sec. VI,
we introduce local Gaussian extractable work viewed as a
resource, and discuss its various properties. In Sec. VII, we
discuss the possibility of distillation of various resources. We
conclude in Sec. VIII, with a discussion on the implications
of our findings. Finally, in the appendices, we provide details
on some of our calculations.

II. PRELIMINARIES AND NOTATIONS

Gaussian states. Let us consider a system of N bosonic
modes with quadrature operators X = (41, p1,---, 4w, )T
which satisfy the canonical commutation relations [16]

[, %1 =iQ; @, j=1,...,2N),

where

N
2=Do. o=(", ) 1)

k=1
and we have set i = 1. The corresponding N pairs of annihi-
lation and creation operators are defined as a; = \/Li(qﬁ +1ip;)
and &}L = %((ji — ip;). The Hamiltonian corresponding to

mode i is given by H; = &j&i + 1/2, where we have consid-
ered all angular frequencies to be the same and equal to one.
Given an N-mode quantum state p, the first-order moments
constitute the displacement vector, defined as

%= (&) = Tr(&p). )

The second-order moments make the covariance matrices
(CMs), defined as

Lij o= 5 (& = (&), & — @)D, 3)

where {-, -} represents the anticommutator. The matrix I" is
a positive-definite matrix. In particular, any positive-definite
matrix which satisfies the uncertainty relation qualifies as a
valid CM [23].

A Gaussian quantum state p = p(X,I") has a Gaussian
Wigner representation. As a consequence, it is described
fully in terms of its first two statistical moments, namely,
the displacement vector and the CM [24]. The vacuum state
|0) is a Gaussian state with zero displacement and CM I' =
%]Iz, where [, denotes a 2 x 2 identity matrix. Similarly, the
thermal state py, is a Gaussian state with zero displacement
and CMT = (it 4+ })I,, where it = Tr[ppa'a] [16].

The total energy of a system of N bosonic modes in an
arbitrary state p is given by E =), Tr[pH;]. This can be
reexpressed as

E = LI+ %1%, )

where I' and X are the CM and displacement vector of state p,
respectively. Note that the expression of the energy holds for
any state (Gaussian or not).

It is worthwhile to notice that an arbitrary N-mode Gaus-
sian state p(X, I') can be written as [25]

exp[-1& —%0/GE—%)]
det(T" +iQ/2)!1/2 ’

ox, ') = )

where the matrix G can be defined in terms of the covariance
matrix I" as

G =2iQcoth~' (2" iQ). (6)

From the Williamson theorem [16,26], any CM I' can be
brought into the form D = @2’:] vill, through expression
I' = SDST, where S is a symplectic matrix (it satisfies
SQST = Q) and the variables vy are called symplectic eigen-
values (they satisfy the uncertainty principle vy > 1/2, Vk).
Using this, one has G = —QSGD)STQ, where G(x) =
2coth™"(2x) [25].

Gaussian unitary operations. A Gaussian unitary transfor-
mation is a unitary transformation that preserves the Gaussian
character of a quantum state [16]. In terms of quadrature
operators, a Gaussian unitary transformation is an affine map

(S,d): & — Sk +d, 7)

where S is a 2N x 2N real symplectic matrix and d is a
2N x 1 real vector. Under Gaussian unitary transformations,
X — Sx+dandI" — ST'S”. The Gaussian unitary is called
passive if it is energy conserving (or photon-number conserv-
ing). In the rest of this work, we denote passive Gaussian uni-
taries as UPS. Such a unitary implies an orthogonal symplectic
transformation S on the quadrature operators. Physically, pas-
sive Gaussian unitaries correspond to all linear-optics circuits,
that is, any multiport interferometer made of beam splitters
and phase shifters.
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Von Neumann entropy of a Gaussian state. The von Neu-
mann entropy of a Gaussian state p can be written as [16,27]

N

S(p) =) &), ®)

k=1

where the v, are the symplectic eigenvalues of p, while

B 1 | 1 1 | 1 0
g(y)—(y+§>n<y+§>—(y—§>n<y—§>. &)

Here, the logarithm is considered in base e. For a thermal state
Oth, Vi = g + 1/2, where iy, = Tr[p&,t&k] is the mean number
of photons in the kth mode, so that its entropy is given by

N
S(pm) = Z[(ﬁk + DIn(ye + 1) — iy In g ). (10
k=1

Relative entropy between Gaussian states. The relative
entropy between two arbitrary Gaussian states p(X;, ') and
0 (X,,I',) is given by [28]

S(pE, I'Dllo (X2, T2))
| .
=5S(p) + z[m det (1“2 + %) + Tr(TG>) +8TG23],

(1)

where 6 := X; — X, and G, is defined through Eq. (6). See
Refs. [29,30] for other formulations of the relative entropy
between Gaussian states.

III. BASIC FRAMEWORK: FREE STATES
AND FREE OPERATIONS

A general resource theory comprises two basic elements:
the set of free states and the set of free operations. Based on
these two elements, the resource states can be identified and
the amount of the resource is then quantified with the help of
resource monotones which satisfy certain bona fide criteria.
For more details on the structure of resource theories, see
Refs. [20,31]. For examples of well-studied resource theories,
see Refs. [12-14,21,22,32-45].

In the following, we introduce the free states and free
operations suitable for our purposes of describing local Gaus-
sian work extraction scenarios and discuss the implications of
these two basic elements.

(1) Free states. A state is free if it is a passive Gaussian
unitary equivalent of a product of thermal states, as illustrated
in Fig. 2(a). In other words, it is a product of thermal states
acted upon by any passive Gaussian unitary. Let us denote the
set of free states as Z; = {UP0(1; ® - - - ® ty)UCT}, where
UPS is a passive Gaussian unitary transformation and {t;} are
thermal states corresponding to different modes (possibly with
different temperatures). As already mentioned, any passive
Gaussian unitary can be built with linear optics (it is a con-
catenation of beam splitters and phase shifters). In the case
of two modes, UPC is a combination of just a single beam
splitter and three phase shifters. In particular, any N-mode
passive Gaussian unitary can be written as a concatenation
of N(N — 1)/2 beam splitters and N(N + 1)/2 phase shifters
[23].

Remark 1. The free states are Gaussian states such that the
reduced state of each mode is a thermal state (the converse
is not true). This directly follows from the structure of their
covariance matrix [see Eq. (13)].

Remark 2. The free states are separable. This follows from
Refs. [46,47], which state that the output state of a beam
splitter is always a separable state if the input is classical; i.e.,
it has a positive P function [48-50]. However, the converse
is not true and all Gaussian separable states do not belong to
the set of free states. In order to see that, consider a coherent
state as an example of a state with a positive P function. If
a coherent state is fed in one input of a beam splitter and a
vacuum in its other input, the output gives rise to a Gaussian
separable state, while it is not free according to our definition.

Remark 3. The set of free states Z; is not convex. This
follows from the fact that the set of Gaussian states is not
convex; i.e., if we consider the convex combination of free
states, then the resulting state will generally not be free as it
might be non-Gaussian.

Since the free states are Gaussian states, we can describe
them using their displacement vector and covariance matrix.
Indeed, an N-mode free state UP%(7; @ - - - @ 7y)UPOT can be
seen as a Gaussian state with displacement zero and CM

(V) =0(®), v1L)o", (12)

where v; = i1; + 1/2, with i; being the average photon num-
ber in the ith thermal state 7; and O being an orthogonal sym-
plectic transformation that corresponds to U?C. Furthermore,
we show that the CM of an N-mode free state can be written
in a simple form as

anl, R -+ Ry
R, axnl, -+ Ruw

C(N) = , , ) , ) (13)
R{N R;N aNN]I2

where R;; are 2 x 2 matrices such that R,-jRiTj o« I, and

R; ijl-Tj & w. This can be proved using mathematical induc-
tion and the fact that any passive Gaussian unitary can be
built with linear optics. The interested reader is referred to
Appendix A for a proof. Note also that the symplectic eigen-
values of I'(N) in Eq. (13) are the same as its eigenvalues.

Remark 4. The covariance matrices corresponding to free
states form a convex set. That is, if l"ge)e and l"ge)e are two
CMs corresponding to two free states [Eq. (13)], then for
0< p< 1, pli + (1 — p)I'e) is also of the form given by
Eq. (13). See Appendix B for a proof. Note that this is not
in contradiction with the fact that the set of free states is not
convex. Indeed, the covariance matrix that we obtain after
mixing two covariance matrices corresponding to Gaussian
free states can very well describe a non-Gaussian state, which
is not free according to our definition. However, in situations
where we are only concerned with covariance matrices (for
example, if we are interested in work extraction), we recover
convexity of the set Zy (see Fig. 3) since the mixture of free
covariance matrices is free.

