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Interferometric measurement of the quadrature coherence scale
using two replicas of a quantum optical state

Célia Griffet,! Matthieu Arnhem ®,'-2 Stephan De Bievre 3 and Nicolas J. Cerf!*
I Centre for Quantum Information and Communication, Ecole polytechnique de Bruxelles, CP 165,
Université libre de Bruxelles, 1050 Brussels, Belgium
2Department of Optics, Palacky University, 17 listopadu 12, 771 46 Olomouc, Czech Republic
3Univ. Lille, CNRS, UMR 8524, INRIA - Laboratoire Paul Painlevé, F-59000 Lille, France
4James C. Wyant College of Optical Sciences, University of Arizona, Tucson, Arizona 85721, USA

® (Received 8 March 2023; revised 15 June 2023; accepted 24 July 2023; published 31 August 2023)

Assessing whether a quantum state p is nonclassical (i.e., incompatible with a mixture of coherent states)
is a ubiquitous question in quantum optics, yet a nontrivial experimental task because many nonclassicality
witnesses are nonlinear in p. In particular, if we want to witness or measure the nonclassicality of a state
by evaluating its quadrature coherence scale, this a priori requires full state tomography. Here, we provide
an experimental procedure for directly accessing this quantity with a simple linear interferometer involving
two replicas (independent and identical copies) of the state p supplemented with photon-number-resolving
measurements. This finding, which we interpret as an extension of the Hong-Ou-Mandel effect, illustrates
the wide applicability of the multicopy interferometric technique in order to circumvent state tomography in

quantum optics.
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I. INTRODUCTION

In quantum optics, a state p is said to be optically classical
provided its Glauber-Sudarshan P function is non-negative
[1], that is, if there exists a probability density function P(z)
such that

p= f P(2) |z)(z|d*z. (1)

Here, |z) = D(z) |0) are the coherent states with z € C, |0) is
the vacuum state, and D(z) = exp(za" — z*a) is the displace-
ment operator. In other words, an optically classical state is
a statistical mixture of coherent states. Detecting the optical
nonclassicality of a given state p using this definition is, un-
fortunately, very difficult since the P function can be singular
and hence hard to determine both theoretically and experi-
mentally. Further, it is impractical to rule out the existence of
a convex mixture of coherent states realizing p by checking
all realizations of p. Instead, one is usually forced to resort to
so-called witnesses, which only provide a necessary condition
on the non-negativity of P(z), and hence a sufficient condi-
tion on nonclassicality. Following this line, a large variety of
witnesses and measures of optical nonclassicality have been
proposed in recent decades in order to detect and quantify
nonclassicality; see, e.g., Refs. [2-26].

In this paper, we focus on a witness of optical nonclassical-
ity called the quadrature coherence scale (QCS), introduced in
Ref. [22] and further studied in Refs. [27-30]. The QCS of the
state p of n bosonic modes is denoted as C(p) and its square
is defined as [22,28]
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where T = (X1, p1, ..., %, Pn) is the vector of the position
and momentum quadratures, and P(p) = Tr(p?) is the purity
of the state p. It was shown in Ref. [22] that the QCS is a
witness of optical nonclassicality: if C(p) > 1, then the state
0 is nonclassical. Since the converse is not true, this witness
is not faithful. It nevertheless provides both an upper and
lower bound on some suitably defined distance from the set of
optically classical states C and, as such, it defines an optical
nonclassicality measure [22]. In particular, the larger the QCS,
the farther the state is from Cg. In addition, C2(p) has a direct
physical interpretation as being inversely proportional to the
decoherence time of p [28]. The evaluation of the QCS on
large families of benchmark states has confirmed its efficiency
as an optical nonclassicality measure [22,27-30].

The difficulty with measuring the QCS (or many other
nonclassicality witnesses) of an arbitrary state p arises from
the fact that it is a nonlinear function of p, as is obvious
from Eq. (2). At first sight, it thus seems that the task of
experimentally accessing C(p) imposes one to carry out a full
tomographic reconstruction of p before computing Eq. (2).
Here, we contradict this statement and exhibit an elegant so-
lution that bypasses state tomography and only requires two
replicas (independent and identical copies) of p in order to
measure C(p). The fact that nonlinear functions of a state
may be estimated by quantum interferometry using several
replicas of the state has long been known [31,32]. Specifically,
the evaluation of any polynomial in the matrix elements of p
can be reduced to the measurement of a joint observable over
several replicas of p (the order of the polynomial translates
into the number of replicas) [33]. This multicopy interfero-
metric technique has, for example, been used to witness qubit
entanglement by coupling two identical pairs of polarization-
entangled photons with beam splitters [34]. It was also shown
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to give direct access to the purity and entanglement of atomic
qubits in an optical lattice by coupling the atoms pairwise
via beam-splitter operations [35,36]. Notably, this method has
been exploited for experimentally accessing the entanglement
in a many-body Bose-Hubbard system [37,38]. In particular,
the purity of ultracold bosonic atoms in an optical lattice was
accessed in Ref. [38] by probing the average parity of the
particle number at the output of a 50:50 beam splitter (realized
by controlled tunneling).

Nonetheless, this multicopy technique has not yet been
much exploited in continuous-variable quantum information
theory and quantum optics. An exception is the recent deriva-
tion of symplectic-invariant entropic uncertainty relations in
phase space by using a multicopy uncertainty observable [39].
In a related work, it was also shown that nonclassicality
witnesses based on matrices of moments of the optical field
could be expressed as multicopy observables, resulting in
possible experimental schemes to detect nonclassicality [40].
Here, we use similar ideas and show that the QCS of a state
can be experimentally accessed by performing an interfero-
metric measurement involving only two replicas of the state
impinging on a 50:50 beam splitter. We thereby establish an
interesting connection between the nonclassicality of a state
and the resulting photon-number distribution at the output of
the beam splitter, which can be viewed as an extension of the
Hong-Ou-Mandel effect.

The paper is organized as follows. In Sec. II, we describe
the aforementioned two-copy interferometric circuit and show
how it enables a measurement of the purity of a single-mode
state, which constitutes the denominator of the QCS. Then,
in Sec. III, we show how to use the same measurement to
determine the numerator of the QCS, thereby establishing
our central result. In Sec. IV, we illustrate our two-copy
expression of the QCS [Eq. (16)] by applying it to several
families of benchmark states. As a byproduct of our analysis,
we provide, in Sec. V, an alternative expression for the QCS
that exploits the phase-space formulation of quantum optics
and is of interest in its own right. In the process, we show
that the same interferometric circuit can be used to compute
the overlap between two distinct single-mode states. For nota-
tional convenience, we limit ourselves to the state of a single
bosonic mode in Secs. II-V, but we then show in Sec. VI how
to extend our results to multimode states. Finally, we conclude
in Sec. VIIL.

