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The quantum nature of the state of a bosonic quantum field may manifest itself in its entanglement, coherence,
or optical nonclassicality. Each of these distinct properties is known to be a resource for quantum computing or
metrology and can be evaluated via a variety of measures, witnesses, or monotones. Here, we provide quanti-
tative and computable bounds relating, in particular, some entanglement measures with optical nonclassicality
measures. Overall, these bounds capture the fact that strongly entangled states must necessarily be strongly
optically nonclassical. As an application, we infer strong bounds on the entanglement that can be produced with
an optically nonclassical state impinging on a beam splitter. Then, focusing on Gaussian states, we analyze the
link between the logarithmic negativity and a specific nonclassicality measure called quadrature coherence scale.
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I. INTRODUCTION

There are several ways to question the specifically quantum
mechanical character of the state of a physical system. First,
one may ask how strongly coherent it is. The existence of
coherent superpositions of quantum states is at the origin
of interference phenomena in matter waves and, as such,
is a typically quantum feature for which several measures
and witnesses have been proposed (for a recent review, see
[1]). Second, when the system under investigation is bipar-
tite or multipartite, the entanglement of its components is
another intrinsically quantum feature. There exists an ex-
tensive literature exploring a wide variety of measures to
quantify the amount of entanglement contained in a given
state [2—14]. Finally, for modes of a bosonic quantum field,
a third notion of nonclassicality arises, which is often re-
ferred to as optical nonclassicality. Following Glauber, the
coherent states of an optical field (as well as their mix-
tures) are viewed as ‘“classical” as they admit a positive
Glauber-Sudarshan P-function [15]. From there, a variety of
measures of optical nonclassicality have been developed over
the years, measuring the departure from such optical classical
states [15-41].

Each of these three distinct, typically quantum properties
of the state of an optical field has been argued to serve as a
resource in quantum information or metrology [38,39,42—44].
The question then naturally arises as to what the quantitative
relations are between these properties. In [45], for example,
bounds are given on how much entanglement can be produced
from states with a given amount of coherence using inco-
herent operations: this links coherence with entanglement. In
[46], the coherence and optical nonclassicality of a state are
shown to be related to each other: a large value of far-oft-
diagonal density matrix elements p(x, x") or p(p, p'), called
“coherences,” is a witness of the optical nonclassicality of the
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state. Our purpose here is to establish a relation between opti-
cal nonclassicality and bipartite entanglement for multimode
bosonic fields.

One expects on intuitive grounds that a strongly entan-
gled state should be strongly optically nonclassical since all
optically classical states are separable. Conversely, a state
that is only weakly optically nonclassical cannot possibly
be highly entangled. To make these statements precise and
quantitative, we need both a measure of entanglement and one
of optical nonclassicality. As a natural measure to evaluate
bipartite entanglement, we use the entanglement of formation
(€r) [4]. Regarding optical nonclassicality, we use a recently
introduced monotone [38,39], which we refer to as the mono-
tone of total noise (Mry). It is obtained by extending to
mixed states [through a convex roof construction; see (1)] the
so-called total noise AxZ+ A p2 defined on pure states, for
which it is a well-established measure of optical nonclassical-
ity [38—41]. Our first main result (Theorems 1 and 1’) consists
in an upper bound on Er(p) as a function of Mn(p) for an
arbitrary state p of a bi-partite system of n = n4 + ng modes.
In particular, when n4 = ng = n/2, this bound implies that
states containing m ebits of entanglement must have an optical
nonclassicality—measured via Mpny—that grows exponen-
tially with m. As an application, we show that the maximum
entanglement that can be produced when a separable pure
state impinges on a balanced beam splitter is bounded by
the logarithm of the optical nonclassicality of this in-state,
measured by Mry. In other words, while it is well known
that beam splitters can produce entanglement [28,47,48], the
amount of entanglement so produced is shown to be severely
constrained by the degree of optical nonclassicality of the
in-state. More precisely, the amount of nonclassicality needed
in the in-state grows exponentially with the number of ebits
of entanglement required at the output. Since it was shown in
[46] that strongly optically nonclassical states are extremely
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sensitive to environmental decoherence, which destroys their
nonclassicality on a very short timescale, these results imply
it is very difficult to produce strongly entangled states with a
beam splitter in the above manner.

The bounds in Theorems 1 and 1’ can readily be computed
for pure states since & then coincides with the von Neumann
entropy of the reduced state and My coincides with the
total noise. For mixed states, however, the bounds relate two
quantities that are generally hard to evaluate. Our second main
result (Theorem 2) addresses this issue by considering the
special case of (mixed) Gaussian states. It establishes bounds
between explicitly computable measures of entanglement (the
logarithmic negativity, £xr) and optical nonclassicality (the
quadrature coherence scale, C) for Gaussian states. We also
derive an explicit simple formula for the quadrature coherence
scale of Gaussian states in terms of their covariance matrix
[see Eq. (16)]. We show that it actually coincides with its total
quantum Fisher information (Fy), a quantity of importance in
metrology which has been shown to provide a nonclassicality
monotone [38,39], albeit not a faithful one.