From the structure of the covariance matrices of our free
states, Eq. (13), it is obvious that locally, for each mode,
we get the covariance matrix of a thermal state. Therefore,
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FIG. 4. Partial-tracing the last mode of an N-mode free state
p{ .y Tesults in another free state, which can be decomposed back
into another product of thermal states 7; ® - - - 75, via another linear
interferometer LI'. This results from Cauchy’s interlacing theorem
and from the structure of free covariance matrices, Eq. (13).

one understands that no work can be extracted locally from
these free states. This hints at the fact that we are in the
right direction if our goal is to develop a resource theory
of local Gaussian work extraction. In fact, we will later
prove that the free covariance matrices are actually the only
covariance matrices that do not allow for any local Gaussian
work extraction, even when assisted with linear optics.

As already noted, free covariance matrices may also char-
acterize non-Gaussian states in state space. As a consequence,
defining the resource of an arbitrary state in terms of its
distance to the set of free states Z; in state space does not
necessarily quantify its usefulness for local Gaussian work ex-
traction. Therefore, we choose the denomination local activity
for the distance-based monotones in state space as defined
in Sec. IV, making an explicit distinction with the local
extractable work later considered in Sec. VI based on the
phase-space picture. This distinction is connected to the fact
there exist states out of Z; (hence, locally active) belonging
to Zw (hence, having no local Gaussian extractable work) as
shown in Fig. 3.

(2) Free operations.

O, : FPassive (energy-conserving) Gaussian unitaries. These
are by definition free operations.

0;,: Tensoring of free states. Given an N-mode free state
UPS(1) ® --- ® ty)UPYT, if we tensor it with any other
M-mode free state VFPO(r/ ® - ® 1;,)VFOT, then UP® ®
V(@ - @) ® (M® - 7;,)UPST @ VFST is again
a free state as UPC ® VPO is another passive Gaussian unitary.
Similarly, since tensoring in state space means applying direct
summation in phase space, it is easy to understand that, if ri

and T,
is also free. This is obvious from Eq. (13).

Os: Partial tracing. That partial tracing is a free operation
can be seen most conveniently in the phase-space picture.
Suppose we have an N-mode free state as given in Eq. (12).
Now, suppose we trace out one mode, say the last one; then,
at the level of covariance matrices, this translates into deleting
rows and columns of the corresponding mode. The remaining
covariance matrix I''(N — 1) then corresponds to the partial-
traced state. Now, let us show that the remaining covariance
matrix can be written as

'V -1 =0(a) v/ L)o",

free

. . 1 2
are two free covariance matrices, then I't). @ l"lgre)e

so that the remaining state is indeed free, as illustrated in
Fig. 4. To prove the above, it suffices to prove that I"(N — 1)
has a similar structure to Eq. (13) and has all its eigenval-
ues greater than or equal to half. The fact that I''(N — 1)

has eigenvalues greater than or equal to half follows from
Cauchy’s interlacing theorem for symmetric matrices. In par-
ticular, )\min(F/(N - 1)) = )"min(FN) = 1/27 where )"min(FN)
represents the smallest eigenvalue of I'y. The fact that the
reduced covariance matrix I''(N — 1) can be written in a
similar form to that in Eq. (13) is clear since we simply have
deleted the last two rows and columns.

Thus, having in mind that in state space, partial-tracing
over a multimode Gaussian state yields another Gaussian
state, one understands that the resulting (N — 1)-mode state
corresponds to a free state. Therefore, we conclude that
partial-tracing one of the modes is a free operation. The same
argument can be applied recursively to the partial-tracing of
any number of modes.

In the following, we denote the set of free operations as Ay,
consisting of all operations from O to Os. It is of interest to
note that Ay includes the (free) quantum channels @, which
are generated as

®(0%) = Tra[Usy (0° ® pf)Us ', (14)

where pS is the state of the system, p;‘. is a free state of the

ancilla, and ULC is a passive Gaussian unitary. In particular,
if the system and ancilla are single-mode each, one recovers
a thermal bosonic channel where the system mode is coupled
with an ancilla mode in the thermal states r{ﬁ (note that the
temperature of the thermal state is unspecified here, in contrast
to Refs. [12-14]). Let us denote the Kraus operators of this
single-mode channel ®; by {K;}. If we want to include post-
selection in the context of our free operations, i.e., if we as-
sume the access to individual Kraus operators, this necessarily
demands that I(irthl(iT is proportional to some thermal state for
each index i. This extra condition on the Kraus operators does
not follow from @/ being a free channel and, in fact, many
desirable free channels do not satisfy this extra condition. For
instance, consider a single-mode pure-loss channel, which is
defined as

Dpr (%) = Tra[U (05 ® 10) (0HUGT],  (19)

where UBS is a beam-splitter unitary and |0) is the vacuum
state. The Kraus operators for such a channel are listed in
Ref. [51]. It is easy to see that the individual Kraus operators
of a pure-loss channel do not map thermal states onto thermal
states (see Appendix C for more details on postselection).
Therefore, requiring postselection to be free is a very stringent
condition on the allowed set of quantum operations which we
choose not to consider here.

IV. LOCAL-ACTIVITY MONOTONES

In the resource theory that we define based on Z; and
A¢ (in the state-space picture), local activity is deemed as a
resource as it cannot be created from free states using free
operations. As in other resource theories, the local activity can
be quantified using any contractive distance,

A;(p) = min D(p, o),
(TGIf

where D is a contractive distance; i.e., it verifies
D(A(p), A(0)) < D(p,0) with A being a completely
positive trace preserving map. Here, we choose to consider a
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specific monotone that is based on the relative entropy. If we
take D to be the relative entropy, then the relative entropy of
local activity can be defined as

Ai(p) = (rrneiInS(p o).
!

Here the relative entropy S(p|lo) = Tr[p(Inp —Ino] if
supp(p) < supp(o) and oo otherwise. We now list some of
the properties of A;(p).

Py: Monotonicity of the relative entropy of local activity
under free operations. To see this, let the minimum of the
distance for a state p be achieved at some free state o* € 7.
Then,

Ai(p)=S(pllo*)
= S(A¢lplll Aelo™])
= S(Aclplll6)
= Ianelg S(Aslplllo) = Ai(AclpD),

where 6 = A¢[o*] is necessarily some free state. The above
is true for any contractive distance D.

P»: Invariance of the relative entropy of local activity under
passive Gaussian unitaries. Let UFC be a passive Gaussian
unitary transformation; then

A(UPCpUPSTY = Ay(p). (16)

It follows from the fact that S(UFPSpUPCST|o*) =
S(p || UPCT6*UPC) and UPCTo*UPC is a free state if o*
is a free state. Minimizing over UP9Ta*U"C is just equivalent
to minimizing over free states (the set Z; is closed under
passive Gaussian unitaries).

Ps: Relaxed subadditivity of the relative entropy of local
activity. We are looking for a relation between the relative
entropy of local activity of a composite state and the relative
entropy of local activity of its marginals. Consider a quantum
system composed of M + N modes in a state pap; here A (B)
are subsystems of the composite system AB with M (N)
modes. Let A;(pa) = S(palloy) and A;(pp) = S(pp Il og),
where o and o are the free states that achieve the minima
for the respective reduced states p4 and pg. Then,

Ai(pa) +Ai(pg) = S(pall o)+ S(os |l 05)
—S(pag | pa ® pp) + S(pag Il o4 @ 05)

WV

—S(pas Il P4 ® pp) + min S(pag || 0ap)
oap€ls

—S(oa Il P4 ® pp) + A;(0aB).

Therefore,

Ai(pap) < Ai(pa) +Ai(pp) + S(pas Il o4 ® pB),

where  S(pag Il pa ® pp) = S(pa) + S(pp) — S(pap) 20 is
the quantum mutual information between the states p4 and pp.
As a consequence, in the special case where psp = pa ® pp,
this “relaxed” form of subadditivity translates into subadditiv-
ity for product states (see also Py).