II. TWO-COPY OBSERVABLE FOR MEASURING
THE PURITY

As is well known, directly accessing the purity P(p) =
Tr(p?) of a quantum state p as the expectation value of some
observable is impossible since it is nonlinear in p. However,
as is also well known and readily checked, the purity can be
reexpressed as the expectation value of the so-called swap
operator $ taken over two replicas of the state, that is [31,32],

P(p) = Tr[(p ® p) 51, A3)

where § is defined as S|@)|¥) = [¥)|@), V |@), |¥). Note that
S is a unitary operator that is also Hermitian, so that it can be
viewed as an observable. The fact that we need two replicas

3)1‘

FIG. 1. Two-copy circuit implementing the measurement of the
purity P(p) as well as quadrature coherence scale C(p) of a bosonic
state 0. Two identical copies of the state are sent on a 50:50 beam
splitter and the photon-number statistics is measured in the out-
put mode d (associated with destructive interference). The mean
photon-number parity yields the purity, while the numerator and
denominator of Eq. (16) can be accessed separately in order to
determine the QCS.

here is, of course, simply related to the fact that P(p) is
quadratic in p.

To find the actual measurement scheme, we proceed as
in Refs. [37,38]. We first write § using the associated mode
operators a and 15, namely,

§ = (3@ -bha-b (4)

as proven in Appendix A. In order to measure S, we can
simply use a 50:50 (balanced) beam splitter. The latter cor-
responds to the Gaussian unitary [41]

Ups = e @, 5)

and, in the Heisenberg picture, it transforms the mode opera-
tors a and b as

¢ = U0)salss = (a+b)/V2,

U . (6)
d = Ul bUss = (—a+b)/V?2,
where & and d denote the corresponding output mode opera-
tors. Hence, Eq. (4) can be reexpressed as

31 — eiﬂdATdA — (_l)fld’ (7)

where iy = d'd is the photon number in mode d. Here, d
stands for the “difference” mode, that is, it exhibits destructive
interference if we feed the beam splitter with two identical
coherent states. From Eq. (7), it thus appears that the mea-
surement of the purity of a state can be achieved by measuring
the average parity of the photon number in the difference
mode at the output of a 50:50 beam splitter after having sent
two identical copies of the state at its input. Indeed, Eq. (3)
reduces to

P(p) = Trl(p ® p) (—1)"]
= Tr[Ups(p ® p)Ug (—1)™], (8)

where the first (second) line corresponds to the Heisenberg
(Schrodinger) picture. An analogous expression can be found
in Refs. [37,38].

To sum up, the two-copy interferometric procedure in order
to measure the purity of a state p is represented in Fig. 1.
One must send two identical copies of p on a 50:50 beam
splitter, which results in the output state Ugs (p ® ﬁ)UgS,
and then measure the number of photons with a photon-
number-resolving detector in the output that is associated with
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destructive interference. The purity is simply equal to the
expectation value of the parity of the photon number in the
reduced state p; = Tr.(p ® p) of mode d, namely,

P(p) = Tralpa(=1)"]. €))

It makes sense that the output mode d is solely involved
here because we expect the purity to be invariant under dis-
placements of p in phase space. Indeed, mode ¢ must be
disregarded since its state depends on the mean field of the
input state p (in contrast, the mean field of p; always vanishes,
regardless of the mean field of p). Furthermore, we easily un-
derstand that Eq. (9) may only depend on the photon number
A4 in mode d since the purity is also invariant under rotations
of p in phase space (remember that a rotation of p induces a
rotation of p, since the beam-splitter unitary Ugs is covariant
with respect to a pair of identical rotations).

III. TWO-COPY OBSERVABLE FOR MEASURING
THE QCS

The central result of this paper is a two-copy interferomet-
ric procedure for measuring the QCS of a state. In the case of
a single-mode state p, Eq. (2) reduces to

1
2P(p)

where the purity P(p) appears in the denominator. The latter
can be accessed by applying the multicopy technique as ex-
plained in Sec. II [see Eq. (9)], so we only need to focus on
the numerator /(). Writing

C*p)=— Te([p, 217 + [p. 1), (10)

N(®)
P(p)’

the numerator can be rewritten as

C*(p) = (11)

== [ f (x —x)? [{x|plx) P dx dx’

+ / (r— P plplp)Pdp dp/}

1 N2 /A VA ’
=§ x—=x)"(x, xX'|p®plx, x)dx dx

Jr/(p—p’)2 (p. P'Ip@pIp, pYdp dp’}, (12)

where we have expanded the first and second terms of
the right-hand side in the position and momentum basis,
respectively.

In order to access N'(p) from two copies of p, we proceed
along the same line as for the purity P(p). It is easy to
recognize the two-copy observable N that appears in Eq. (12),
that is,

N(p) =Trl(p ® p) N1, (13)
where

N = 3G — %) + (pa — Pp)*18, (14)

with X, (p,) and %, (pp) denoting the position (momen-
tum) quadratures of modes a and b. The terms involving
these quadratures can be simplified by using the quadratures
(X4, pa) of the difference mode d , that is,

N=@&+p3)S=1+2m)8. (15)

The observable N plays the same role here as the swap opera-
tor § in Eq. (3). Note that the two factors in N are commuting
Hermitians, which implies that N is itself Hermitian, as ex-
pected. Remarkably, we see that N is measurable with the
same circuit as the one used for the purity in Fig. 1. Indeed,
putting together Eqgs. (7) and (15), we obtain the two-copy
expression for the QCS,

Tralpa (— 1) (1 4 27iy)]
Tralpa (—1)]

which is our main result. We again need to send two replicas
of p on a 50:50 beam splitter and measure the photon number
iy of the state p, in the difference mode d. From the mea-
sured statistics of 714, we can compute both the numerator and
denominator of Eq. (16).

Similar to before, only the state of mode d is involved in
Eq. (16), which was expected since the QCS is invariant under
displacements in phase space. Further, Eq. (16) only depends
on the photon number 7; in mode d , which ensures that the
QCS is, in addition, invariant under rotations in phase space.