II. BOUNDING &r BY OPTICAL NONCLASSICALITY

We consider an n-mode optical field with annihila-
tion mode operators a; = (X; + iP;)/+/2 and corresponding
quadratures X;, P,. Weset R = (X3, Py, ..., X,, P,). The total
noise of a pure state |y) is defined as N (¥) = Zj AR?

where AR? denotes the variance of R; [49].
For a general state p, the convex roof Mty of My is

1
Mm(p) =~ {;ggi};piMm(x/m > 1, (1)

where the infimum is over all ensembles {p;, ¥;} for which
p = pilyi){¥il, > ;pi = 1. It is shown in [38,39] that
M belongs to a family of optical nonclassicality monotones
and is, as such, a faithful witness of optical nonclassicality:
Mrn(p) > 1iff p is nonclassical.

Now consider a bipartition of the n modes in two sets of
ns and ng modes, with n = ny + ng. We write ps (pg) for
the reduction of the state p to the ny (ng) modes. If p =
[¥) (], its entanglement of formation is defined as Ex () =
—Tr paIn ps = —Tr pgln pg. Then, for a general p, taking
the infimum as above [4],

& = inf ,'g i)
r(p) = inf Zp F (i)

We first consider the symmetric case ny = ng = n/2:

Theorem 1. Let p be a bipartite state with ny = ng = n/2.
Then,

1
Er(p) < Eg(E[MTN(p) - 1]), ()
where g(x) = (x + 1)In(x + 1) — xInx.

Proof. We first consider pure states p = |y¥)(¥|. Since
both sides of (2) are invariant under phase-space translations,
we may assume that (V|R;|) =0, Vj. In that case,
M) = QYINIY) +n)/n=2N/n+1, where N =
(W|N|¥) is the expectation value of the total photon number
operator N = Z aTa ; in the centered state [/). Similarly,

defining Ny = p la a; and N = > nAHaTa], one has

Ny = TrNA:OAv Np = TYNB,OB, and N = Ny + Np. Then,
Er(Y) =—Trpalnpy = —Trppln pp

na ng

where n4 g(Na/n4) is the von Neumann entropy of the product
of ny single-mode thermal states with mean photon number
N, /ny per mode, which maximizes the von Neumann entropy
at fixed mean photon number N4 [50]. Maximizing over all
states |¢) with a fixed mean photon number N then yields

s ) s (552}
max minjny g ,npg .
0SNasN na ng

Since g is an increasing function, the maximum is, for each
N, reached at a unique value N} that depends on N and is the
solution of

Er(Y) <

N N — Nf
nAg(—A) = nt< A ) 3)
na np
Hence,
Er(Y) < nag(Nx/na) := F(N). 4)

When ny = ng, then Ny = Nj = N/2, so that

N
Er() < §g<—) =2
n

1
> g(z[MTN(lﬂ) - 1])- ®)

This implies Eq. (2) for any pure state p = |)(¥|. Now let p
be an arbitrary state and consider any set of normalized |v;)
and 0 < p; < 1 such that Y, p;|;) (Y| = p. Then, Eq. (5)
and the concavity of g imply that

e < Zpl (I[MTN<wi>—1J)

1
< gg<§[2pmm<w,-> - 1})

Since g(x) is monotonically increasing, taking the infimum
over {p;, ¥;} on both sides implies Eq. (2). |

One readily sees that among all states |y) with a given N,
the upper bound Er(¥) = 5 g( %) is reached for an n/2-fold
tensor product of two-mode squeezed vacuum states with N/n
photons per mode, which is a Gaussian pure state. This is not
the unique optimal pure state. We identify all such states in
Appendix A and show they are not all Gaussian.

Since g(x) is an increasing function, the bound (2) straight-
forwardly implies that states with a large entanglement of
formation are necessarily strongly nonclassical:

Corollary 1.

3
Er(p) > 2 1 420:8 02 (g)

22
Proof Suppose Ep(p) > %g Using Eq. (2), it implies
that g(i[Mn(p) — 11) > 3. Noting that g(x) < x + 1 for
all x, one can conclude that —[MTN(,O)— 1] > 1. Now,
one also has gx) <Inx+ 1+ Z for all x > 0, and hence
g(x) <Inx+2 for all x > 1. Hence, g(%[MTN(p) — 1) <
In (%[MTN(,O) — 1]) + 2. Using again Eq. (2) implies that

= Mim(p) >
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Er(p) < 2(n (3[M1x(p) — 11) +2), from which one con-

cludes Myn(p) > 1+ 2e:67(")=2 which is Eq. (6). n

In other words, if we view both entanglement and optical
nonclassicality as resources, this inequality shows that the
amount of optical nonclassicality of a state p, as measured
by Mrn(p), grows exponentially fast with its entanglement
of formation, measured in number of ebits. Conversely, the
bound (2) shows that states with a low optical nonclassicality
are necessarily weakly entangled.

