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1. Introduction

Let ℋn be the set of n × n positive semidefinite Hermitian matrices and Sn be the 
symmetric group. The permanent of a n× n matrix A = [ai,j ] is defined as

per (A) =
∑︂
σ∈Sn

n ∏︂
i=1

ai,σ(i), (1)

where the summation is over the n! permutations σ of n elements. It is well known that 
per (A) ≥ 0 provided A is positive semidefinite [1]. For a given A ∈ ℋn, let FA = [fi,j ]
be the n× n matrix defined from A as

fi,j = ai,j per (A(i, j)) , (2)

where A(i, j) is the (n−1)×(n−1) submatrix of A obtained by deleting the i-th row and 
j-th column of A. Note that the Laplace expansion formula for the permanent implies 
that per (A) =

∑︁
i fi,j ,∀j, as well as per (A) =

∑︁
j fi,j ,∀i. Thus, it is clear that per (A)

is an eigenvalue of FA, which is associated with an eigenvector with all equal entries. 
It can also be shown that FA is a positive semidefinite matrix, so FA ∈ ℋn. We note 
that, except for its eigenvalue per (A), its n− 1 other (possibly degenerate) nonnegative 
eigenvalues are connected to A in a nontrivial way.

2. Conjectures

In 1985, Bapat and Sunder conjectured that the following inequality holds:

Conjecture 1 (Bapat-Sunder [2]). If A = [ai,j ] ∈ ℋn and B = [bi,j ] ∈ ℋn, then

per (A ◦B) ≤ per (A)
n ∏︂

i=1
bi,i, (3)

where A ◦ B denotes the Hadamard (or entry-wise) matrix product, namely (A ◦ B) =
[ai,jbi,j ].

This conjecture is the permanental counterpart to Oppenheim’s inequality [3] on de
terminants, which states that det(A ◦B) ≥ det(A)

∏︁n
i=1 bi,i. One year later, Bapat and 

Sunder proposed another conjecture involving the matrix FA that is deduced from A, 
namely:
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Conjecture 2 (Bapat-Sunder [4]). If A = [ai,j ] ∈ ℋn, then1

λmax(FA) ≤ per (A), (4)

where λmax(FA) denotes the largest eigenvalue of the matrix FA = [fi,j ] ∈ ℋn, which is 
deduced from matrix A following fi,j = ai,j per (A(i, j)).

Although both conjectures had remained open for about three decades, Drury recently 
exhibited a counterexample to Conjecture 1 [5], and, two years later, to Conjecture 2 [6]. 
This invalidates both conjectures, of course, but does not make them less interesting. 
Indeed, characterizing the restricted classes of matrices that satisfy one or the other 
conjecture remains an intriguing -- and open -- problem, with applications in quantum 
physics, e.g., quantum interferometry [7--9]. On the mathematics side, several works 
have contributed to this direction [10--12]. Let us present some known results about the 
characterization of the matrices A and B that satisfy Conjecture 1.

Proposition 1. If A ∈ ℋn is a rank-one matrix, then inequality (3) in Conjecture 1 holds 
for all B ∈ ℋn.

Proof. If A is a rank-one matrix in ℋn, then A can be expressed as A = 𝒙∗𝒙, where 𝒙 ∈
Cn and 𝒙∗ = (𝒙̄)T is the conjugate transpose of 𝒙. Let E be the n×n matrix whose entries 
are all equal to 1, and define B̃ = [b̃i,j ] such that b̃i,j = bi,j/

√︁
bi,i bj,j . Since the matrix 

B̃ ∈ ℋn and all its diagonal entries are 1, it is a correlation matrix. As a consequence, we 
have, per(B̃) =

∑︁
σ∈Sn

∏︁n
i=1 b̃i,σ(i) ≤ ∑︁

σ∈Sn

∏︁n
i=1 |b̃i,σ(i)| ≤

∑︁
σ∈Sn

∏︁n
i=1 1 = per (E). 