C*(p) = , (16)

IV. APPLICATIONS

Let us discuss some applications of this expression of the
QCS based on two-copy observables, as obtained in Eq. (16).
First, we emphasize that it gives a better grasp of the reason
why it detects optical nonclassicality than the one-copy ex-
pression given by Eq. (10). As shown in Appendix B, Eq. (16)
can indeed be used to quite easily prove that C?> < 1 for any
classical state (mixture of coherent states). In contrast with
the proof of Ref. [22], the physical interpretation is straight-
forward. Sending two identical coherent states |¢) ® |«) in
the 50:50 beam splitter of Fig. 1 results in a coherent state
|+/2 &) in mode ¢ and the vacuum state |0) in mode d. Hence,
the measured value of 71; always vanishes and it is immediate
that C>(Ja)(«|) = 1 for any coherent state |o). Then, a simple
calculation exploiting the Poisson distribution of the photon
number in a coherent state is enough to prove that C> can only
decrease when mixing coherent states.

Second, we note that the definition of the QCS as given
by Eq. (2) [or Eq. (10) for a single mode] is not convenient
for computing its value. A number of alternative expressions
have been derived in Refs. [22,27-29] that are more suitable
for this purpose in various situations. For example, if the
Wigner function of state p is known, one can use Eq. (44);
see below. Simple expressions also exist when the state p is
pure [22] or Gaussian [28,29]. In what follows, we analyze
the expression given by Eq. (16) and illustrate its merits.
We start by rewriting the expression of the purity, given by
Eq. (8), as

P(p) = pa(=1), (17)
n=0
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where
Pn = (1l Pout,sIn) (18)
is the probability of finding » photons in the reduced state
Pouts = TralUss(p ® p)Ugs], (19)

of the measured output mode of the beam splitter. Similarly,

N@) =" pa(—=1)" (1 +2n), (20)

n=0

so that Eq. (16) can be rewritten as

>.(=Drp,
Whereas it looks simple, Eq. (21) yields a convenient method
to compute the QCS theoretically only when the p,’s can be
easily calculated. Still, the main message of our paper is that
provided the p,’s can be experimentally measured using the
above interferometric scheme, we get a direct access to C*(p)
from Eq. (21).
Interestingly, we may suggestively rewrite C>() in terms
of some peculiar average. Let

o (=1)" pa
" Zn(_ 1 )n Pn
be the quasiprobability distribution associated with p, (with
Y, 7 = 1, but , # 0). Then, Eq. (21) becomes
C*(p) =142 (n)x, (23)

where (-), denotes the average with respect to m,. Hence,
(n)r > 0 is equivalent to C2(p) > 1 as a sufficient condition
for optical nonclassicality.

At this point, it is instructive to consider what happens
when p = |{) (Y| is a pure state, so that

Py =D (=1)'pa= 1. (24)

Cl(p)y=1+2 1)

(22)

Since ), p, = 1, this implies that only even values of n can
be observed at the output of the 50:50 beam splitter (p, = 0
if n is odd), which can be viewed as the manifestation of
an extended Hong-Ou-Mandel effect. In this case, w, = p,
becomes a genuine probability distribution and the QCS is
simply given by

Clly)yh =1+2n, (25)

where 7 = ), n p, is the average photon number in the mea-
sured output mode of the beam splitter. We see here that
the QCS always exceeds one, unless the pure state [y) is
a coherent state, in which case p, = 8,0 and 77 = 0. This is
consistent with the fact that the only classical pure states are
coherent states. The value of the QCS for all other pure states
is very easy to find since 7 = (a'a)y — (@), (a')y, where
(-)y = (¥| - |¥) denotes the expectation value in the input
pure state |{). The number 7 is sometimes also called the
number of thermal (noncoherent) photons of |i). Further-
more, it is just equal to the average photon number i = (a'a),,
of the input state if the latter state is centered on the origin
(if the mean field vanishes). We then immediately recover the

Dn
0.15 o
-l ﬁeven,s
pAtherman
0.1
0.05
V%
0 5 10 15 20 n

FIG. 2. Graphs of the photon-number distribution p, as defined
in Eq. (18) for the states Py and Pevenyr With M =5, as well as for
Pthermat,¢ With ¢ = 0.85. The value of g is chosen so that (1) 35 = 5.7
is close to the mean photon number in 19 and Peyen, 5, Namely, 5.5 and
6. The purities of these states are given, respectively, by P(p1o) =
1/10, P(Peven,s) = 1/5, and P(Dihermar,g) = 0.08, while their QCS are
given by Cz([)lo) = 6/57 Cz(,beven,S) = 13, and Cz([)thermal,q) = 0.08.

known expressions of the QCS for a vacuum squeezed state or
a Fock state [22], namely,

C*(1Sq,)( Sq,|) = cosh(2r), C*(In){(n]) =1+ 2n. (26)

Let us turn to examples of mixed states p and illustrate how
the behavior of distribution of the p,’s yields a qualitative idea
on the value of the QCS. For this purpose, we consider the
following two families of states:

1 2M
P = 7 Z_; In)(nl,

with M > 1. It was shown in Ref. [22] that

M
1
Pevenyt = 25 3 12m)(2nl, - (27)

n=1

1 1
D =3 Deven =37 28
Ppo) = 750 Plpesenss) = +- (28)
and
1
cz(m)=1+ﬂ, C*(Peven ) = 1 +2(M +1).  (29)

In other words, as M increases, both states are increasingly
mixed, but, whereas this goes with a lower nonclassicality for
DO2um, the nonclassicality of pevenys gets higher. As shown in
Ref. [22], this corresponds to increasingly fast oscillations in
the Wigner function of Deven s, Which are absent for Py . In
Fig. 2, we plot the numerically obtained values of p, for both
states for M = 5. Some details of the underlying computations
are provided in Appendix C. One observes on these graphs
that the p,’s evolve more smoothly as a function of n for
P10 than for Peyen 5. Since for both states P(p) = Z,iozo(pzk —
Pak+1)s this immediately explains the lower value of the purity
for pyo than for Peyens. In general, it is clear that if the p,’s
evolve slowly with n, the value of the purity will tend to
be smaller. If, on the other hand, they change sharply with
successive n (with higher values for even n than for odd n),
the purity will tend to be larger. This effect is accentuated in
the numerator of the QCS because of the extra n factor. This
qualitatively explains the large value of the QCS for Peyen s
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as a consequence of the sharp variations in the corresponding
p.'s as observed in Fig. 2.