The subadditivity of A; may look undesirable since it trans-
lates the fact that a composite system holds fewer resources
than the sum of its components. The reason why this is
possible is linked to the fact that Z; is not convex. In contrast,

as we will see in Sec. VI, the extractable work under local
Gaussian unitaries W, is superadditive as a consequence of the
convexity of Zy.

Py: Additivity of the relative entropy of local activity for the
product of single-mode states with zero-displacement vectors.
We have

A(®F o) =) Aipr). (17)
i=1

The inequality “<” is immediate from property Ps, but the in-
equality “>" holds too. The proof of this property is provided
in the next section as we need the explicit expression of A; for
one-mode states.

V. RELATIVE ENTROPY OF LOCAL ACTIVITY

After having defined and established properties of the
relative entropy of local activity, let us explicitly calculate its
value for some single-mode and two-mode cases.

A. Single-mode case

For a single mode, the only free states are thermal states
at different temperatures. The expression of a thermal state in
the Fock basis is given by

o0 -n

i
TﬁIZmVlH”L
n=0
where 7 is the mean photon number. In the single-mode case,
the relative entropy of local activity for a state p is given by

Ai(p) = min S(p || 7a)
= min [-S(p) — Tr(p In73)].

It is easy to check that the minimum appearing in this equa-
tion is attained for i = ), np,, =i, = Tr[pa’a), where the
onn = (n|p|n) represent the diagonal elements of p in the Fock
basis. Thus,

Ai(p) = =5(p) = Y pulnIni, — (0 + 1)InGi, + 1)]

n=0
= —=S(p)+ g, +1/2),
where
g, +1/2) = (i, + 1) In(7i, + 1) — a1, In7i,

denotes the entropy of a thermal state 7;, having the same
energy as p. The local activity of a single-mode state is just
the relative entropy between the state p and the thermal state
75, with the same energy, namely A;(p) = S(p | 7;,). Hence,
the activity of a quantum system in a state p measures a
sort of distance from the thermal state having the same mean
photon number. As it happens, the same quantity appears as
the definition of the coherence measure of Gaussian states for
a single mode [52] (see also Sec. VE).

B. Application to the proof of additivity

We are now in position to prove the additivity property
P4 of the relative entropy of local activity for products of
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single-mode states. We have

A(®Lyp;) =  min

~ PG ~ t, UG

o, 3(@a | @)

Upclglin A S(UPGT é’oi U é T"f)
e < -

:—ZS(,O,)—i—mmZ (s +1/2),  (18)

where Ibl...f’ﬂ = UPGT ®;n 1 Pi U and Ibl = Tr—\l(lbl...m), and
so on. Here, we have used the result of the minimization
over iy, ..., n, coming from the single-mode case. Now,
we show that mingee Y i g(ip, + %) =", 8, + %). To
prove this, let us note that U PG transforms the annihilation
operators as follows:

SD

= ZMU&J', (19)
j=1

where u;; are the matrix elements of an arbitrary uni-
tary matrix u. Note that ii;, = Tr[a & @), pi] = (& &) and
iy, = Tr[fl?fl,‘ Q' pil = (@l a;). We have

where for the last step we have assumed that all the Gaus-
sian states p; (i = 1, ..., m) have a zero-displacement vector.
Now, from the concavity of function g, we have

Zg<ﬁ[)i + %) 2 ZZu?juij g(flpj + %)
i=1 i=1 j=1

=5 (S )

=3¢ +3)

where equality is achieved when UPC =T or u;; = §;;. Thus,
applying a passive Gaussian unitary U?C can only increase the

+ %). Hence, using P; and above, we have

ZS(m + Zg(np 1/2)
= ZAz(pi).
i=1

value of 7" | g(iip,

lTl
A ;- 1/01 =

C. Two-mode case

Consider a Gaussian state p;(d,I'1) of two modes with

covariance matrix
A C
Fi=\cr

and the displacement vector =(d dy ds d4)T
Define o = Tr[A], 8 = Tr[B], ¢ = Tr[C] and v = —Tr[a)C]

Furthermore, define @ = (@ + B +4d;), B = (a — ,3 + dz)
c=(c+ d3) and O = (v+ds), Where di = (dl + d2
d3 + dp), =} +d; —d; —d?), = (d\d3 + dhdy),

and d, = (d|d4 — dyds). Finally, let us deﬁne

S R, O cos 61, sinfl,\ [R3 O
—\o Ry )\ —sin0l, cosHl, 0 Ry
( cosOR | R3 sin 0R1R4)

—sin@RyR;  cosOR R, )’

andfori=1,...,4,

R coSs ¢; sin ¢;
" \—sing; cos¢;)’
with §¢ = ¢ — ¢,. We see that the angles ¢3 and ¢4 do not
actually matter in the definition of the most general case. We

show in Appendix D that the closest free state to p;(d, ")
corresponds to

with the following definitions:

b= J1a+ B+ 4@+ o))
by = 11&— B+ 4@ + o))

1 (2\/52 - rﬂ)
0 = ——arctan | ——— |,
2 p
8¢ = arctan(D/¢).
In this case, the relative entropy of local activity is given by

2

Alp) =) [ab) — g,

i=1

where the v; are the symplectic eigenvalues of p. The details
of the calculations are provided in Appendix D.
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D. Examples

In the following, we give some examples of values of the
relative entropy of local activity for some quantum states of
interest.

(1) Fock states. The Fock state |n) has a value of the relative
entropy of local activity given by A; = g(n + %).

(2) Squeezed state. The squeezed vacuum state |Sq) of
squeezing parameter r has a value of the relative entropy of
local activity given by A; = g(sinh® r + %).

(3) Coherent state. The coherent state |o) of complex
amplitude o has a value of the relative entropy of local activity
given by A; = g(jar|* + 7).

(4) Two-mode squeezed vacuum state. The two-mode
squeezed vacuum state |[TMS) of squeezing parameter r has
a value of the relative entropy of local activity given by
A =2 g(sinh2 r+ %). This results from the fact that it can be
obtained with a 50 : 50 beam splitter (i.e., a passive Gaussian
unitary) applied on a product of two single-mode squeezed
vacuum states (with squeezing of orthogonal quadratures).

E. Comparison with coherence of Gaussian states

The relative entropy of coherence for Gaussian states was
defined in Ref. [52]. For the sake of clarity, we remind the
reader of its expression here. For an N-mode Gaussian state
p, the Gaussian (relative entropy of) coherence is given by
[52]

N
1
Co(p) = ; [g(n,,, + 5) - g(vi)},
where the v; are the symplectic eigenvalues of p and n, =

Tr[&;r&ip] is the mean number of photons of the state p;. We
note that

A(p)= min S| U1 ®--- @)U
UPG,T],...,IN
< Tlmll’}[ Spllu® - Q) = CG(,O)

Also, we have shown that Cs(p) coincides with the relative
entropy of local activity in the single-mode case. This is
precisely because our free states and the Gaussian incoherent
states coincide in the case of one mode. However, for more
than one mode, the two monotones are different in general.
Still, in the special case of an N-mode state p(N) that can be
written as UPS(p; ® - - - ® ow)UTCT, we recover A;(p(N)) =
Cs(p(N)). For instance, this happens to be the case for a
two-mode squeezed vacuum state.

VI. EXTRACTABLE WORK UNDER LOCAL
GAUSSIAN UNITARIES

It is known that passive states are those states from which
no work can be extracted unitarily [10,11]. Similarly, if we
restrict ourselves to extracting work using only Gaussian uni-
tary transformations, the Gaussian-passive states are the states
from which no work can be extracted using Gaussian unitaries
(the Gaussian-passive states and their characterization have
been presented in Ref. [19]). Here, we consider local Gaus-
sian work extraction scenarios as pictured in Fig. 1, where
multiple parties try to extract work from a multimode system

via local Gaussian unitary transformations (i.e., single-mode
squeezers) assisted with a global linear interferometer (LI).
We will define a measure of the maximum local Gaussian
extractable work, noted W;, and show that it is a monotone
under free operations A¢. From now on, we rather use the
phase-space picture and work with displacement vectors and
covariance matrices, which is natural since the energy of a
state only depends on first- and second-order moments of
the field operators. Let us consider an N-mode arbitrary state
o', X) with covariance matrix I' and displacement vector
X. The local Gaussian extractable work assisted with LIs is
defined as

VVI(IO) - UP(I;nDaXU Tr[H(IO - UquPGIDapID(LUPG"UJq)]

s Pa,Usq

sq B

= max Tr[H(p — DﬁUSqUPGpUPGTUT D,
UPG,Dﬁ, s

where the maximum is taken over all LIs (U? G), single-mode
squeezers (Uyq), and displacement operators (D, or Dg). The
second line follows from the fact that if we exchange a
displacement operator with parameter o with a combination
of squeezers and/or Lls, it remains a displacement operator
(with another parameter ). This means that the application of
displacement operators before or after the squeezers does not
change the maximum local Gaussian extractable work. Thus,
in order to extract work locally using Gaussian unitaries, we
may first apply with no loss of generality a displacement
operator on each mode and extract the available work due to X,
thereby making X = 0 for subsequent work extraction. Hence,
the component of the extractable work due to displacements
is trivial and may be disregarded for simplicity.