When n4 < ng, Theorem 1 can be generalized as follows:

Theorem I'. Let p be a bipartite state with ny < ng. Then,

1
Er(p) < nAg(aN:(g[MTN(p) - 1J)>, )

where Nj(N) is the unique solution of Eq. (3).
Proof. We first need to show that the function

Ni
F(N):=ny g(a)

is concave, where N is a function of N, implicitly defined
as the solution of (3), ny g(Nj /na) = ng g(Nj;/ng), where we
defined Ny = N — N. Taking the derivative with respect to N
in both sides of the last two equalities, one finds

(N:\dN: ,(N;\dN;
g(a)ﬁzg(ﬁ N’
dNp | dNp
dN dN )

Since ¢ > 0, it follows from these two equations that both %
and % are positive, so that both Ny and N are increasing

functions of N. One readily finds that

av; _ ¢(E)

We () e ()
av; (%)
W () e ()

and, consequently, that

¢()e () i
d()+e(h) () ()

Now, since g is concave, it follows that ¢ is a decreasing
function of its argument. Since N is an increasing function
of N, it then follows that g'(N/ns) is a decreasing function
of N, and similarly for g'(N4/ng). Hence, F’ is a decreasing
function of N, implying that F is concave.

We now use this fact to conclude the proof of Theorem
1’. We initially follow the same lines as in the proof of The-
orem 1. For a centered pure state ¥, Eq. (4) reads Ep () <
F(N) = F(5[M~(¥) — 1]. Since both & and M1y are in-
variant under phase-space translations, one then has, for all v,
Er(¥) < F(5[Mrn(¥) — 1]). The concavity of the function

F'(N)=

€.
F(v) CF . I5..0)ls.,Z)
12s,0)I0)
12
— IN)IN)

10 ==t e 12N)/0)

5 3

6f .7 —p=075 2

4 // - Upper bound

2 k4 for Gaussian 1

/ pure states §7
v 0 Gin

5 10 15 20 25 0 1 2 3 4

FIG. 1. Left: Behavior of the right-hand side of (4) as a function
of v = N/n,, for different values of u = ns/ng, as indicated. The
dots are obtained from numerical solutions of (3) (n4 = 3). Solid
lines are computed using (8) for large N. The green dashed line rep-
resents the Gaussian bound in (10). Right: Er (¥, ) at the output of a
beam splitter as a function of g, = g(% [Mrn(¥in) — 11) for various
[¥in), as indicated. |25, 0)|0) and |s,, O)|s,, 3) are squeezed states
with the same Mn(y,) = cosh(2s,) (s = i cosh™'[2 cosh(2s,) —
1]). The Fock states |[N)|N) and |2N)|0) also have the same

Mn(¥in) = 2N + 1.

F further implies that

Y- pir(u) < Y piF (M) - 1))

< F(Z pi 5 Mun(¥) - 1]>.

Taking the infimum on both sides and using the fact that F" is a
monotonically increasing function of its argument, one finds
Er(p) < F(5[M1n(p) — 1]). Recalling the definition of F,
one sees that this is Eq. (7). |

An analytic expression for Nj(N) is not available when
na # ng, so that (7) is less explicit than (2). Nevertheless, for
large N, one readily finds the following approximate expres-
sion for N} (see Appendix B):

(ev)*1

all+ @y @

NE(N)~ (1 —8)N, with § =

where ;t = ny/ng and v = N/ny. Consequently, using g(x) ~
In(x) 4 1 for large x, one finds approximately that

1-9
n

Er(p) < ny 1H< g[MTN(p) - 1]) +m, 9
which is valid for large Mn(p) and shows a similar loga-
rithmic upper bound on & in terms of My as above. This
large-N approximation is illustrated in the left panel of Fig. 1.

For Gaussian pure states, a simpler and more explicit upper
bound can be obtained, which is valid for all values of N:

Proposition 1. Let ny < ng and let wG be a pure Gaussian
state. Then,

Er(y%) < nAg(%[MTN(wG) - 1]>. (10)
U\

Proof. Let us consider a pure Gaussian state |/9) of an
n = ny + ng mode system with covariance matrix

Vij = ({Ri. Rj}) — 2(Ri)(R;), (1)
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where (-) := (9] - |¥°) and {-, -} denotes the anticommu-
tator. We assume without loss of generality that the state is
centered. Applying local Gaussian unitaries U, US, such a
state can always be transformed into a state |y, ), in which
Alice and Bob share ny two-mode squeezed vacuum states,
while Bob’s remaining ng — ny modes are in the vacuum
state [51]. Here, v = (v, v2, ..., v,,) and the state [y,) is
characterized by its covariance matrix V,,:

vl]lg 0
_(Vay C _
Vv - (CT VB,I))’ VA,V —
0 VnA]lz 2n4 X214
V1]12 0
_ 0 vnA]lz
VB,U - ]lz 0 )
0
0 2 2ng x2ng
H107 0
C = . 0 ,
0 Mn, O 2ngx2ny
where  v; = cosh2r;, u; = sinh2r;, 1, = ((1) (1]), and
o, = ((1) f)l). Since the local unitaries do not change

the entanglement of formation, we find £ (¥%) = & () =
pRan g(%(v,- — 1)) [51]. Since g is concave, one has