From this, it follows that:

per (A ◦B) = per ((𝒙∗𝒙) ◦B) = per
(︁
[xibijxj ]

)︁
=

n ∏︂
i=1

|xi|2bi,i per
(︁
B̃
)︁ ≤ n ∏︂

i=1
|xi|2bi,i per (E) = per (A)

n ∏︂
i=1

bi,i. □ (5)

Proposition 2 (Zhang [10]). If A ∈ ℋn has nonnegative entries (ai,j ≥ 0,∀i, j), then 
inequality (3) in Conjecture 1 holds for all B ∈ ℋn.

Proof. Since Zhang’s proof is short, we reproduce it here. If B ∈ ℋn, then |bi,σ(i)| ≤
|bi,ibσ(i),σ(i)|1/2, ∀σ ∈ Sn, this gives 

∏︁n
i=1 |bi,σ(i)| ≤

∏︁n
i=1 bii. Furthermore, since A is 

chosen such that ai,j ≥ 0,∀i, j, it follows that

1 In fact, Conjecture 2 is often stated as the assertion that per (A) is the largest eigenvalue of matrix 
FA = [fi,j ] ∈ ℋn, but this can equivalently be written as inequality (4) since FA always admits per (A) as 
an eigenvalue.
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per (A ◦B) =
∑︂
σ∈Sn

n ∏︂
i=1

ai,σ(i)bi,σ(i) ≤
∑︂
σ∈Sn

n ∏︂
i=1

ai,σ(i)
⃓⃓
bi,σ(i)

⃓⃓

≤
∑︂
σ∈Sn

n ∏︂
i=1

ai,σ(i)bi,i = per (A)
n ∏︂

i=1
bi,i. □ (6)

Thus, colloquially, we may say that Conjecture 1 holds provided A ∈ ℋn is a rank-one 
matrix (Proposition 1) or a matrix with nonnegative entries (Proposition 2). It is natural, 
at this point, to question whether similar properties could be true when restricting 
matrix B in Conjecture 1 instead of matrix A. The counterpart to Proposition 1 was 
proven by Zhang, namely:

Proposition 3 (Zhang [11]). If B ∈ ℋn is a rank-one matrix, then inequality (3) in 
Conjecture 1 holds for all A ∈ ℋn (actually, the inequality is saturated).

Proof. As the proof is succinct, we also provide it for completeness. If B is a rank-one 
matrix in ℋn, then B can be expressed as B = 𝒙∗𝒙, where 𝒙 ∈ Cn, then

per (A ◦B) = per (A ◦ (𝒙∗𝒙)) = per
(︁
[xiaijxj ]

)︁
=

n ∏︂
i=1

|xi|2per (A) =
n ∏︂

i=1
bi,i per (A) . □ (7)

The counterpart to Proposition 2 appears to be a plausible proposition too, but 
Zhang’s proof strategy does not easily extend, so we may only conjecture it at this 
point:

Conjecture 3. If B = [bi,j ] ∈ ℋn has nonnegative entries (bi,j ≥ 0,∀i, j) and A = [ai,j ] ∈
ℋn, then

per (A ◦B) ≤ per (A)
n ∏︂

i=1
bi,i. (8)

Since all counterexamples to Conjecture 1 known as of today [5,8,13] do not involve 
matrices B with nonnegative entries only, it is very tempting to assume that Conjecture 3
holds as well. This would also nicely complete Propositions 1-3. However, an unexpected 
consequence of the main theorem of this paper will be to disprove Conjecture 3 (see 
Section 5).

3. Logically connecting Conjectures 1 and 2

Conjectures 1 and 2 are linked to various similar conjectures involving the permanent 
of positive semidefinite matrices, such as the permanent-on-top conjecture [14], Chollet’s 
conjecture [15], Pate’s conjecture [12], or the Lieb’s permanent dominance conjecture [16]. 
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The reader may consult the reviews of Wanless [17] or Zhang [18] for a comprehensive 
perspective on these conjectures. We note that proving logical implications between con
jectures is a standard tool in this area. This is the approach we follow in this paper: 
our main result is to unveil a logical implication between Conjectures 1 and 2. By mak
ing a detour through a question motivated by quantum physics [7--9], we demonstrate 
that any counterexample to Conjecture 2 can be used to construct a counterexample 
that invalidates Conjecture 1. Although both conjectures are now known to be false, 
this yields a valuable logical implication between specific properties of matrices in ℋn: 
namely, if Conjecture 1 holds for some class of matrices, then Conjecture 2 must hold 
for these matrices too. Conversely, if Conjecture 2 is disproved for a class of matrices, 
then Conjecture 1 is also disproved for those matrices. Our main theorem can be stated 
as follows:

Theorem 1. If A ∈ ℋn is chosen such that inequality (3) in Conjecture 1 is verified for 
all B ∈ ℋn, then A must also verify inequality (4) in Conjecture 2.