To further corroborate this picture, we compute the QCS
for thermal states,

pg=U—q)) q'In)nl, 0<q<1, (30)

with a mean photon number (1), = g/(1 — g). Since sending
two identical thermal states at a beam splitter results in the
same product of thermal states at the output [41], we simply
have p, = (1 — q) ¢". The graph of p, for g = 0.85 is shown
in Fig. 2 and one sees that it is indeed very smooth as a func-
tion of n, without fast oscillations as expected since thermal
states are well known to be classical. Using Egs. (17) and (20),
we have

Py =0-q)) (—=1)'q"=—, (31)
K Z; l+g¢
AK%)=(®—@5§GJY¢%P+b0=Elzgé, (32)
s 1+9
so that Eq. (21) yields
208N l—gq _ 1
C(W)_1+q_1+2mh<l' (33)

In short, when the p,’s can be determined, experimentally
or otherwise, an inspection of their behavior as a function of n
gives a good indication of whether the QCS is large or small.
More precisely, one expects that when the p,’s evolve slowly
with n, the state has a small QCS, whereas sharp variations in
the p,’s indicate a large QCS, and hence a nonclassical state.
Note that these variations can be viewed as a consequence
of quantum interference, so that we see here again that large
interference effects are associated to a large degree of nonclas-
sicality. When the state is pure (except for coherent states), the
full sequence p, exhibits clear oscillations since all odd terms
vanish (extended Hong-Ou-Mandel effect). When the state is
mixed, the fluctuations may remain, but are less pronounced.
Thus, overall, Eq. (21) suggests that the QCS is a measure of
the intensity of these fluctuations.

In practice, it must be stressed that the above procedure
for measuring the QCS requires optical phase stability since
the two replicas of the state are interfered at a 50:50 beam
splitter before being measured. Crucially, the accuracy of the
obtained value of the QCS is also conditional on the ability
of the detector in Fig. 1 to resolve the photon number; this is
especially true given that Eq. (21) depends on the parity of the
photon number. In case imperfect photon-number-resolving
detectors are used (realized, for example, with arrays of on-
off photodetectors), the limitations of the method should be
carefully analyzed. Furthermore, the influence of mode mis-
match, optical losses, and detector noise should be considered
in order to effectively use our protocol (these imperfections
could be overcome in an experimental demonstration of our
protocol [42]; see note at the end of this paper).

V. PHASE-SPACE INTERPRETATION

Combining the results of the previous sections with phase-
space formalism, we can express the purity and QCS of a state

0 in terms of the Wigner function of the output state p, that
is found in the output mode d (associated with destructive
interference). This, in turn, yields expressions of the purity
and QCS in terms of the Wigner function of state p. We refer
to Appendix D for the basics of Wigner functions and the
conventions we use here.

It is instructive to consider the purity as a special case of the
overlap of two input states p, and p; impinging on the 50:50
beam splitter in Fig. 1. If their respective Wigner functions are
denoted by W, (x, p) and W,(x, p), then the Wigner function of
the state on mode d R

Pa = Tre(Pa ® pp) = Tra[Ups(Pa ® Pp)Up], (34)

is given by the (scaled) convolution [43],

Wy(x, p) = Z/Wa(x’, PIWox' + v2x, p' + V2p)dx'dp.

(35)
Its value at the origin in phase space is thus

W,(0,0) = Z/Wa(x’, PIYWo(x', pdx' dp’.  (36)

Hence, using the overlap formula recalled in Appendix D,
given by Eq. (D3), we have'

Tr(pa pp) = 7 Wa(0, 0). (37)

Then, using the well-known property that the value of
a Wigner function evaluated at the origin is proportional
to the expectation value of the photon-number parity [see
Appendix D, Eq. (D6)], we conclude that [37,38]

Tr(Pa Pp) = 7 Wa(0, 0) = Tralpa(—1)"]. (38)

This implies that the overlap between states p, and p,
can be accessed by measuring the expectation value of the
photon-number parity on the output mode d (associated with
destructive interference) of a 50:50 beam splitter using the
scheme of Fig. 1, but with input states p, and p;. Of course,
the purity corresponds to the special case where p, and pj, are
both equal to p, in which case Eq. (38) reduces to Eq. (9).

We will now use Eq. (16) to express the QCS in terms of the
Wigner function of the state p,; and its derivatives evaluated at
the origin. For the denominator, the desired expression results
from Eq. (38) where p, = pp, that is,

P(p) = Tr[(p ® p)S]
= Tralpa (—=1)™]
7 W,(0, 0). (39)

For the numerator N (p), we can write
N(p) = Trl(p ® p) NI
= Tralpa (&7 + p3) (=1)™]

T
= — AW, , (40)

4 x=0,p=0

'Note that W,(x, p) > 0, Vx, p, at the output of a 50:50 beam
splitter with arbitrary input states p, and p, [44], which is consistent
with the fact that the overlap Tr(p, p,) is non-negative.
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where A stands for the Laplacian. The last equality in Eq. (40)
is obtained by again using the overlap formula as well as
the Weyl transform of the operator (fcj + ﬁfl) (=1 /7 [see
Appendix D, Eq. (D10)]. As a result, we obtain

N®@) 1AW,

20 — R
Ci(p) = o) - 4 W, (41)

x=0,p=0

Finally, we can express C2(p) in terms of the Wigner func-
tion of the state p itself (instead of p,). From Eq. (35), with
W, = W, = W and partial integration, one readily sees that

AW4(0,0) = 4/W(x’, PHYAWE, phHdx'dp  (42)

= — ||V, W] (43)

Here, || - ||, stands for the L?-norm, meaning, for example,
IWII3 := [ [W(a)|?d?a and V4 = (3, ds,). Using this, to-
gether with Eq. (36) for W, =W, =W, Eq. (41) can be
reexpressed as

AT

C?(p)= - ———32, 44
(») P (44)

which is a formula originally derived in Ref. [22].

Using these results, one can easily recover the well-
known formula for Gaussian purity, overlap, and QCS (see
Appendix E).