1 &
Er(Y) < mg(m > i - 1)>.

i=1

On the other hand,
G 1 1
Niot(¥™) = 3 TrV, = E(TTVA,w +Tr Vg y)

1
> E(StrVA,lp + StI‘VB,‘l,).

Here, StrV, y is the symplectic trace of Vy y, which is twice
the sum of its symplectic eigenvalues; we then have TrVj , >
StrVy 4 [52]. Since the local symplectic transformations do
not change the symplectic spectrum of the reduced states
0a, Pg, We also have

StrVy g + StrVp y = StV , + StrVp,
= 42 v; + 2(713 - I’lA).
i=1
Hence,

Na(¥) 22 vi+ (ng — na)

i=1

=2) i—1)+np+na.

i=1

Since g is monotonically increasing, it follows that

1
Er() < nAg<—4 [Nt (¥ ) — np — nA])
na

- mg(ﬁwm(w(}) - 1]>.

|

This is the tightest possible bound on the entanglement of
formation for Gaussian pure states that only depends on M.

Indeed, one readily checks that it is saturated by ny
two-mode squeezed vacuum states with identical squeezing
parameters (involving all ny modes of A and the n4 first modes
of B), with the remaining ng — n4 modes of B in the vacuum,
ie.,if [YC) = [¢"), withvyy = v, = --- = v,,.

When ny = np, the right-hand sides of (10) and (5) co-
incide, as expected since the latter inequality is saturated
by the above Gaussian pure state. In contrast, as shown in
Fig. 1, when ny < ng (or u < 1), the right-hand side of (10) is
slightly smaller than the one of (4). It is then natural to wonder
if there are non-Gaussian pure states inside this gap. This is
indeed the case, as we show in Appendix C. This means that
for a fixed M1y, there exist non-Gaussian pure states with a
higher & than any Gaussian pure state with the same value of
M, provided ny # ng.

Note, finally, that one cannot expect a lower bound on the
entanglement of formation in terms of My since a product
state has vanishing entanglement while it can have an arbitrar-
ily large M1n. The product of a strongly squeezed pure state
with the vacuum is an example of such a case.

III. ENTANGLEMENT GENERATION WITH A BEAM
SPLITTER

It is well known that a balanced beam splitter B =
exp[%(aiag - ala;)] applied to a separable in-state |Yi,)
produces an out-state |Yoy) = EWin) that can be entangled
provided the in-state is optically nonclassical [28,34,47,48].
In [28], this property is used to quantify the amount of
nonclassicality in a single-mode state |¢) by the amount of
entanglement obtained in the out-state of a balanced beam
splitter with an input state |{;,) = |¢) ® |0). Here we take a
different approach. We treat entanglement and optical non-
classicality as independently and a priori defined properties
of the states, and bound the amount of entanglement that can
be obtained in the out-state by the amount of nonclassicality
of a general separable in-state, as measured by its Mn. By
applying Theorem 1, we are indeed able to determine how
efficiently a beam splitter can generate entanglement in this
manner. To see this, note that Eq. (5) implies an upper bound
on the entanglement of formation of |{y) given the amount
of optical nonclassicality available in |y,), as follows. Let,
for any value of the available nonclassicality Mno > 0,

So = {I¥in) = l@a, ¢8) | Mn(¥in) < M1N o).

Since B preserves the total noise [Ni(Vou) = Nt (¥in)],
Eq. (5) implies

1 1
Er(You) < g(E[MTN(‘/fin) — 1]) < g(E(MTN,O - 1)),
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since g is a monotonically increasing function. To
see the bound is reached, let, for s> 0, ¢ € [0, 27],
S(s, ) = e2@“@=¢"a™)  and  define  |ga) = |50, 0) :=
S(s0,0)[0) and |gg) = |so, /2) := S(s0, 7)|0), with s
chosen so Ehat Mn(¥in) = cosh(2sg) = My . In this case,
[You) = Bl¥in) = [¥1ms), where [frvs) is the two-mode
squeezed vacuum state with Mn(Yrms) = Mn o, Which
we saw saturates (5). There is a readily identified family
of states that saturate the bound (see Appendix A), but
typically states in Sy do not. Several physically interesting
examples are given in Fig. 1; see Appendix D for details of
the computations.