Before proving the Theorem, we consider a Lemma. We define a n-dimensional 
complex vector 𝒗, with ∥𝒗∥2 = 1, and a n × n correlation matrix B(ϵ) such that 
B(ϵ) = M∗(ϵ)M(ϵ), where M(ϵ) is the 2 × n matrix defined as

M(ϵ) =
(︄

1/α1 1/α2 · · · 1/αn

ϵv1/α1 ϵv2/α2 · · · ϵvn/αn

)︄
. (9)

Here, ϵ is a real positive variable, vi is the ith component of vector 𝒗, and αi =√︁
1 + ϵ2|vi|2. Thus, B(ϵ) is a positive semidefinite matrix whose diagonal elements are 

all equal to 1, so it is a correlation matrix. Note that B(0) = E. With these definitions, 
we are now ready to state our Lemma:

Lemma 1. Consider a matrix A ∈ ℋn and a correlation matrix B(ϵ) = M∗(ϵ)M(ϵ) ∈ ℋn, 
with M(ϵ) defined as above. For ϵ > 0, the Taylor series of per (A ◦ B(ϵ)) around ϵ = 0
is given by

per (A ◦B(ϵ)) = per (A) + ϵ2(𝒗∗FA𝒗 − per (A)) + O(ϵ4), (10)

where the matrix FA ∈ ℋn is deduced from matrix A following fi,j = ai,j per (A(i, j)).

Proof. In order to prove the Lemma, we perform a Taylor expansion of all entries bi,j(ϵ)
of the matrix B(ϵ) in ϵ = 0, namely

bi,j(ϵ) = 1 
αiαj

(1 + ϵ2v∗i vj) = 1 + ϵ2
(︃
v∗i vj −

|vi|2
2 

− |vj |2
2 

)︃
+ O(ϵ4). (11)

To simplify the notation, we rewrite this equation as
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bi,j(ϵ) = 1 + ϵ2xi,j + O(ϵ4), (12)

where we have introduced the n× n matrix X = [xi,j ] such that xi,j = v∗i vj − |vi|2/2 −
|vj |2/2. This implies that

per (A ◦B(ϵ)) = per
(︁
A ◦ (E + ϵ2X + O(ϵ4))

)︁
= per

(︁
A + ϵ2(A ◦X)

)︁
+ O(ϵ4).

Using a formula from Minc [1] for the permanent of the sum of two matrices, we obtain,

per (A ◦B(ϵ)) = per (A) + ϵ2
n ∑︂
i,j 

(A ◦X)i,j per (A(i, j)) + O(ϵ4), (13)

where A(i, j) is the submatrix obtained by deleting the i-th row and j-th column of A. 
Given the definition of matrix FA = [fi,j ], with fi,j = ai,j per (A(i, j)), the coefficient of 
the term proportional to ϵ2 in Eq. (13) can be written as

n ∑︂
i,j 

xi,jfi,j =
n ∑︂
i,j 

(︂
v∗i vj −

|vi|2
2 

− |vj |2
2 

)︂
fi,j =

n ∑︂
i,j 

v∗i fi,jvj −
n ∑︂
i,j 

(︂ |vi|2
2 

fi,j − |vj |2
2 

fi,j

)︂
.