The energy of an N-mode state p(I", X) is given by Eq. (4),
and, in particular, the energy of p(I", 0) is given by Tr[I"]/2.
We will now deduce from it an expression for the local
extractable work W;(I") in phase space (we use the notation
W, when it is written as a function of the CM and W, when it
is a function of the state). A particularly relevant tool in this
analysis will be the so-called Bloch-Messiah decomposition
[16,53,54] of symplectic matrices, which states that for any
symplectic matrix S, S = O &; 6(r;) O,, where O; and O,
are orthogonal symplectic matrices (i.e., LIs) and &(r;) are
single-mode squeezers, namely,

& _ e 0
(ri) = 0 e

Another useful property is that, given any 2N x 2N positive-
definite matrix I" [55]

N

in Tr[STST] =St =2 N 20
S nin Tl ]=Sul[]=2) v (20)

i=1

where Str[I"] represents the symplectic trace of ", and is equal
to twice the sum of the symplectic eigenvalues v;. Using this,
the local Gaussian extractable work assisted with global LIs
from an N-mode Gaussian state with covariance matrix I" (and
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displacement vector X = 0) is defined as

1
W) := 3 omax Tl — ®,6(r;) OTO” @; &(r)]

(S0}

= %(Tr[l"] — Str[I"])

2N

N
:%WFM—E) > v @)
i=1 i=1
where A; and v; are the eigenvalues and symplectic eigenval-
ues of I, respectively. The second line in the chain of equal-
ities above follows from the Bloch-Messiah decomposition
and Eq. (20). In particular,

min Tr[@®;6(r;) OTO” @; S(r)]
0,{&(r)}

Tr[Sl"ST] = Str[T"]. (22)

= min
5:8Q8T=

The third line in Eq. (21) follows from the fact that the
symplectic trace of the covariance matrix I' is equal to the
trace of the covariance matrix I'y, of the product of thermal
states having the same symplectic spectrum.

Next, we list some of the important properties of the local
extractable work W, (I").

P|: The local extractable work Wy (') is positive semidefi-
nite. Since we have

Str[C]= min Tr[STST] < Tr[I],
S:8QST=Q

it is clear that W, (I") > 0

P}: The local extractable work Wy (T") is a convex function
of covariance matrices I'. From Eq. (20), it follows that given
two positive-definite matrices C and D [55]

Str[C + D] = Str[C] 4 Str[D]. (23)

This property of the symplectic trace implies immediately that
W, (I') is convex; i.e., if a covariance matrix is given by I' =
> 2, TV, with p; > Oand )", p; = 1, then

“ . 1[Z . i .
Z ij(J) =3 Z pjTr[I‘(J)] — Str ijrl(/)
j=1 j=I j=I

m
<Y pw@?), (24)
j=1
This simply means that if we “forget” which term j the state
belongs to within a convex mixture, this can only reduce the
maximum local extractable work.
Note also that for a free state as defined in Sec. III, i.e.,
a Gaussian state with covariance matrix of the form I'ee =
Or'y,0, the symplectic eigenvalues and eigenvalues of the
covariance matrix coincide, so that W, (") = 0. Moreover,
from the convexity of W,;, we have

O | _
ijrlfree - ’

so the set of free covariances matrices is convex. We note here
that 3", p; fre)e can always be written as I'gee = OT'O7,
where O is some orthogonal symplectic matrix.

P;: The local extractable work W;(I') = 0 if and only if
I = 0,0} . As already mentioned in Py, if ' = O,I',O%,
then trivially W;(I") = 0. For proving the converse, we use
the Williamson theorem and Bloch-Messiah decomposition in
order to write ' = Oy @, &(r;)0.T' 1 OF B, S(r,)OT, so we
have

w,T) =0
= Tr[@:6(ri) 0,74 05 &; 6(r,)]
= &,6(r;) = L.

The last implication follows from the observation that the
energy of a state of the form O,I'y, 07 is always increased
if we apply some single-mode squeezers on it. Therefore, the
local extractable work vanishes if and only if the covariance
matrix is free, namely

Wi(T) =0« T = 0,405, (25)

P,: The local extractable work W (") is superadditive. In
other words,

—Tr[Fu] =0

W) 2 Wi(Tx) + Wi(T's),

where the N-mode covariance matrix I" is partitioned into
two subsets A and B consisting of m and (N — m) modes,

respectively, that is,
r r
r=(_2 *) (26)
iy, Ts

Without loss of generality, we can find two symplectic matri-
ces S, and Sp such that

T FZh F;‘;B ’
(Sa®SpT(Sa®Sp) = |, L =r. QN
1-‘Al'i’ 1-‘B

We have
W) = Tr[l'] — Str[T"]
= Tr[[4] + Tr[['g] — Str[I"]
> Tr[T4] + Tr[Fp] — Tr[I7]
= Tr[[4] — Tr[T] + Tr[['5] — Tr[T'}]
= Wi(Ta) + Wi(Tp). (28)

In the second line, we have used the invariance of the sym-
plectic trace under symplectic transformations. In the third
line, we used the fact that Str[I"’] < Tr[I''], which follows
from Eq. (20). It is easy to see that for product states, i.e.,
I' =T 4 & I', the equality holds. Thus, we have shown that
W, (I') is superadditive, which reflects the fact that more work
can potentially be extracted from the joint system rather than
from its two components separately. Indeed, we can use a
LI involving all » modes instead of two separate LIs on
the first m modes and last (N — m) modes. Furthermore, the
superadditivity property implies that

N
PIRAVTUNN
i=1

where TI'; is the covariance matrix of the ith mode.
Pi: Wi(T) is monotonically decreasing under free oper-
ations A¢. We have seen that W;(I') is a faithful resource

wi) =
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measure, i.e., W;(I') > 0, while the equality holds if and only
if the CM is free, I' = O,I',0}. Now, to obtain a really
meaningful resource measure, it remains to be checked that
W, (I") decreases under free operations as defined in Sec. III.
First, it is obvious to see that W;(I") = W,(OT"'O7), where
O is an orthogonal symplectic matrix. Next, we have seen
that W;(T'x & T'g) = W;(T'4) + W, ('), which ensures that
tensoring cannot increase the extractable work. Finally, we
need to prove that W;(I') monotonically decreases under
partial tracing. This follows trivially from the superadditivity
property P, (which is actually a stronger result than mono-
tonicity under partial tracing). Thus, we have shown that
W;(T') is a superadditive measure that is monotonic under
partial tracing.

To summarize this section, we have defined the extractable
work W; or W, via local Gaussian unitaries (single-mode
squeezers) assisted with global linear interferometers (LIs)
from a multimode bosonic system, and have proved that this is
a monotone under the free operations A¢ of our resource the-
ory of local activity; see Sec. III. Our work extraction scenario
(see Fig. 1) can be understood operationally as follows. Given
a bosonic system in a quantum state (Gaussian or not) with
covariance matrix I' and displacement vector X, we first apply
local displacements to extract work that is there due to X. This
step makes X = (. Since we are allowed to use LIs before
extracting work, we can appropriately convert (using the
Bloch-Messiah decomposition) the given covariance matrix

rs (®; &(r;) O:.T 1 OF ®; &(r;)), where T'y, has the same

symplectic spectrum as I'. Now, the maximal Gaussian local
work is obtained from such a state by applying single-mode
squeezers D; &(r;). After this last step, no further work can
be obtained using local Gaussian unitaries, i.e., squeezers, and
the covariance matrix becomes free, namely O, 02T .