VI. MULTIMODE CASE

The extension of the multicopy interferometric method to
the measurement of the QCS and purity of a n-mode state is
immediate. Note first that the swap operator can be written as

§— i3 z&l(a;—l?;)(ak—ék)’ (45)

where k is the mode index. Coupling the set of & and b modes
pairwise is done with a stack of N beam splitters (see Fig. 3),
each of them effecting the unitary

~ T Ath s BT
Us, = e+ @b, (46)

Defining & and dj as in Eq. (6), one finds
N AgoA
§ = []e i = (—1)>i, (47)
k=1

Hence, the multimode purity is expressible as before,
P(p) = Trl(p ® p)S] = Tr[pa(=1)>+ ], (48)
where
Pa =Tr.(p ® p).

Again, the same circuit can be used to measure the multimode
version of the QCS with

Tr(pa Yo (— D)2 (1 4 2,,))

C*(p) = -
g 0 T (pa(— E )

(49)

VII. CONCLUSION

The quadrature coherence scale is an efficient nonclas-
sicality measure, which can be expressed through several

3> )

B
& \&

>
—

b1 él

| by Ca
p . _
\ by en

FIG. 3. Circuit implementing the measurement of the purity and
QCS for an N-mode state p. Here, two identical copies of the state
are sent in a stack of 50:50 beam splitters and the photon-number
statistics is measured in the output modes 3k, withk=1,..., N.

equivalent formulas, making it relatively easy to compute for
a large variety of states [22,27-30]. It has a clear physical
interpretation, notably because it is inversely proportional to
the decoherence time of the state [28]. However, since it
is a nonlinear function of the density matrix, its measure-
ment would a priori seem to require a complete quantum
state tomography. We have shown that this problem can be
avoided through the use of a simple two-copy interferometric
measurement scheme using a 50:50 beam splitter associated
with photon counting. The method can easily be adapted to
multimode systems, in which case one needs to couple the
modes pairwise using a stack of 50:50 beam splitters. The
challenge of this procedure is, of course, the need to ensure
the interferometric stability of the joint measurement of two
replicas together with reasonably low mode mismatch, optical
losses in the circuit, and extra noise, as well as the need for
photon-number-resolving detectors.

The underlying multicopy technique used here was put
forward in the 2000s [31-33] and was more recently ap-
plied to bosonic atoms in optical lattices [37,38], as well
as continuous-variable quantum optical systems [39,40]. The
present work further extends the range of applicability of this
technique in quantum optics.

Note added. Recently, our protocol for measuring the
QCS has been successfully implemented in an experiment
involving state-of-the-art (superconducting) photon-number-
resolving detectors [42].
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APPENDIX A: SWAP OPERATOR § IN FOCK SPACE

The swap operator S naturally extends to the infinite-
dimensional Fock space of a bosonic mode (or harmonic
oscillator), in which case it is convenient to express it in terms
of mode operators & and b. For this purpose, we introduce the
Hamiltonian H = —(a' — b%)(a — b) and write the Heisen-
berg evolution of & and b (setting /i = 1), namely,

a(t) = exp(itI:I)a exp(—itﬁ),

b(t) = exp(itH) b exp(—itH). (A1)
Hence,
da(t . R
i 2O o, 81 = —aw) + b,
by Ao
17 = [b(t), H] = —b(t) + a(t), (A2)
resulting in the solution
1+ g2zt 1— eZit R
a(t) = a b,
a(t) 5 a—+ 5
l;(t) _ 1— eZtt - 1+ eZit I; (AS)
= 2 a 2 .
Setting t = /2, we obtain
a(r/2) = b, b(r/2) =a, (A4)

effecting a swap of the two modes. This implies that S =
e~'7H  which proves Eq. (4). [ |

Using the unitary Ugg corresponding to a 50:50 beam split-
ter as defined in Eq. (5), we can express the swap operator (4)
in the Heisenberg picture as

§ =0l e Ugs. (A5)

Hence, the swap operator can be implemented by process-
ing the two modes (forwards) through a 50:50 beam splitter,
acting with a m-phase shift in the second mode, and then
processing the two modes (backwards) again through a 50:50

beam splitter. As we could expect, S is simply the Gaussian
unitary that corresponds to a Mach-Zehnder interferometer
with a 7 phase in one of the two arms, effecting a swap
between the two modes.

As an illustration, let us check the effect of S on two
coherent states |«) and |8). We have

A

Sla) ® 18) = Ujis €™ "' Ugs o) ® |B)

Ne mbih |4 T B\~ + B
= es ﬁ>‘ 7z >
_ i et B\le—B
-t A )
_ (Ol+,3)—(01—/3)> (Ol+,3)+(01—,3)>
2 2
=|B) ® ), (A6)

where we have used the fact that a product of coherent
states, |o) ® |B), results under Ugs into another product of
coherent states, |(a + ﬁ)/ﬁ) R |(—a + ﬁ)/ﬁ). Alterna-
tively, we can simply check that §|a) ® |8) is a common
eigenstate of & and b with respective eigenvalues B and « (note
the interchange). Indeed, we have

a@ly® 1) =5E"ad)|a)®I18)
)

la) @ [8)), (A7)
and a similar equation holds for b(S la) ® |B8)).

APPENDIX B: PROOF THAT QCS < 1
FOR CLASSICAL STATES

It was proven in Ref. [22] that the QCS is smaller than or
equal to 1 for all classical states, namely, mixtures of coherent
states, p = f P(a) |a){a|d*a. Here, we provide an alternative
(much simpler) proof of this result by taking advantage of the
two-copy expression for the QCS given by Eq. (16).

To measure the QCS, we inject two identical copies of state
o in the circuit of Fig. 1, so the input state is

ﬁ®ﬁ=fp(a>P<ﬁ>|a><a|®|ﬂ><ﬁ|d2ad2ﬂ, (B1)

with [ P(a)d?a =1 and P(a) > 0, Y. Each product term
o) ® |B) of this mixture results, at the output of the
50:50 beam splitter, in another product of coherent states,
[(a + ﬂ)/ﬁ) ® |(—a + ﬂ)/ﬁ). We only care here about
the reduced output state in mode d , that is,

pa = /Pd<y>|y><y|d2y, (B2)

where we have made the change of variables § = (o + 8)/ V2
and ¥ = (—a + B)/+/2, and then have integrated over vari-
able 6. Here, P;(y), of course, depends on P(«), but its
explicit expression is irrelevant for the proof; we only note
that P;(y) = 0, Vy, since it is a probability density, so that p,
is a classical state too.