When  |¥i,) = [N, 0), Min(¥in) =N+1 and the
entanglement of formation of the out-state satisfies
EF(Wou)/8IMrn(Yin) — 1) =~ 1 for large N. Hence,
only one-half of the possible maximal amount of
entanglement is produced in this manner for a given
amount of optical nonclassicality in the in-state. When
|¥in) = I[N, N), on the other hand, Mrn(¥i,) = 2N + 1,
and, for large N, the entanglement of formation satisfies
5p(1/f0ut)/g(%[./\/lm(1/fm)— 17) ~ 1, and hence almost the
maximum possible amount of entanglement is produced. It
is therefore less efficient to input a 2N photon state on one
mode and the vacuum on the other, rather than N photons
on each. A similar phenomenon occurs with squeezed states
at the input: [Yin) = |25, 0)[0) and [¥in) = Iss, 0)lss, 7).
with s = }1 cosh™'[2 cosh(2s,) — 1], have the same values of
M = cosh(2s,), but the output & is, for large N, twice as
large in the second case.

Let us point out that in terms of resource theory, the beam
splitter does not “convert” nonclassicality into entanglement.
Indeed, the total noise is conserved and none of the optical
nonclassicality resource is lost in the process. Nevertheless,
the above bounds imply that the in-state must have a large
amount of optical nonclassicality for the entanglement pro-
duction to be efficient in this manner. Now note that it was
shown in [46] that environmental coupling leads to nonclassi-
cality loss on a timescale that is inversely proportional to the
My of a pure state such as |iy): this implies that strongly
nonclassical states |y;,) with a large My are hard to main-
tain, so that the production of strongly entangled states with
the above procedure will be difficult to realize.

As mentioned above, Theorems 1 and 1’ involve convex
roofs, which are hard to exploit for mixed states. This is
true even for Gaussian states, for which the entanglement of
formation remains difficult to evaluate, despite recent progress
[53,54]. This problem can, however, be overcome by using
alternative, computable measures of entanglement and optical
nonclassicality adapted to Gaussian states.

IV. GAUSSIAN STATES: BOUNDING &€y BY C

Consider a Gaussian state pg with a covariance matrix
as defined in (11). We will evaluate its nonclassicality using
two recently introduced and readily computable quantities:
the total quantum Fisher information (Fy) [see (12)] and the
quadrature coherence scale (C) [see (14)]. We recall that the
set of optical classical states C [15] of a system of n modes
contains all mixtures of coherent states D(«)|0), where
D(a) =exp(aa’ —a*a) [a = (a5, a2,...,a,) € C" and

a=(a,a,...,a,)] is the displacement operator and |0) is
the n-mode vacuum.

For any state p and observable A,
tum Fisher information of p for A is F(p,A) =
492D p, exp(—ixA)p exp(ixA)lu—0, where D3(p,0) =
2[1 — F(p,0)] is the Bures distance and F(p,0) =
Tr/\/po/p is the fidelity between p and o. It is known
that F(p, A) is convex in p and coincides with 4 AA? on pure
states [55,56]. The total quantum Fisher information of an
n-mode state p is defined as

the quan-

1 2n
Falp)=1-D F(p.R)). (12)
j=1

It follows that the Fi () coincides with Mrn(¥) on pure
states and, since it is convex, Fio(0) < Mn(p). It is known
that the total quantum Fisher information is a nonclassicality
witness, meaning that F,(p) > 1 implies p is nonclassical
[40]. It is, however, not a nonclassicality measure since there
exist nonclassical states for which Fi(0) < 1. Contrary to
Mrn, however, it has the considerable advantage that is can
be relatively easily computed on large classes of states. This
is in particular true for Gaussian states, where one has [38]

1
Foilpg) = %TrV*l. 13)

In [40,46], the (squared) quadrature coherence scale is
defined as

2n
1
C*(p) = 5—= | D_Tilp. RilIR;, p1 |. P =Trp* (14)
2nP =

The quadrature coherence scale measures the spread of the
coherences of the quadratures of the state [46]. Like the total
quantum Fisher information, the quadrature coherence scale
is an optical nonclassicality witness: if C>2(p) > 1, then p is
nonclassical [40]. But it is not a nonclassicality measure. It
can, however, serve to construct such a measure, as shown in
[40].