VII. DISTILLATION

One of the key advantages offered by the resource-theoretic
paradigm of any resource is the succinct description of its
interconversion (specifically, its distillation and formation).
However, not any interconversion of resources is possible in
every resource theory [20,31]. For instance, it is well known
that Gaussian entanglement cannot be distilled using Gaussian
local operations and classical communication only [56-58].
More recently, under reasonable assumptions, a general no-
go theorem for the distillation of Gaussian resources under
resource nongenerating operations was proved [31]. In this
section, we show the possibility of distillation of resources
considered in the present work and discuss the consequences
it entails, as well as some open problems.

A. For local activity

Let us first consider the following question. Is it possible
to have a deterministic transformation

?

p®p

free operations

where p and o are both single-mode states such that A;(o) >
A;(p)? We show that this is not possible. Let us consider that

the covariance matrix of p is given by a 2 x 2 matrix y, so
that the covariance matrix of p ® p is given by

y 0252
F(p®p)= ( )
02 ¥

The free operation one can apply on the two copies of p is just
a beam splitter with phase shifters, and is represented by

cosORR; sinR R4
" \—sinfRR; cosORRs)’
where the R;’s are phase shifters for eachi =1, ..., 4. Now,

let I'" = ST'(p ® p)ST and denote by y| and y the local
covariance matrices of the output states p; and p; of mode
one and mode two, respectively. Then,

R{y\R; = (cos* OR;y R} + sin” OR4y R} ),
RyY5R, = (sin> OR3y R} + cos> OR4yR}). (29)

It is clear that the mean number of photons in state p; (of
CM y)) is the same as that of the initial state p (of CM y).
Therefore,

Ai(p}) — Ai(p) = S(p) — S(p) < 0.

The last inequality follows from the linear entropy power
inequality for beam splitters. Obviously, a similar inequality is
true for the state having covariance matrix y. This shows that
it is impossible to increase the local activity of any one-mode
state under free operations starting from two copies of the
one-mode state. However, we show in the following that this is
not the case if we start from two copies of a two-mode states.

We now provide an example which shows that the deter-
ministic distillation of local activity from a two-mode state is
in principle possible, starting from two copies of that state.
We consider two copies of a nonfree two-mode Gaussian state
o with relative entropy of local activity A;(p), and show that
by using free operations on the four modes, one can generate
a two-mode state o with relative entropy of local activity
A;(0) such that A;(0) > A;(p). In particular, let us start with
a two-mode Gaussian state that is in a product of a squeezed
thermal state and a vacuum state, i.e., a state with covariance
matrix I'(p) defined as

1 0 0 O

l"(,o):l 0 16 0 O
210 0 1 O

0 0 0 1

Now, the free operation that we choose to apply on p is a
passive Gaussian unitary U which acts on the annihilation
operators of the four modes as

11 11
1fr - -1

U=-
21 -1 1 -1
1P -1 =i

Let O be the corresponding symplectic transformation, so
that T" = OT'(p ® p)OT. The first two-mode state has a
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covariance matrix I" (o) that is given by

2
1/2 0
l“(")Z@Z<o 17)'
i=1

Itis easy to check that A;(p) = 0.7621 and A;(c) = 1.0019 >
A;(p). This example tells us that it is in principle possible
to distill the relative entropy of local activity. This begs us
to define a standard unit resource for distillation purposes.
However, the (non)existence of a standard unit resource is
a mathematically involved problem and requires a separate
exposition which we leave for future explorations.

Now, if we assume that it is possible to convert determin-
istically n copies of a state p into m copies of state, say o,
using free operations, then the rate R ,_,, of conversion can
be defined as

m Ai(p)

n = Alo)
The inequality above follows from the additivity and mono-
tonicity of the relative entropy of activity. It will be very
interesting to consider the asymptotic scenario for conversion,
prove its existence, and show that the optimal asymptotic
rate of conversion is given by a ratio of relative entropies of
activity. However, we will not deal with these questions here.
Moreover, with a probabilistic transformation (if possible), it
is possible to increase the local activity of a one-mode state
with a free operation starting from two copies of the one-mode
state. For example, starting from two copies of a single-photon
state |1), we can send them into a 50 : 50 beam splitter (free
operation) and postselect the second mode onto the vacuum
state |0), which is a free state. The outcome is the Fock state
|2), which has local activity g(2 + 1/2) greater than that of the
initial states g(1 4+ 1/2). However, the existence of free Kraus
operators that will allow postselection over free states is an
issue we leave open here.

Rp—)O' =

(30)

B. For local Gaussian extractable work

Just like in the case of the relative entropy of activity, the
local Gaussian extractable work assisted with linear interfer-
ometers cannot be distilled from two copies of a single-mode
state. In order to see this, recall that the local covariance ma-
trices after processing the two copies of an initial state through
a beam splitter and phase shifters are given by Eq. (29). Now,
we have

Wiy} = Trlyi1 — Suly)] < Trly] — Str[y] = Wi(y).

The inequality in the equation above comes from the use
of Eq. (23). This shows that the two copies of single-mode
states are useless for deterministic work extraction. However,
we again have a simple example of a two-mode state, from
two copies of which we can distill some work. Consider a
two-mode state with covariance matrix I' = y4 @ yp such
that W;(ya) > W;(y5). The two copies of this state will be
denoted by the covariance matrix I'®? = (y4, @ ¥5) ® (Y4 ®
y ). Now, we can apply a swap between auxiliary modes two
and three (using a beam splitter) to get a covariance matrix

A YA ®ya)® (¥s D yp) One can see that the first two
modes provide an amount of work that is greater than the work

that might be obtained from the initial state I'. Again, the
tasks of designing optimal deterministic conversion protocols
and probabilistic protocols are left open and will be studied
separately.

VIII. CONCLUSION

In this work, we have explored a possible multipartite
extension of a resource theory for quantum thermodynamics,
where each party has access to a local heat bath possibly
with a different temperature. Specifically, we have developed
a resource theory of local Gaussian work extraction assisted
with linear optics (linear interferometers). In doing so, we
first introduced a set Zy of free states, namely, products of
thermal states (possibly at different temperatures) acted upon
by an arbitrary linear interferometer. The states which are not
free are then deemed to have a resource called local activity.
We introduced the relative entropy of local activity A; as a
resource monotone and calculated it explicitly for various
exemplary cases. In particular, we obtained a closed-form
formula for the relative entropy of local activity for arbitrary
two-mode Gaussian states. We also noted that the free states
in Z¢ are locally thermal; hence they are inactive for local
Gaussian work extraction (however, there exist nonfree states
that are locally thermal too, such as the two-mode squeezed
vacuum state). Then, we turned to a resource theory of local
Gaussian work extraction assisted with linear optics, based
on covariance matrices. The local Gaussian extractable work
assisted with linear optics W; was shown to be a resource
monotone, whose properties were discussed in detail. Finally,
we showed examples (both for local activity and local Gaus-
sian extractable work) where we start with two copies of
a resource state and apply free operations to get a single
state with more resources. These examples are reminiscent of
resource distillation protocols in quantum information theory.

Our results generalize and further advance the resource
theory of quantum thermodynamics in a multipartite setting,
and could be extended in several directions. Here, we have
successfully characterized the set of states Zw whose covari-
ance matrices are such that no local Gaussian work can be
extracted, assisted with linear optics. However, it would be
very interesting to characterize the set of all states from which
no local work extraction is possible, i.e., characterization of
the set of quantum states which are locally passive. This is
a special case of the so-called quantum marginal problem
[59-66] which aims at finding global quantum states such
that the marginals are fixed and are given. Therefore, the
investigation of this problem will shed light on the differ-
ent possible versions of the quantum marginal problem and
solutions thereof. Furthermore, we note that in the rapidly
growing field of quantum thermodynamics, mainly in the
resource theory of quantum thermodynamics, the discussions
on postselection onto free states are rather scarce compared
to corresponding theories of entanglement and coherence. In
this work, we envisaged the possibility of postselection onto
thermal states; however, this seemed an involved problem and
requires further dedicated exposition on its own. Finally, this
work is highly relevant to all optical heat engines such as in
Ref. [67] and we hope that it will lead to further developments
in this area in the new setting of resource theories.
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APPENDIX A: COVARIANCE MATRIX FOR
N-MODE FREE STATES

In this section, we will show by mathematical induction
that the form of the covariance matrix of an N-mode free state
is given by

anl,  Rp Ry
R,  anl, Roy

V) = ) ) _ ) , (A1)
RITN RZTN aNN]I2

where R;; are 2 x 2 matrices such that R; jR[Tj « I, and
R; ja)RlTi o w. Moreover, all the constants and proportionality
constants are such that the covariance matrix is physical. First,
we show that the covariance matrix of any two-mode free state
can always be written as

ayl,
re)=
( R,

Rip
anl )’

where Ry is such that RpR?, « [, and Rj2@R!, «x @. By def-
inition, an arbitrary two-mode free state has covariance matrix
I'(2) = S(bi11; @ byl,)ST, where b; (i = 1, 2) correspond
to local temperatures of initial thermal states and S is an
orthogonal symplectic transformation which is combination
of a single beam splitter and at least three phase shifters. Thus,

(A2)

J
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for two modes, S is given by

S R, O cos 01, sinflL,\ [R; O
“\o Ry) \—sinfl, cosfl, 0 Ry

cosOR|R; SinfR R4
" \—sinORR; cosORR, ]’

Now, it is easy to see that I'(2) has a similar form to Eq. (A2).