We are left with having to compute the mean values of
(—1)% and (—1)%(1 4 2#,) based on the distribution of the
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photon number n, in state p;. Using the probability distribu-
tion of the photon number in a coherent state |y},

g
Py n)=e T’ (B3)
we obtain the following expressions:
Y (=1 py(ng) = e, (B4)
nd=0
oo
2
D =DM (14 2n0) py(ng) = e (A= |y [?). (BS)

nd:()

Hence, taking the average over y, we obtain the simple ex-
pression for the QCS,

JPa) e (1 =y P)dPy
[ Pa(y)e a2y
_ LRy e Ty pdiy
[Pa(y)e a2y
Since the second term in this expression is always positive,

the QCS can only be smaller than or equal to 1 for classical
states. |

C*p) = (B6)

(B7)

APPENDIX C: COMPUTATION OF THE p,
FOR PHASE-INVARIANT STATES

In this Appendix, we briefly indicate how to compute the
Py in Sec. IV for phase-invariant states.

First, let us derive the photon-number probability at the
output if we put N photons in mode &, and N’ photons in mode
b. Then the initial state is given by

a™ btV
———100).p-
N e

Expanding this state in the number bases associated to the ¢
and d modes yields

(=&t +d" W @ +ah)v

INN)ap = (ChH

NN'Yop = 00 C2
INNYap = e |00y (CD)
N+N' N’
=YY ¢t W ,NN)N+N —nnca,  (C3)
n=0 n'=0
where
—DN-nt /NTN'IN + N — n)n!
' NNy = (=1) W/ (N + n)ln

V2NN (0 — ) (N — n 4 )N — ')

(C4)
Consequently, the photon probability distribution in mode d
is equal to

N’ 2
= [Zc(n, n.N, N’)] : (C5)

n'=0

If the state is p = ), An|m)(m|, then, as the input state,
we have

POD =" Juhwmm| @ Im)(m'l,  (C6)

and the probability distribution is given by
Po=_ huhwpy". (C7)

These expressions are readily evaluated numerically and were
used to produce the plots in Fig. 2. It is also clear that these
expressions are not a convenient starting point to analytically
compute the QCS of the state p.

APPENDIX D: USEFUL PROPERTIES
OF WIGNER FUNCTIONS

Setting /i = 1, the Weyl transform A(x, p) of a linear oper-
ator A is defined as
- 1

Ax,p) = > / <x - §|A|x + §>eipy dy. (D)

Applied to a density operator p, the Weyl transform gives the
Wigner function,

1 y y\
Wx, p) = — — Zplx+ =) e dy, D2
(x, p) e /<x 2|,o|x 2>€ y (D2)

while the Weyl transform of the identity operator 1 is sim-
ply equal to the constant function 1/27. Note, also, that the
Weyl transforms of operators f(%) and g(p) are f(x)/2m and
g(p)/2m, respectively, where f and g are arbitrary functions.
For any two linear operators A; and A, the overlap formula
reads

Tr(Al Az) =2 /Al(x, p)Az(x, p)dxdp, (D3)

which implies, for example, that

Tr(p) = /W(x, p)dxdp. (D4)

In order to link the purity with the Wigner function of the
reduced state p; in the “difference” mode (see Sec. V), we
need to compute the Weyl transforms of the parity operator
(=1)"/m, namely,

1oy
21 AR 4

1 y Y\ iny
:2—712/<x—§‘—x—§>e”dy

820
T 2x2
_ 3(x)3(p)
L

where the first equality is obtained by using the evolution
equation and we have used the identity [ e'” dy = 27 8(p).
Hence, using the overlap formula (D3), we get

x+ §> e dy

e dy

(D5)

lTr[,Z)(—l)ﬁ] = anW(x, p)wdxdp
T 2

= W(0,0), (Do)

which proves the well-known fact that the expectation value
of the photon-number parity is proportional to the value of the
Wigner function at the origin. This fact has already been used
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to reconstruct a quantum state using unbalanced homodyne
detection in Refs. [45,46].

In order to express the QCS in terms of the Wigner function
of state p; (see Sec. V), we also need to compute the Weyl
transform of the operator (£ + p*) (—1)"/m and then apply
the overlap formula. We first calculate the Weyl transform of
#2(-1 )ﬁ/n, namely,

1 y|fcz(—1)ﬁ
L Y (VR AT S
2 T

2
1 V[ Y "\
:—/ x—= ) (x—Z|—x—=)ePdy
272 2 2 2

X+ §>ei”y dy

3(2x) 2 iny
= VT
8 8//
_ 5w p) o7
8
where we have used the identity [y e” dy = —2m §"(p).
Using the overlap formula, we then obtain
1 6 8"
_Tr[f\ A2( l)n] — —Zﬁ/W( ('x) (p)
1 *wW (DS)
4 ap2 x:O,p:O7

where we have used the identity [ f(x)8"(x) dx = f"(0).
Similarly, we have

1 . 2 a 18*W
—Trpp* (=D = =5 = ; (D9)
x=0,p=0
so that
. 1
—Tr[p(x + ) (=D = ——AW , (D10)
4 x=0,p=0

where A stands for the Laplacian.

APPENDIX E: GAUSSIAN PURITY, OVERLAP, AND QCS

Let us show how the known formulas of the purity, over-
lap, and QCS of Gaussian states can be painlessly rederived
from the phase-space expressions for these quantities that we
obtained in Sec V. To do this, we start from the expression
of the Wigner function of a Gaussian state centered at origin,
namely,

1

W(x, p) = ————exp("2777'1), El
(x, p) N Y p (ED
with r = (x, p)T and where y is the covariance matrix
o; oy

Here, axz and 03 are the variances of the x and p quadratures,
respectively, and oy, stands for the covariance. It is sufficient

to consider a centered state here since the purity and QCS
are both invariant under displacements in phase space (and
displacements are easy to account for in the overlap between
two states).

1. Purity

We can recover the expression of the purity by using
Eq. (37). If p is a Gaussian state centered at origin, then
0a = p because the product of two identical Gaussian states
impinging on a beam splitter remains unchanged [41]. Thus,
W4(0,0) = 1/(2m +/det y) according to Eq. (E1), so that we
have, from Eq. (37),

Tr(p?) = m Wy(0,0) = (E3)

1
2./dety’
which is indeed the usual formula for the purity of a Gaussian
state [41].

Interestingly enough, it then follows from Eq. (9) that for a
centered Gaussian state,

Tr(p?) = Tr[p (= 1)"].