In general, the Fio; and the C? capture different properties
of states and can, in fact, strongly differ on certain states
[40]. Nevertheless, they are both nonclassicality witnesses and
coincide on pure states:

1
C*(Y) = Fal¥) = Min(¥) = ZMm(Iﬂ)- 15)

In addition, as we now show, they coincide on all Gaussian
states as well, including mixed ones:

1
C*(pg) = For(pg) = ETrV*I. (16)

In view of Eq. (13), it only remains to prove the first equality.
We first note that since both C(pg) and F(pg) are invariant
under phase-space translations, we can assume that (R;) = 0
for all i. The characteristic function of pg is

1 T T
XG(E)=TrpGD(E)=eXP{—§E Qv E},

032413-5



HERTZ, CERF, AND DE BIEVRE

PHYSICAL REVIEW A 102, 032413 (2020)

where

~/0 1
k=1

and & = (&11,&12, ..., &n1, &). It was shown in [40,57] that
the right-hand side of (14) can be written in terms of the
characteristic function y (§) of the state as follows:

20y = MEIXIE an
nllxl3
Here, | - ||» designates the L?>-norm [for example, ||X||% =

f |x|?(£)d?&]. From (17), one finds, with a direct computa-
tion,

1
C*(pg) = - /(w + - EDf(E)E

1 1 1
=-TrX=—TrV"",
n 2n

where f(&) is a Gaussian probability density with 0 mean
value and covariance matrix X = %QV’1 Qr.

We will now connect the optical nonclassicality of Gaus-
sian states (measured with F or, equivalently, C?) to their
entanglement, measured with the logarithmic negativity Exr
[8]. Let T stand for partial transposition in Fock basis applied
to the ng modes only, so that p = Tg[p] denotes the partial
transpose of an arbitrary state. It is known that if p is not
positive semidefinite, then p is entangled [3]. For a bipartite
system of n4 + ng = n modes, the logarithmic negativity of
o is then defined as Ear(p) = In(Tr \/,772). Note that Exr > 0
implies that p is entangled. For pure states, but not in general,
one has Ex(|Y) (¥]) < Ex(J¥) (¥ ]) [8]. The partial transpose
pc of a Gaussian state is again a Gaussian operator, with co-
variance matrix V = TgV T, where Ty = I, " Z”: | ((1) f)l).
The logarithmic negativity of an arbitrary Gaussian state can
be expressed in terms of the symplectic spectrum, V_; <
eV, <10 <o KP4y, (ot ng=n) of V,
as follows [8]: if n_ =0, then En(pg) = 0, otherwise, if
n_>1,

n_
1
& = In —.
N (pG) ; o
This equation, together with Eq. (16), allow us to derive a
main bound for arbitrary Gaussian states:
Theorem 2. Let pg be a bipartite Gaussian state. Then,

En(pg) < n[lncz(pc)Jrln ni} (18)

Proof. We note that V-l = TV~'T; so that C?(pg) =
ﬁTrV’l. Therefore,

1 Ifen 1 1
C*(pg) = ESUV_I = ;( —+ ~—)

i=1 ’ i=

since TrA > StrA [52] and since P4 ; > 0, Vi. Using the con-
cavity of the logarithm, it implies (18). ]

In the special case ny = ng = 1, a better bound can be
0bta~ined when Exr(pg) > 0 using the knowledge of detV =
detV = p292:

e )>1<1+1> 1<1+ f)_>
pg)z\— T )=z\=—T1T—F—= )
72\l T, 2\0-  JdetV

with I_ = e~ This inequality is saturated when the
trace and symplectic trace of V! coincide.

Theorem 2 shows that a large entanglement implies a large
optical nonclassicality, but, in contrast with Theorem 1, both
sides of the inequality are readily computable. It is instructive
to rework (18) and eliminate n_ from it:

Corollary 2. Let pg be a Gaussian state. Then,

n 1 1
Enlpoe) > = = InC*(pg) > ~Exlpe) ==, (19)
C(pg) < e« = Enlpg) = 0. (20)

Proof. First note that n_In(n/n_) < n/e, so that (18) im-
plies n_InC?(pg) = En(pc)—2. Hence, if Exr(pg)—2 > 0,
then n_ > 1 and C*>(pg) > 1. Equation (19) then follows.

To prove (20), note that (18) implies that

n_ n_
_In—— < =€ —n—In— <
n nCZ(pG) X N(pg) —n " n " X

|3

Hence, C2(pg) = e . Therefore, if C%(pg) < "%, then
n_ < 1, which implies (20). |

Estimate (19) provides a precise quantitative meaning to
the statement that a strongly entangled Gaussian state has a
large C?(pg) and is therefore far from optical classicality. One
observes here, as in (6), an exponential growth of the optical
nonclassicality with the entanglement of pg. Estimate (20)
shows that a Gaussian state with small C?>(pg) (well below
the nonclassicality threshold 1) cannot be entangled.

V. CONCLUSIONS

We have established inequalities relating, for arbitrary
states of a multimode optical field, several standard measures
of entanglement and of optical nonclassicality. In a nutshell,
the optical nonclassicality of a strongly entangled state is
necessarily large and, in fact, grows exponentially with its
entanglement. As an application, we have bounded the amount
of entanglement of formation that can be produced by sending
a separable pure state through a beam splitter. Our bound
implies that the nonclassicality of the in-state needs to be
exponentially large as a function of the expected entangle-
ment of formation of the out-state. Since nonclassicality is
a resource that is hard to generate and preserve due to envi-
ronmental decoherence, as shown in [46], our results can be
interpreted to say that, insofar as the states of a multimode
bosonic quantum field are concerned, the fragility of their
entanglement is a consequence of their large nonclassicality.
In addition, we have shown that entanglement is more effi-
ciently produced in a beam splitter when the nonclassicality is
distributed equally among the two input modes.