(14)
By using ∥𝒗∥2 = 1 and the Laplace expansion for the permanent, namely 

∑︁n
i fi,j =∑︁n

j fi,j = per (A), we have

n ∑︂
i,j 

xi,jfi,j = 𝒗∗FA𝒗 − per (A) . (15)

By replacing this expression into Eq. (13), we find that

per (A ◦B(ϵ)) = per (A) + ϵ2(𝒗∗FA𝒗 − per (A)) + O(ϵ4), (16)

which concludes the proof of the Lemma. □
The implication relation between Conjectures 1 and 2 that is contained in Theorem 1

can now be straightforwardly proven based on Lemma 1 as follows:

Proof of Theorem 1. Let A ∈ ℋn be such that λmax(FA) > per (A), thus violating 
inequality (4) in Conjecture 2. By choosing 𝒗 to be the eigenvector corresponding to 
λmax(FA), we have 𝒗∗FA𝒗 > per (A). Thus, for some ϵ > 0, Lemma 1 implies that

per (A ◦B(ϵ)) > per (A) . (17)

Therefore, if matrix A is a counterexample to Conjecture 2 [i.e., A and 𝒗 such that 
𝒗∗FA𝒗 > per (A)], then there exists some matrix B(ϵ) with ϵ ∈ (0, ϵmax) such that A
and B(ϵ) yield a counterexample to Conjecture 1 [i.e., per (A ◦B(ϵ)) > per (A)]. The 
contradiction of this logical implication concludes the proof of Theorem 1. □
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In short, Theorem 1 yields the direct implication Conjecture 1 ⇒ 2, which was not 
known in the literature (see, e.g., [17,18]) and which will be used in Section 4. Note that 
the reverse implication Conjecture 2 ⇒ 1 is not valid, as can easily be tested with the 
example from Ref. [5], which obeys Conjecture 2 but contradicts Conjecture 1. Instead, 
what will be exploited in Section 5 is the contradictive implication (¬Conjecture 2
⇒ ¬Conjecture 1).

4. Consequences of the direct logical implication

Theorem 1 has nice ramifications as it provides some information on the eigenspectrum 
of matrix FA from existing knowledge on matrix A. In particular, any class of matrices A
known to satisfy Conjecture 1 (for all matrices B) is necessarily also a class of matrices 
A satisfying Conjecture 2. We have two interesting instances of this implication, which 
imply the following two corollaries of Theorem 1:

Corollary 1. All rank-one positive semidefinite matrices A satisfy inequality (4) in Con
jecture 2.

By Proposition 1, it is known that all rank-one matrices A satisfy Conjecture 1 for 
all B ∈ ℋn. Hence, we infer that rank-one matrices A must satisfy Conjecture 2 too. 
This can also be verified directly as, if A is of rank-one, then FA = per (A)E/n, hence 
its eigenvalues are 0 (with degeneracy n− 1) and per (A).

Corollary 2. All positive semidefinite matrices A ∈ ℋn with nonnegative entries (ai,j ≥
0,∀i, j) satisfy inequality (4) in Conjecture 2.

By Proposition 2 [10], it is known that all matrices A ∈ ℋn with nonnegative entries 
satisfy Conjecture 1 for all B ∈ ℋn, hence they must satisfy Conjecture 2 too. This 
corollary allows us to easily recover a result that had been found earlier by Pate [12].

Thus, Corollaries 1 and 2 illustrate the fact that the direct implication contained in 
Theorem 1 yields non-trivial results about classes of matrices that satisfy Conjecture 2. 
Although Corollaries 1 and 2 confirm known results, we expect that new results could be 
obtained following the same procedure. Furthermore, as we shall see in the next Section, 
it so happens that the contradictive implication brought by Theorem 1 yields previously 
unknown (classes of) counterexamples to Conjecture 1.

5. Consequences of the contradictive logical implication

Here, we will disprove Conjecture 3 by introducing still another conjecture (Conjec
ture 4) that is implied by Conjecture 3 (in analogy with Conjecture 1 ⇒ 2) and then 
by exploiting the contradictive implication. As we shall see, the validity of Conjecture 1
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in the restricted case of B matrices having non-negative entries (i.e., what we called 
Conjecture 3) implies the following conjecture:

Conjecture 4. If A = [ai,j ] ∈ ℋn, then

λR
max(FA) ≤ per (A), (18)

where FA = [fi,j ] is deduced from matrix A following fi,j = ai,j per (A(i, j)), and 
λR
max(FA) stands for the maximum eigenvalue of the symmetric part of FA over Rn×n, 

i.e., the matrix formed by taking the real part of each entry of FA.