2. Overlap

We now use Eq. (37) in the special case where p, and
Op are two Gaussian states (both assumed to be centered for
simplicity). First note that if p, () is characterized by the
covariance matrix y, (y»), then the output state p, of the 50:50
beam splitter is a centered Gaussian state with covariance
matrix yy; = (Vu + v»)/2 [41]. Its Wigner function as given
by Eq. (E1) admits the value at origin,

1 1
W4(0,0) = = . E4
a(0.0) 2r/dety;  wa/det(y, + vp) &
Using Eq. (37), we then find
1
Tr(pa ) = =, (ES)
Vdet(ya + v»)

which is the well-known formula for the overlap between two
centered Gaussian states [47].

3. Quadrature coherence scale

If the input state is Gaussian, then W, is simply equal
to the Wigner function of the input state and has the form
of Eq. (E1). In that case, the Laplacian at origin is easily
expressed as

Tr(y ")
2 /dety’

while W,;(0, 0) = 1/(2w+/det y), so that we conclude that the
QCS of a Gaussian state of covariance matrix y is

AW,| =— (E6)

x=0,p=0

1 -1
=-Tr(y ),

y (E7)

x=0,p=0

in agreement with the expression proven in Ref. [28].

[1] U. M. Titulaer and R. J. Glauber, Correlation functions for
coherent fields, Phys. Rev. 140, B676 (1965).

[2] M. Hillery, Classical pure states are coherent states, Phys. Lett.
A 111, 409 (1985).

023730-9


https://doi.org/10.1103/PhysRev.140.B676
https://doi.org/10.1016/0375-9601(85)90483-9

GRIFFET, ARNHEM, DE BIEVRE, AND CERF

PHYSICAL REVIEW A 108, 023730 (2023)

[3] A. Bach and U. Liixmann-Ellinghaus, The simplex structure
of the classical states of the quantum harmonic oscillator,
Commun. Math. Phys. 107, 553 (1986).

[4] M. Hillery, Nonclassical distance in quantum optics, Phys. Rev.
A 35,725 (1987).

[5] M. Hillery, Total noise and nonclassical states, Phys. Rev. A 39,
2994 (1989).

[6] C. T. Lee, Measure of the nonclassicality of nonclassical states,
Phys. Rev. A 44, R2775(R) (1991).

[7]1 G. S. Agarwal and K. Tara, Nonclassical character of states
exhibiting no squeezing or sub-Poissonian statistics, Phys. Rev.
A 46, 485 (1992).

[8] C. T. Lee, Theorem on nonclassical states, Phys. Rev. A 52,
3374 (1995).

[9] N. Liitkenhaus and S. M. Barnett, Nonclassical effects in phase
space, Phys. Rev. A 51, 3340 (1995).

[10] V. V. Dodonov, O. V. Man’ko, V. I. Man’ko, and A. Wiinsche,
Hilbert-Schmidt distance and nonclassicality of states in quan-
tum optics, J. Mod. Opt. 47, 633 (2000).

[11] P. Marian, T. A. Marian, and H. Scutaru, Quantifying Nonclas-
sicality of One-Mode Gaussian States of the Radiation Field,
Phys. Rev. Lett. 88, 153601 (2002).

[12] T. Richter and W. Vogel, Nonclassicality of Quantum States:
A Hierarchy of Observable Conditions, Phys. Rev. Lett. 89,
283601 (2002).

[13] A. Kenfack and K. Zyczkowski, Negativity of the Wigner func-
tion as an indicator of nonclassicality, J. Opt. B: Quantum
Semiclass. Opt. 6, 396 (2004).

[14] J. K. Asboéth, J. Calsamiglia, and H. Ritsch, Computable Mea-
sure of Nonclassicality for Light, Phys. Rev. Lett. 94, 173602
(2005).

[15] S. Ryl, J. Sperling, E. Agudelo, M. Mraz, S. Kohnke, B. Hage,
and W. Vogel, Unified nonclassicality criteria, Phys. Rev. A 92,
011801(R) (2015).

[16] J. Sperling and W. Vogel, Convex ordering and quantification of
quantumness, Phys. Scr. 90, 074024 (2015).

[17] N. Killoran, F. E. S. Steinhoff, and M. B. Plenio, Convert-
ing Nonclassicality into Entanglement, Phys. Rev. Lett. 116,
080402 (2016).

[18] M. Alexanian, Non-classicality criteria: Glauber-Sudarshan P
function and Mandel parameter, J. Mod. Opt. 65, 16 (2018).

[19] R. Nair, Nonclassical distance in multimode bosonic systems,
Phys. Rev. A 95, 063835 (2017).

[20] S. Ryl, J. Sperling, and W. Vogel, Quantifying nonclassi-
cality by characteristic functions, Phys. Rev. A 95, 053825
(2017).

[21] H. Kwon, K. C. Tan, T. Volkoff, and H. Jeong, Nonclassicality
as a Quantifiable Resource for Quantum Metrology, Phys. Rev.
Lett. 122, 040503 (2019).

[22] S. De Bievre, D. B. Horoshko, G. Patera, and M. 1. Kolobov,
Measuring Nonclassicality of Bosonic Field Quantum States
via Operator Ordering Sensitivity, Phys. Rev. Lett. 122, 080402
(2019).

[23] B. Yadin and V. Vedral, General framework for quantum macro-
scopicity in terms of coherence, Phys. Rev. A 93, 022122
(2016).

[24] B. Yadin, F. C. Binder, J. Thompson, V. Narasimhachar, M. Gu,
and M. S. Kim, Operational Resource Theory of Continuous-
Variable Nonclassicality, Phys. Rev. X 8, 041038 (2018).

[25] S. Luo and Y. Zhang, Quantifying nonclassicality via Wigner-
Yanase skew information, Phys. Rev. A 100, 032116 (2019).

[26] M. Bohmann, E. Agudelo, and J. Sperling, Probing nonclassi-
cality with matrices of phase-space distributions, Quantum 4,
343 (2020).

[27] D. B. Horoshko, S. De Bievre, G. Patera, and M. 1. Kolobov,
Thermal-difference states of light: Quantum states of heralded
photons, Phys. Rev. A 100, 053831 (2019).

[28] A. Hertz and S. De Biévre, Quadrature Coherence Scale Driven
Fast Decoherence of Bosonic Quantum Field States, Phys. Rev.
Lett. 124, 090402 (2020).