Measuring entanglement or nonclassicality is, in general, a
difficult task, but, by restricting to Gaussian states (including
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mixed ones), we also have established bounds between explic-
itly computable measures. In the process, we have derived an
explicit and simple formula for the quadrature coherence scale
of a Gaussian state which only depends on the covariance
matrix.

Finally, let us mention that there is interest in com-
paring the nonclassicality and entanglement of multimode
(non-Gaussian) states, for example, of the photon-added and
-subtracted states [58,59]. The tools developed in this paper
can serve this purpose.
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APPENDIX A: STATES SATURATING THE BOUND (5)

We identify here all pure states |1) of n modes that saturate

(5) withny = ng = 5; nis even.

Let us write
W) = culk, 1),
k.l k.l

with k = (ky, ..., ky,), I = (1, ..., 1,,) € N". The reduced
states on the first (or last) n, modes are

pa =Y (CCORLINK,  pp =) (CTCHrID,

kK’ Lr

D lalP =1,

(AL)

where C is the operator defined as C = Zk’ « Ciie|k) (k'] and
we use the notation (- )x x = (k| - |k').

The right-hand side of (5) is the von Neumann entropy of
the unique thermal state pg of ny modes, determined by pg =
Z/;1 > e PR k) k|, with [k|; = Y 4, k;, where B is chosen

such that Tr Nypg = —#4; = §. The bound is therefore satu-

rated iff po = pp = pg, and hence iff C'C = CC" = D, with
D being a diagonal operator with entries dy = Z;'e™#*I1. Let
U = CD~'2; then U is unitary and, with C = UD'/?, one
finds D = CC" =UDU" « DU = UD. We conclude that
|) in (A1) saturates the bound iff C = UD'/?, with U being
a unitary operator commuting with D. One obvious choice is
to take U = I, in which case |y/) is an n/2-fold tensor product
of two-mode squeezed states,

+00
[¥rms) = cosh(r)™" Y (tanh r)*|k. k), B = Incoth’(r),
k=0
for which MTN(wTMS) = COSh(ZI‘) and SF(wTMS) =
g(sinh?(r)). Thus, |y) is a Gaussian state with Mon(¥) =
cosh(2r) and Ep(Y) = 5 g(sinh?(r)), saturating the bound
5).
Note that this is not the unique state saturating the bound
since such a state is determined by C = UD'? = D2y, with

U unitary. Therefore, all saturating states can be obtained
from the above choice by applying local unitaries Uy and
Uj that preserve the photon numbers N, and N3, setting C =
UsD'/>Up. For example, when n = 2, they are all states of the
form
+o0
|¥) = cosh(r)~! Z(tanh rEexplidp)k, k)

k=0

with arbitrary phases ¢y. If ¢ = k¢, these states are the
general two-mode squeezed states obtained when we inject
two orthogonal squeezed states in a balanced beam splitter,
the angle of the squeezing of the first input state being ¢ (the
second input state is squeezed along ¢ + 7 /2). For general n,
one has

W) =252 " exp(=Blkl1/2)lgak: 95.),
k

172

where |@a k) = Ualk), |ppk) = Uglk) and Zg " is a nor-

malization constant; note that IVA|(pA,k) = |k|i|gak) and
Ngles k) = |k|1]¢p.k). In general, such states are not Gaussian.

APPENDIX B: PROOF OF (8)

We prove here the asymptotic expression for N;(N),
namely, Eq. (8). We rewrite Eq. (3) as

ng(vy) = g(u(v — vy)), (B1)

where v, = Nj/na, u = na/ng, and v = N/ny. Since we are
mostly interested in states with a large optical nonclassicality,
we consider the case where v > 1. Writing v, /v = 1 — § and
using that for large x, g(x) =~ In(ex) + ix Eq. (B1) becomes

7 1
M ntepvs) 4+ ——.
gy mepvd) 5

Suppose now that § < 1, uvd > 1,and v(1 — §) > 1. Then,
we find

win(ev(l —8)) +

N; = (1 - 8N,
. 1 el=r 1
with 6 = —|1— . (B2)
m 204 | (ev)I=# + 1

Keeping only the dominant term, one finds (8). In Fig. 2,
the numerically computed solution to (B1) is compared to
the asymptotic expressions (B2). The agreement is seen to be
excellent, even for relatively small values of v. The asymptotic
expression (8) is also shown for comparison.

APPENDIX C: NON-GAUSSIAN STATES VIOLATING
BOUND (10)

We now show that there exist non-Gaussian states that
violate the Gaussian bound (10). For that purpose, we consider
the case ny = 1, ng = 2. The Gaussian states that saturate the
bound are then explicitly given by (0 < g < 1)

Wg) = (=)' > q"In;n, 0).