Let us assume that any N-mode covariance matrix I (V) of
any free state state can be written as Eq. (A1). Now, we bring
another mode in a thermal state, and the (N + 1)-mode free
state (as adding ancillae in thermal states is freely allowed) is
written as follows.

N+ 1)
anl Riw-n Rin 0
= | Rl an-nw-nla | Rv-yw 0
R{N R(T;\I—I)N ClNNHQ 0
0 e 0 0 bl,
(A3)

We next apply the linear interferometric transformation on
this covariance matrix, which can be factorized into N beam
splitter and phase shifter transformations acting sequentially
between the Nth and (N + 1)th, (N — 1)th and (N + 1)th, up
to 1st and (N + 1)th modes. This provides the most general
N + 1 free state. The beam splitter and phase shifters on
Nth and (N + 1)th modes correspond to following orthogonal
symplectic matrix:

1, 0 0 0

S=1o ... 1L 0 o |- @b
o --- 0 cos 0Ty sin0T, T
0 --- 0| —sin8T, cosOTLT,

where 71, 1>, and T; are rotation matrices. This yields

ST (N + ST
Ll][I[z R]z Rl(N—l) COS@R]NTIT —sin@R]NTZT
R1T2 022]12 R2(N71) COS 9R2N TlT —sin QRQNTzT
= RIT(N—I) R;(N—l) a(N—l)(N—l)HZ COS GR(N_I)NTIT —sin QR(N_l)NTZT
cosOTiRY,  cosOTiRY, cosOTiRly_,y | (ayncos?6 +bsin® ), (b —ayy)sinf cosOT, T
—sinOTRY,  —sinOTRI, —sin0hRy_ )y | (b—ayy)sindcosOLT"  (ayy sin? 0 + bcos? O)I,

The above matrix is of the form given by Eq. (Al). Now,
we can apply the beam splitter and phase shifters between
(N — 1)th and (N + 1)th mode and so on. It can be seen by
mere inspection that the application of the beam splitter and
phase shifters always yields the covariance matrix compatible
with Eq. (A1). Thus, after application of all beam splitters and

(

phase shifters, we have

anl, Rz Rin+1)
R, anl Rov1)
F(N+1)= . . .
T T
Rl(N+l) R2(N+l) a+nw+nla

(AS5)
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Therefore, from mathematical induction, we prove that the
form of covariance matrices of free states is given by Eq. (A1).

APPENDIX B: CONVEXITY OF THE COVARIANCE
MATRICES OF THE SET OF FREE STATES

We have already noted that the set of free states is not
convex as the set of Gaussian states is not convex. However,
we show here that the covariance matrices of the set of free
states form a convex set. Let us first consider a very simple
example of two thermal states corresponding to two different
modes with covariance matrices I'y = all and I', = bl. After
the beam-splitter transformation Sgg() of transmittivity 1 on
both modes, we have

= SBs(T})Fl (&) Fzsgs(n)

( [an + b(1 — n)]1,
b —a)yn(1 —ml

(b—a)/nT =,
ma—ny+mm2)
Similarly,
I = 1Sps(mT1 & MaSgs(n) + 3Sps (1)1 @ TaSgg(T)
al, yl
:<)/H2 ﬁI[z)’

where

(n+7) (n+7)
IS NVARIES))

_ _(+1) n+1)
ﬂ—a<l 5 >+b B

b
= C T+ el

The above covariance matrix can be written as

” C]Iz O T
I'" = Sps(p) 0 Sps (),

dll,

where

1
c=sla+p)+ V(B —a)+4y?,

2

1
d=S[(a+p)—

) (ﬂ _a)2+47/2]7

1 2y
f = — arctan .
2 B—a

This shows that I'” is a free covariance matrix.

Proposition 1. The free covariance matrices form a convex
set.

Proof. Let us consider a set of free covariance matrices

{I‘gge ’]‘.”:1. Then, to prove the proposition we need to show

w=cos> 0,

that for any probability.distribution'{ Dj }1}”= 122 P jl"gge i§ also
a free covariance matrix. Further, it suffices to prove this for
convex combination of two free covariance matrices of two
modes only. Then using Eq. (13), consider two two-mode free

covariance matrices

F(l) _ al]I2 R] 1‘(2) _ b]]lz R2 '
free R{ azﬂz ’ free R%‘ b2H2

Now,

(p1a1 + p2bD)I, R
et i = (V1 ,
R pi(az + paby)l,

where R = P1R1 4+ pa2R,. For the above to be a free covariance
matrix, we need to show that RR” o I, and RoRT x w. We
see that

RR" o« piI, + p1p2(RiRS + RoR]) + p3l o I

The last proportionality follows from the fact that for two real
matrices {R;}?_, such that R;R! oc I, RiRY + RyRT is also
proportional to identity. Further,

RoR" « piw + p3o + p1p2(RiR) + RwR]) x w.

The last proportionality again follows from the fact that for
two real matrices {R;}2_, such that R@R! « w and RiR! o I,
then Rj@wR} + R,wR? is also proportional w. This completes
the proof of the proposition.

Remark 5. The convexity of the set of free covariance
matrices seems to be a general property of Gaussian free
states under certain assumptions [31], which we choose not
to discuss in the present work.

APPENDIX C: POSTSELECTING ONTO FREE STATES

In order to prove that postselection onto a free state is a
free operation, we use the phase-space picture. We start by
considering the case where one postselects only one mode,
say, the last one. Suppose that we are given a free state I'(N)
as in Eq. (13) which can be rewritten as

FCaa Tas
rny =1, .
FAB Tpp
Here"pqpisa2(N — 1) x 2(N — 1) covariance matrix, I"gp is
2 x 2 covariance matrix which is proportional to identity, and
Ispisa2(N — 1) x 2 matrix. The structure of these matrices
can be read from Eq. (13). Now, we want to postselect the Nth
mode in the covariance matrix y = (@’ + 1/2)I,. Such a post-
selection results in the remaining (N — 1) modes covariance
matrix, which is given by
TN —1) =T —TupTpz +y) 'Tjy
=T"(N)/(Tp +¥).

where I'(N)/(T'gg + ¥) denotes the Schur complement of
(Tpg +y)in"(N) and

r r
F//(N) _ < ;%A AB )
Fypg Tty

Now, using Cauchy’s interlacing theorem for the eigenvalues
of Schur complements [68] and eigenvalues of symmetric
matrices, we have

Amin(C"(N) /(T +¥)) 2 Amin(C"(N))
= Amin(T'sp +¥)
2 Amin(T'88) + Amin(¥)
> 1.
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FIG. 5. The figure shows that the postselection of the last two
modes of an N-mode free state p{ .y onto a free state results in
another free state.

In the above, we have used the fact that A,i,(A + B) >
Amin(A) + Amin(B) which follows from the Courant-Fischer-
Weyl min-max theorem [68]. Thus, Amin(CN —1)) > 1.
Now, notice that I' gz + y is proportional to I, and let I"'zp +
y = xll, with x > 1. Therefore,

[N —1) =Ty —x 'Tuslk,.
Notice from Eq. (13) that

Rin
Cap = :
Riv-nn
Therefore,
Rin
Tl = : (RTy Rly_1v)

Rwv-1w

cnly R, Riy_1

RY el Ryn_p
Rin_1y Riy_1 cav-nv-nla

where, ¢; = RiyRl, and R = R,NR]TN for i < j. Also,
R|;RT ocI; and R@R]} o @. Thus, (N — 1) has the fol-
lowing form:

dn ];2 R/llz R/l/(N—l)
/! 4
. R12 dnll, RZ(Nfl)
FN-1)= ) ) ) ) ,
T T ' '
Rin-1y Riw-y dv-nw-nla

where R};R/! oc I, and R};wR]] oc @. We have also used the
fact that given two matnces T1 and 75> such that TT,T x I,
and T,oT," x o (i = 1,2), we have T’ = (T} — T») such that
T'TT «x 1, and T'wT'7 . The above matrix I'(N — 1) has
a similar form to Eq. (13). Thus, we have proved that postse-
lection onto a single-mode free state leaves the remaining state
free (see Fig. 5). Similar arguments can be presented to show
that postselection onto any free state leaves the remaining
state free and, therefore, postselection onto a free state is a
free operation.