[29] A. Hertz, N. J. Cerf, and S. De Bievre, Relating the en-
tanglement and optical nonclassicality of multimode states
of a bosonic quantum field, Phys. Rev. A 102, 032413
(2020).

[30] A. Hertz and S. De Biévre, Decoherence and nonclassicality
of photon-added and photon-subtracted multimode Gaussian
states, Phys. Rev. A 107, 043713 (2023).

[31]1 A. K. Ekert, C. M. Alves, D. K. L. Oi, M. Horodecki, P.
Horodecki, and L. C. Kwek, Direct Estimations of Linear and
Nonlinear Functionals of a Quantum State, Phys. Rev. Lett. 88,
217901 (2002).

[32] C. M. Alves, P. Horodecki, D. K. L. Oi, L. C. Kwek, and A. K.
Ekert, Direct estimation of functionals of density operators by
local operations and classical communication, Phys. Rev. A 68,
032306 (2003).

[33] T. A. Brun, Measuring polynomial functions of states, Quantum
Inf. Comput. 4, 401 (2004).

[34] E. A. Bovino, G. Castagnoli, A. Ekert, P. Horodecki, C. M.
Alves, and A. V. Sergienko, Direct Measurement of Nonlinear
Properties of Bipartite Quantum States, Phys. Rev. Lett. 95,
240407 (2005).

[35] C. M. Alves and D. Jaksch, Multipartite Entanglement Detec-
tion in Bosons, Phys. Rev. Lett. 93, 110501 (2004).

[36] R. N. Palmer, C. Moura Alves, and D. Jaksch, Detection and
characterization of multipartite entanglement in optical lattices,
Phys. Rev. A 72, 042335 (2005).

[37] A. J. Daley, H. Pichler, J. Schachenmayer, and P. Zoller,
Measuring Entanglement Growth in Quench Dynamics of
Bosons in an Optical Lattice, Phys. Rev. Lett. 109, 020505
(2012).

[38] R.Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M. Rispoli,
and M. Greiner, Measuring entanglement entropy in a quantum
many-body system, Nature (London) 528, 77 (2015).

[39] A. Hertz, O. Oreshkov, and N. J. Cerf, Multicopy uncertainty
observable inducing a symplectic-invariant uncertainty relation
in position and momentum phase space, Phys. Rev. A 100,
052112 (2019).

[40] M. Arnhem, C. Griffet, and N. J. Cerf, Multicopy observables
for the detection of optically nonclassical states, Phys. Rev. A
106, 043705 (2022).

[41] C. Weedbrook, S. Pirandola, R. Garcia-Patrén, N. J. Cerf, T. C.
Ralph, J. H. Shapiro, and S. Lloyd, Gaussian quantum informa-
tion, Rev. Mod. Phys. 84, 621 (2012).

[42] A.Z. Goldberg, G. S. Thekkadath, and K. Heshami, Measuring
the quadrature coherence scale on a cloud quantum computer,
Phys. Rev. A 107, 042610 (2023).

[43] U. Leonhardt, Quantum physics of simple optical instruments,
Rep. Prog. Phys. 66, 1207 (2003).

023730-10


https://doi.org/10.1007/BF01205485
https://doi.org/10.1103/PhysRevA.35.725
https://doi.org/10.1103/PhysRevA.39.2994
https://doi.org/10.1103/PhysRevA.44.R2775
https://doi.org/10.1103/PhysRevA.46.485
https://doi.org/10.1103/PhysRevA.52.3374
https://doi.org/10.1103/PhysRevA.51.3340
https://doi.org/10.1080/09500340008233385
https://doi.org/10.1103/PhysRevLett.88.153601
https://doi.org/10.1103/PhysRevLett.89.283601
https://doi.org/10.1088/1464-4266/6/10/003
https://doi.org/10.1103/PhysRevLett.94.173602
https://doi.org/10.1103/PhysRevA.92.011801
https://doi.org/10.1088/0031-8949/90/7/074024
https://doi.org/10.1103/PhysRevLett.116.080402
https://doi.org/10.1080/09500340.2017.1374481
https://doi.org/10.1103/PhysRevA.95.063835
https://doi.org/10.1103/PhysRevA.95.053825
https://doi.org/10.1103/PhysRevLett.122.040503
https://doi.org/10.1103/PhysRevLett.122.080402
https://doi.org/10.1103/PhysRevA.93.022122
https://doi.org/10.1103/PhysRevX.8.041038
https://doi.org/10.1103/PhysRevA.100.032116
https://doi.org/10.22331/q-2020-10-15-343
https://doi.org/10.1103/PhysRevA.100.053831
https://doi.org/10.1103/PhysRevLett.124.090402
https://doi.org/10.1103/PhysRevA.102.032413
https://doi.org/10.1103/PhysRevA.107.043713
https://doi.org/10.1103/PhysRevLett.88.217901
https://doi.org/10.1103/PhysRevA.68.032306
https://doi.org/10.1103/PhysRevLett.95.240407
https://doi.org/10.1103/PhysRevLett.93.110501
https://doi.org/10.1103/PhysRevA.72.042335
https://doi.org/10.1103/PhysRevLett.109.020505
https://doi.org/10.1038/nature15750
https://doi.org/10.1103/PhysRevA.100.052112
https://doi.org/10.1103/PhysRevA.106.043705
https://doi.org/10.1103/RevModPhys.84.621
https://doi.org/10.1103/PhysRevA.107.042610
https://doi.org/10.1088/0034-4885/66/7/203

INTERFEROMETRIC MEASUREMENT OF THE QUADRATURE ... PHYSICAL REVIEW A 108, 023730 (2023)

[44] Z. Van Herstraeten and N. J. Cerf, Quantum Wigner entropy, [46] K. Banaszek and K. Wdédkiewicz, Direct Probing of Quantum

Phys. Rev. A 104, 042211 (2021). Phase Space by Photon Counting, Phys. Rev. Lett. 76, 4344
[45] S. Wallentowitz and W. Vogel, Unbalanced homodyning (1996).

for quantum state measurements, Phys. Rev. A 53, 4528 [47] P. Marian and T. A. Marian, Uhlmann fidelity between two-

(1996). mode Gaussian states, Phys. Rev. A 86, 022340 (2012).

023730-11


https://doi.org/10.1103/PhysRevA.104.042211
https://doi.org/10.1103/PhysRevA.53.4528
https://doi.org/10.1103/PhysRevLett.76.4344
https://doi.org/10.1103/PhysRevA.86.022340