While Conjecture 3 is nothing but a restricted case of Conjecture 1, Conjecture 4 is 
close to -- but yet distinct from -- Conjecture 2 as it refers to the symmetric part of FA

over Rn×n instead of FA. For this reason, we need to slightly adapt Theorem 1, leading 
to the following theorem:

Theorem 2. If A ∈ ℋn is chosen such that inequality (8) in Conjecture 3 is verified for 
all B ∈ ℋn with nonnegative entries (bi,j ≥ 0,∀i, j), then A must necessarily also verify 
inequality (18) in Conjecture 4.

Proof of Theorem 2. By performing a Taylor expansion of all entries bi,j(ϵ) of the matrix 

B(ϵ) at ϵ = 0, we have bi,j(ϵ) = 1 + ϵ2
(︂
v∗i vj − |vi|2

2 − |vj |2
2 

)︂
+ O(ϵ4). If ϵ is sufficiently 

close to zero, and vi ∈ R, ∀i, then B(ϵ) has nonnegative entries. If A and B(ϵ) fulfill 
Conjecture 1, then by Lemma 1 we have 𝒗∗FA𝒗 ≤ per (A), for any 𝒗 ∈ Rn. Since 
FA ∈ ℋn, this last condition can be rewritten as λR

max(FA) ≤ per (A) since the maximum 
eigenvalue of the symmetric part of FA over Rn×n is defined as the Rayleigh quotient 
over Rn, that is, λR

max(FA) = max 𝒗∈Rn

∥𝒗∥2=1
𝒗TFA𝒗. □

In short, Theorem 2 means that Conjecture 3 implies Conjecture 4, in close analogy 
with Theorem 1. As a corollary of Theorem 2, we now exploit its reverse and thereby 
disprove Conjecture 3. This is our last result:

Corollary 3. Conjecture 3 can be falsified, that is, it is not sufficient to consider a ma
trix B ∈ ℋn with nonnegative entries (bi,j ≥ 0,∀i, j) to ensure that inequality (3) in 
Conjecture 1 holds for all A ∈ ℋn.

Proof. We start from a numerically found counterexample to Conjecture 4, which is a 
matrix A of size 16 × 16 constructed as A = X∗X, with X = XR + iXI and

XR =
(︂

25 −23 29 11 −20 47 18 29 35 −25 −32 −28 −18 25 12 −36
8 38 −11 34 61 42 −23 10 35 24 11 9 13 −9 34 22

)︂
XI =

(︂
30 20 51 −43 −11 47 4 27 −26 −2 11 37 64 26 −28 23
0 20 10 4 28 12 −46 24 −43 10 −17 −63 −23 50 −40 15

)︂
.

(19)
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A numerical evaluation gives

λR
max(FA) ≈ 2.2632 × 1064,

per (A) ≈ 2.1978 × 1064, (20)

which yields a ratio λR
max(FA)/per (A) of approximately 1.02982, thereby providing a 

clear violation to Conjecture 4. Consequently, by the contrapositive of Theorem 2, there 
exist some matrices B(ϵ) with nonnegative entries, where ϵ ∈ (0, ϵmax) such that A and 
B(ϵ) yield a counterexample to Conjecture 3, where B(ϵ) = MT (ϵ)M(ϵ) is constructed 
according to Eq. (9), using for vector 𝒗 the eigenvector of the symmetric part of FA over 
Rn, associated to λR

max(FA). □
Note that thorough numerical investigations have been performed for n = 15 but 

no counterexample was found, hence the smallest currently known counterexamples to 
Conjectures 3 and 4 are sixteen-dimensional. Let us also mention that Theorem 2 was 
crucial in this numerical search for counterexamples to Conjecture 3 with large matrices 
because finding counterexamples to Conjecture 4 involves less parameters to optimize 
over (Conjecture 4 involves a single matrix A whereas Conjecture 3 involves two matrices 
A and B).
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