Proposition 2. For a free channel as given in Eq. (14) such
that for all its Kraus operators K;, K,UKiT is a free state if

o € Iy, then
Ai(p) = ZPiAl(pi),

where p; = (K,pKf)/ pi and p; = Tr(I(ipKiT). This property
implies monotonicity of the relative entropy of local activity
on an average under selective free operations.

Proof. The proof follows from the property of the relative
entropy [69], which states that

Spllo) > Zp,-5<p,-

where ¢; = Tr(K,-aKiT). From Eq. (C1), we have

Ai(p)=S(pllo™)
' Kio*K]
qi

> piS (,Oi
= piS(pill 6:)

= ;min S(p; || 6;) = Ar(pi)-
melgf (pi 1167 Xijp 1(p)

i

' KoK! )
=1, (CDh
q

This completes the proof of the proposition.

Now, we address the question of the existence of free
channels such that all of their Kraus operators are free; i.e.,
K,UK; is a free state if o € Zy for all i. We show that an
arbitrary single-mode free channel [Eq. (14)] does not admit
a Kraus decomposition such that all its Kraus operators are
free. To this end, consider a single-mode free channel which,
without loss of generality, can be defined as follows:

Dp7(p%) = Tra[UE (0° ® 74) Usy '] (€2)

where UES

th—anm Zn H)Wuu
=<1—x>Zx" ) (n
n=0

where x =7, /(i + 1) and 7, is the average number of
photons in state 7. Now,

is a beam-splitter unitary and

D17 (p%) = Y (VPu (ml UGS 1) p* (/Pa (| UL Im))
m,n=0
= Z KmnpSK,Im’
m,n=0

where K, = /pn (m| USS |[n). The expression for these
Kraus operators can be found readily using Ref. [51]. In par-

ticular, Ky = Y o | _o o/Pn (my, m|Ugy |ny, n) [my) (ny| and

BS
(my, m| USA |ny, n)

'm!
= o >y (m) ('Z)(—l)""

s=0 =0

—s+t s+n—rt
77"‘ : (\/m)J " 8m,s+t8m1,n1+n7s7ts
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where 7 is the transmittance of the beam splitter. Now, let us
consider the Kraus operator Ko; this is given by

oo
Koo =Y /Pon™ lm) (my].

m;=0

Let us consider that 5 = (1—y)> 2 y"|n) (n| is a thermal

state with y = 2. Then,
73

s KOOPSKgQ

= — 1 _ 2 2 n
oo Tr[Koop*Kgy (L =yn*) Y 0™ In) {nl

n=0

=(1—-2)) 2"In)nl,
n=0

where z = yn®. Therefore, pgo is indeed a thermal state.
However, Ky is the only Kraus operator that maps a thermal

J

state to another thermal state. Let us consider another Kraus
operator Kjo, which is given by

oo
Kio= Y /Pov/mi+ In™ 1= my) (my + 1]

m;=0
Now,
S = Klo:OSKfo
T ——
Tr[K10p5K},]

Yo+ Dyt n) (]
Z:io(n + 1)n2nyn+1

o0
=1 =yn») Y (4 D™ |n) (nl.
n=0
This implies that pfo is not a thermal state. Therefore, for the

one-mode case, all the Kraus operators corresponding to the
most general free channel are not free.

APPENDIX D: RELATIVE ENTROPY OF LOCAL ACTIVITY FOR TWO MODES

In this section, we calculate explicitly the relative entropy of local activity for any arbitrary two-mode Gaussian state. Consider

a Gaussian state p;(d, I';) of two modes with covariance matrix

e

d4)T. Consider a generic free state p,(0, ') = UPS (1) ® 1,)UPST such that

and the displacement vectord = (d; d» d3

)

I = S(bi], @ by1,)ST, where S is an orthogonal symplectic matrix and is given by

S— R, O cos 01,
- 0 R2 —sin 9]12

Also, the symplectic form is given by

sin 61,
cos 01,

0 _( cos OR|R; sinOR Ry
R4 T \- sin 9R2R3 ’

cosORR,

Q=w®dw and w=<0 1).

-1 0

Now, the relative entropy between p;(d, I'1) and p,(0, T";) is given by ([28]; also see Sec. II)

1 Q 1 1
S(o1(d, L) | p2(0,T2)) = =S(po1) + 3 1ndet<I‘2 + l;) + ETF(F1G2) + szsz =ST T,

where

G, = —QS(a11, & agﬂz)STQ = —SSTQS(CH]IQ (&) agﬂz)STQSST =S(a11, ® az]IQ)ST.

Here a; = 2 coth™ ! (2b;), (i = 1, 2). Let us first calculate G, and ', G>:

cosORR;
G, = .
—sinORyR3

_ ((ajcos?0 + ay sin® )],
~ \(az — ay)sinf cos ORT,

G- A C\/[(a;cos?0 + a,sin’6)I,
12 C" B\ (a» —a;)sin6 cosORY,

(a1 cos? 0 + ay sin® 0)A + (ay — a) sin @ cos OCRY,
~ \(a; cos? 0 + ay sin* )CT + (ay — a;) sin 6 cos BRY,

sin 9R1R4 al]lz
coSORLR,

(ap — ay)sinf cosOR;,
(a; sin® 0 4+ ay cos? )1, )’

0 ) (cos OR;RT

—sinORTRY
azﬂz sin QRZ;R{

cos ORT R

(ap — ay)sin6 cos6R |,
(a; sin® @ + a, cos? 6)I,

(ay — ay)sinf cos VAR > + (a; sin® @ + a, cos? 6)C
(ay sin? 0 4 a, cos? 0)B + (ay — a;)sin@ cosOCT Ry, )’
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where R = R R} and

CR. — (€1 © cosd¢p —sindp\  (cicosdp +crsindp  —cysinde + ¢y cos b
127 \e3 ¢y )\sind¢p  cosd¢p )~ \c3cosdp +cysind¢p —c3sindp + cqcosdp )

Thus, denoting Tr[C] = ¢ and ¢; — ¢3 = v, we have Tr[CRlT2 + CTR\5] = 2ccos 8¢ + 2v sin §¢. Therefore,
Tr(I'1Gy) = ala; cos? 0 + a, sin? 0) + B(a; sin 6 + a, cos? 0) + (ay — ay)sinf cos 0(2c cos §¢ + 2v sin §¢)
= %[(al 4+ a))(o + B) + (a1 — az)(a — B)cos 26 + 2(a, — ay) sin20(c cos ¢ + v sin 3¢)],

where @ = Tr[A] and 8 = Tr[B]. Let us now calculate det(I"; + i %):

2

Q 2 1 2 1
= det (blﬂz@bzﬂz)+lz = bl—Z bz—Z .

det(Fz + z%) = det|:8(b1}12 ® by1,)ST + ig}

Further, we have

God = (d, dy ds d4)<(a1 cos?0 + apsin? ),  (ax — ap)siné cos «9R12> dy

(a, — ay)sin 6 cos 9R1T2 (a1 sin? 0 + a; cos? ),

= (a) cos’ 6 + ay sin> 0)(d} + d3) + (a; sin> 0 + a; cos® 0)(d3 + d})
+ (a; — ay) sin20[(d d; + d»dy) cos 8¢ + (didy — drds) sin S¢]
= (a1 + a2)d, + (a1 — a2)d> cos 20 + 2(a> — a;) sin 20(d; cos 8¢ + dj sin ¢)],
where d = (d? +d3 + d? +d}), d» = (d? + d? — d? — d?), d; = (did3 + drds), and dy = (didy — drds). Thus, writing the

relative entropy as a function of CMs to simplify the notation, we have

1 1 1 1 1 ~ -
ST IT2) = —=S(p1) + Eln (b% - Z) + 3 In <b% - Z) + Z[(al +ay)o+pB+d)+ (a1 —ay)(o — B+ dy)cos 20]