Here we wrote |n;m;, my) for the Fock state with n pho-
tons in the single A mode and m;, respectively m,, photons
in the two modes of B. For this state, we have explicitly
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(WqgIN W) = 7 and M () = 2(WglN1Yg) 4+ 1. We will
now exhibit a n0n -Gaussian local transformation Up that when
applied to |v,), yields a state |1/') = Ug|,) that has the same
entanglement of formation as |v,) (since Up is local) but that
lowers its M. In other words, we will show that

M) < Man(¥y). (ChH

This implies that
Er(W)=Er(Yg) = e(¥yIN1Yg)/2) > g(W'IN ) /2),

and therefore shows that |1/") does not satisfy the Gaussian
bound (10). Of course, it does satisfy the bound (2). The

local transformation Up is constructed as follows. Let k > 1
be fixed. Then,

Uplmy, my) = |my, mp) if mymy # 0,
Ugl0,0) =10, 0),
Uplmy, 0) = |my, 0) if my # k,
Uglk, 0) =10, 1),
Ugl0, 1) = |k, 0),
Ug|0, mp) = |0, mp) ifmy > 1.
With |¢') = Ugl|y,), one then* easily checks that for i =
12,3, (Y'laily’) =0=(¢'la;|¥"), so that (y'|X;|y') =

0 = (Y/|P|y’). It follows that Mx(y') = 2(¥/|N|y') + 1
It will therefore suffice to prove (V' |N|y') < (1/fq|1§7|1pq). One
readily finds (/[N|y") = (¥ IN|¥) + (1 — ¢)g" (1 — k), so
that (C1) follows since k > 1.

APPENDIX D: BEAM SPLITTERS

For many commonly considered states, the entanglement
produced by the beam splitter is considerably lower than the
maximal value possible. For example, when |¢,) = |N, 0),
one obtains

[Wou) = BIN, 0) m,N —m).

n!2-N
Z m\(N — m)"

30t
25}
20}
15¢

10} .

5 10 15 20 25 30

FIG. 2. Numerically computed solution v, of (B1) (dots) and
asymptotic expression (8) (plain line) and (B2) (dashed line) of
v, = Nj/ny, for different values of u, as indicated.

Then, Mn(¥in) =N+ 1 and Er(Yoy) is glven by the

entropy of the binomial distribution P(k) = AT k),2 N

which, for large N, is approximately given by Ep(¥oy) =~
1 ln(27reN) Hence, in this case, Sp(lﬂ(,ut)/g(l [MNn(Pin) —
1]) ~ 2, as can be observed in Fig. 1. When |¢r,) = |N, N),
one has MN(¥in) = 2N + 1 and [47]

N
[Wou) = BIN,N) =) cu|2m, 2N —2m),

m=0
with

1 J@N =2m)!(2m)!

TN T (N = m)!

For large N, choosing m = N/2 4§, one can apply the
Stirling approximation N! — V2aN(N/e)V to ﬁnd that the
coefficients |c,,|? converge to L&/ ('"/ ™ with f(x) = !

W
This result coincides with the one obtained in [60]. The von
Neumann entropy is thus given by

N
~TrpiInpy = — Z lenl* 1 [l

——ZN|cm| Infe,|?

m=0

- S Fn/N)In £ /) + In ¥
m=0

%

I

—/ f)In f(x)dx +InN
0

—In> + N

_nZ+n .

Hence, in this case, & (You)/8GIMn(¥in) —1]) 1,
which means that asymptotically, the maximal possible
amount of entanglement can be produced in this manner. It
is therefore more efficient to input a state with N photons on
each mode than 2N photons on one mode and the vacuum on
the other, as in both cases Mn(¥i,) = 2N + 1, but the output
Er is, for large N, twice as large in the first case.

If |Yin) = |25, 0)|0), one finds that the out-state is a two-
mode squeezed vacuum state of parameter s on which we
add some squeezing s’ on the first mode and —s’ on the
second. Since those squeezings are local, they do not modify
the value of the entanglement of formation, which is thus
the one of the two-mode squeezed vacuum state. Hence,
Er (You) = g(sinh?(s)). Note, nevertheless, that while a two-
mode squeezed vacuum state of parameter s has a total
noise of cosh(2s), the total noise of the in-state is given by
Min(Win) = %. Only about one-half of the possible
maximal amount of entanglement is produced in this manner.

On the other hand, ift [Yin) = |54, 0)[sx, 3), with s =

i cosh™ 1 (2 cosh(2s,) = 1) ~ 52*, the total noise of the in-state
is also given by MTN(lﬂm) = COSh(;mH but yields, after the
beam splitter, the maximum entanglement possible, namely,
g(sinh?(s,)) > g(sinh?(s)). So in this instance too, it is more
efficient, in terms of entanglement creation, to insert a sym-
metric input in the beam splitter.
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