+ %(a2 —ay)sin20[(c + d3) cos 8¢ + (v + ds) sin 8¢]

1 1 1 1 1 y
==S(p)+5In (bf - Z) +51n (bg - Z) + 7la1 +a2)d + (a1 — a2)p cos 26]

1
+ E(az — ay)sin260(¢cos 8¢ + U sind¢p),

whered@ = (@ + B +d)),p= (@ —B+dy), ¢ = (c+d3),and 0 = (v + ds). We now want to minimize S(I'; || T'») with respect
to by, by, 6, and 6¢p = ¢; — ¢, and for that we put first derivatives of S(I"; || I';) with respect to by, b,, 6, and §¢ equal to zero:

oSy [|IT2)  —4by+a+ [B cos26 — 2(¢cos 8¢ + U sin 8¢) sin 26] _o

ab, 1 — 4b? '
oSy |IT») _ —4by + & — [B €08 26 — 2(¢cosdp + U sind¢) sin20] —0

by 1 — 4b3 '
% = %(az — al)[B sin 26 4 2(¢cos 8¢ + U sind¢) cos 260] = 0,
ST |[T2) 1

359 = E(az —ay)sin20(—¢sindg + D cosdg) = 0.

To solve the above equation, we consider the following cases.

Case 1. tan8¢ = D/, thus, cos 8¢ = &/+/& + 0* and siné¢p = 0/v/&> + 2. In this case, tan20 = —2+/& + 92/B. This

means cos20 = —b — andsin20 = — —2YCH0 YEAUT  p this case,
A BH4@E+0?) A BHA@+02)

by =1[a+/B2+4@ + 0], by = ta— /B +4@E+ ) (D1)
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QUANTUM THERMODYNAMICS IN A MULTIPARTITE
Case 2. a; = a,. This implies b = b,, i.e., tan26 = — B This implies cos26 = —2EcosdpiDsinsg) and
e P e 2(¢cos §¢+0 sin 5¢) P N/ 4(Ecos 8¢+ 5in 69)*+

sin 26 = b — . Therefore, by = & = b,.
/4@ cossp+05in59)>+ B 2
Case 3. 0 = 0; then tan 8¢ = —&/0, cos 8¢ = 0/~/¢* + 02, and sin ¢ = —&//&2 + 02. Here b,

Let us consider now double derivatives of S(I'; || I";) and construct the Hessian matrix in order to find the true minimum out

=(@+p)/4 and b, =

@— B)/4.

of all the above extrema:
8b1{—4b; + @ + [B cos 20 — 2(Zcos 8¢ + Usin8¢p) sin 201} — 4(1 — 4b%)

9*S(Ty[IT2) -
obj (1 — 4p2)*
32s(r, |IT xS, |IT 2 o
ﬁ = 8(b118”9 2) _ _ 1 1P sin20 +2(Zcos 3¢ + v sin3¢) cos 20]
2SI T2) _ 2(—Csind¢ + U cos §¢) sin 20
ab108p 1 —4p? ’
9’S(Ty | Ty)  8boy{—4br +a — [Bcos20 — 2(¢cos 8¢ + Usin 8¢p) sin 201} — 4(1 — 4b3)
ob3 (1—42)° ’
3*S(T|IT>) 2 . , 32S(T IT2)  2(—Esind¢ + D cos 8¢) sin 260
= 26 + 2(Ecos$ U sin 8 261, = ,
95,00 (a5 Bsin260 4+ 2(¢cosdp + U sind¢) cos 20] 3by959 T 4b§
3*S(T'1 | T2)
502 = (ar — al)[,B €08 20 — 2(¢cos 8¢ + U sin d¢) sin 20],
2SIy |T
8(08]5“¢ 2) _ (a> — a1 )(—¢sin 8¢ + U cos 8¢) cos 26,
xSy | T 1
(881¢|2| 2) ——(az —a;)(Ccosd¢p + Dsindg)sin 26.
For case 1, we have
3*S(Cy T2 4 9*S(Ty | Ty) 0 9*S(Ty T2
ab3 (4b% — 1)’ db10b, ’ 0b100 ’
28T |IT>) _0 3*S(Ty [ITy) _ 4 28T |IT>) _0
ab108¢ ’ ab3 (4b% — 1)’ 0b,00 ’
32S(T'y || T'2) 3*S(Ty [ T2) -
—_— = 0’ - " = — 2 4 ~2 ~2 ,
05,050 502 (az —a)y/ B>+ 4@ +0%)
PSCIT) _ STl _ (@ —a)@+ )
’ 05> VB +4@ + 9?)

00058¢
All eigenvalues of the corresponding Hessian are positive, so this case corresponds to a minimum. Let the solution correspond

to (b1, b2, 0, 8¢) = (b1, b3, 0%, 5¢"); then

STIT2) =—=S(p1) + = 111(

+ Z(aT — a})[B cos 20* —

b*Z _
4 + 2 4

2(¢cos8¢™ + U sin§¢™) sin 26*]

1 *2 1 *2 1 * 7 % * 7%

:—S(pl)—i—zln b -7 —i—zln b} -2 + aib] + a;b;

= —S(p1)+§;[ln (b,. +5> +1n <b - —)} —1—;[17 1n< 2) — bfln (b,. - 5)}
1 2
) = [gb}) — ().

2
1 1 1
= —=S(p1) + E (bj‘ + —) In (bj‘ + —) — <b;k — —)
i=1 2 2 2 i=1
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For case 2, we have

2 2 2
! S(g;%” ) = (4b%4— 1)’ ’ 58(1218221‘2) =Y : S;l;lla”QFZ) 4b2 \/4(ccos 8¢ + Usindg)* + B2,
92S(T, || T) 2B(—&sin 8¢ + U cos 5p) 92S(T, || Ty) 4
0b135¢ (1 412 )\/4(E cos 8 + D sin6¢) + B2 00 (4i—1)
ST 22 \/4(5005 56 + 0 sin 86)° + B2, PSTiTs) 2P(-Csindg + D cosd¢) _
9b296 4by — 1 3b208¢ (1 — 4b2)\/4(Z cos 8¢ + D sind¢p)* + B2
32S(T"; |IT>,) —0 *S(TCy[ITy) _ 2(a, — a1 )(écos 8¢ + U sin 8¢)(—&sin §¢ + D cos 8¢>)
362 ’ 90059 VA4(Ecos 8¢ + U sindp)> + B2
32S(T{ |IT2)  B(az — a;)(Ecos8¢p + U sin S¢)
356> 2./4(Gcosdp + Dsindg)Y 1 B2

Since in this case the angle §¢ does not affect the minimization, we can choose it as per our convenience. Without any loss of
generality, we choose tan §¢p = —&/0, which implies cos §¢ = U/+/¢? + 02 and sin §¢ = —&/+/¢% + D2. The Hessian matrix in
this case becomes

. 0 4 2B 2w
42 —1| 28 28 O
2% 2 0

where @ = /&2 + ©2. This matrix has eigenvalues 4b2 72,0, 1 =1 4282422, 14 /1 + 2% + 2@?}. Since there exists

a negative eigenvalue of the Hessian, therefore, this case does not correspond to a minimum.
PSTiITy) _ _4 325(1"1 1Ty _ PSTiTy) _ PSTTy) _ PSTITy) _ 1 PSTTy) _
For case 3, we have =572 = BT i =0 T =0 T =0 T - Twmr  ome - =0

a2 a2 ~ ) . .
8 ‘;(;;5(!;2) =0,°2 S(Fé 1T — (a, — a))B, 925 S;gsali;“z) (ay — a))Vé& + 92, and PSC1 L) _ S(Flﬁﬂ ) — (. The eigenvalues of the Hessian

matrix in this case are {4172 T ﬁ, s [B £ /B2 + 422+ 02)]). So, one eigenvalue is always negative in this case.
Therefore, this case also does not correspond to a minimum. Thus, the above analysis shows that the only minimum of relative
entropy S(I'; || T'2) is given by case 1. Therefore, for a Gaussian state p(I", d), the relative entropy of local activity is given by

0
0

2
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i=1

where v; (i = 1, 2) are symplectic eigenvalues of covariance matrix I' of p, and b} (i = 1, 2) are given by Eq. (D1).
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