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Gaussian boson sampling (GBS), a computational problem conjectured to be hard to simulate on a classical
machine, has been at the forefront of recent years’ experimental and theoretical efforts to demonstrate quantum
advantage. The classical intractability of the sampling task makes validating these experiments a challenging
and essential undertaking. In this paper, we propose binned-detector probability distributions as a suitable
quantity to statistically validate GBS experiments employing photon-number-resolving detectors. We develop
the theoretical framework to compute such distributions by leveraging their connection with their respective
characteristic function. The latter may be efficiently and analytically computed for squeezed input states as well
as for relevant classical hypothesis like squashed states. Our theoretical framework encompasses other validation
methods based on marginal distributions and correlation functions. Additionally, it can analytically accommodate
various sources of noise, such as losses and partial distinguishability, a feature that has received limited attention
within the GBS framework so far. We also derive how binned-detector probability distributions behave when
Haar averaged over all possible interferometric networks, extending known results for Fock boson sampling.

DOLI: 10.1103/jqvf-pm1r

I. INTRODUCTION

Gaussian boson sampling (GBS) [1] is a well-defined
computational problem that, under plausible complexity-
theoretic assumptions, is conjectured to be hard to simulate
(even approximately) by classical means [2,3]. The task con-
sists of sampling from the output state of a passive linear
optical network (LON) fed with squeezed light, using photon-
number-resolving (PNR) detectors. Recent progress in the
field of photonic quantum technology has led to multiple
independent claims of quantum advantage [4-7]. In addition
to constituting a prime candidate for an experimental demon-
stration of quantum advantage using present day technological
capabilities, GBS also finds application in solving problems of
practical interest such as simulating molecular vibronic spec-
tra [8,9], predicting stable molecular docking configurations
for drug development [10], perfect matchings counting [11],
and finding dense subgraphs [12].

A fundamental problem of GBS is that of verifying the
correct functioning of the device. That means, we want to
certify that data samples are drawn from the ideal theoreti-
cal distribution (also known as ground truth), and not from
an efficiently computable distribution that only resembles it.
For small systems, the ground truth can be analytically com-
puted for arbitrary input Gaussian states and may therefore
be directly compared with the experimental observations [4].

*Contact author: gabriele.bressanini @ gmail.com
fContact author: benoitseron @ gmail.com
*Contact author: leonardo.novo@inl.int

2469-9926/2025/112(1)/012610(14)

012610-1

However, despite remarkable progress of classical algorithms
for the simulation of a boson sampler [13—19], in the quantum
advantage regime direct comparison with the ground truth is
hindered by the very nature of the problem. In fact, com-
puting the theoretical distribution involves the evaluation of
the Hafnian of complex matrices, a problem known to be
#P-hard. Additionally, even if we had access to the ground
truth, the problem would persist, as an exponential number
of samples would be needed to experimentally estimate the
output probabilities. For these reasons, full certification is
believed to be out of reach [20], and one has to rely on
indirect methods to probe the correct functioning of a Gaus-
sian boson sampler. In particular, validation protocols based
on the evaluation of an efficiently computable quantity aim
at identifying scalable and efficient statistical tests that any
GBS experiment operating in the quantum advantage regime
is expected to pass. Useful validation methods should have the
following desirable properties [21,22]. First, they should be
universal—i.e., applicable to any interferometric setup—an
especially important requirement for GBS applications that
need configurability of the LON. They should also be sen-
sitive to high-order multiphoton interference [23], an effect
that can be hampered by partial distinguishability of the input
states [24-26]. Finally, any practical validation protocol must
make a limited use of resources. In particular, the protocol
must be computationally efficient, meaning that the quantity
at its core only requires polynomially many calculations for
its evaluation on a classical computer, and must be sam-
ple efficient, i.e., it requires polynomially many experimental
data samples to estimate the quantity to meaningful relative
precision.
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Several validation methods for GBS are found in the liter-
ature. As already mentioned, for systems of modest size one
is able to compute the full theoretical distribution and directly
statistically compare it with data coming from the experiment.
For intermediate size GBS setups, Bayesian techniques [22]
may be employed. These methods involve computing the
probability of obtaining a specific output detection pattern
under different hypotheses (i.e., different initial states and/or
noise models), and with just a few dozen samples it becomes
feasible to select the most likely hypothesis with high degree
of confidence. While these methods provide strengthening
evidence for reduced versions of a larger experiment, they
become highly unscalable as we approach the quantum advan-
tage regime. For systems operating in the quantum advantage
regime, a popular choice is to consider validation methods
based on the computation of low-order correlation functions
between the photons counts in each output mode [27]. These
techniques, while practical and efficient, were shown to be
insufficiently sensitive to high-order multiphoton interference,
as these correlators may easily be reproduced by classical
models [28].

Additional noteworthy validation methods include heavy
outcome generation tests and other cross-entropy benchmarks
[29,30], as well as that presented in Ref. [31], where the
connection between graph theory and GBS is exploited to
verify the correct functioning of the device.

Recently, validation methods based on detector binning
have been proposed and successfully applied to Fock state
boson sampling (AABS) [32-36] and to GBS experiments uti-
lizing threshold detectors [37-39]. These validation protocols
consist of grouping the detectors at the LON’s output into a
few bins (whose number must not scale with the size of the
system), their measurement readings summed into a single
count for each bin. One is then interested in the probability
distribution of such binned counts, a quantity which is sensi-
tive to high-order interference. This coarse-graining operation
has the effect of exponentially reducing the sample space size,
meaning that the binned-mode photon number probability
distribution can be estimated experimentally, up to a target
total variation distance, using a number of samples which
scales only polynomially with the system’s size, thus ensuring
sample efficiency. Then, crucially, for each validation method
based on this paradigm to be practical, one must show that the
theoretical binned probability distribution can be computed
efficiently, i.e., in polynomial time. This framework encom-
passes validation methods based on correlation functions as
well as marginal distributions.

Previous GBS validation protocols based on binned-count
probability distributions focused on implementations of the
task that employ on/off detectors and made use of numerical
Monte Carlo sampling techniques [38,39]. GBS experiments
that employ PNR detectors have become increasingly popular
in recent years owing to the necessity of entering higher en-
ergy regimes (with detection events with large total photon
number) to achieve quantum advantage. Additionally, PNR
capabilities are required for most of the real-world applica-
tions of GBS, such as the simulation of molecular vibronic
spectra. In this paper, we address the problem of validating
a GBS experiment employing PNR detectors by develop-
ing a framework that enables the computation of binned

count probability distributions for various instances of such
tasks.

In particular we show that the so-called characteristic
function, i.e., the quantity at the core of this work, may be
efficiently and analytically evaluated, providing a theoretical
foundation for future validation protocols. Within our formal-
ism, the only free parameter and sole source of approximation
error is the energy cutoff one has to introduce due to the
Gaussian nature of the initial state. Our method can easily
accommodate for losses in the LON, detection imperfections
and partial distinguishability, a source of noise well studied
in AABS, but whose role has so far been given little atten-
tion in the GBS framework. This is crucial, as experimental
implementations of GBS are unavoidably affected by differ-
ent sources of noise that may challenge the sampling task
from entering the regime where quantum advantage is achiev-
able. Indeed, if enough noise is present, then the sampling
task becomes efficiently simulable using classical algorithms
[40-42].

An adaptation of the validation technique based on detec-
tor binning to Gaussian boson samplers was also considered
in Ref. [43], motivated by the development of a quantum
Proof-of-Work (PoW) scheme for blockchain consensus. Our
work goes beyond this adaptation by discussing in more
detail the computational complexity of the method, as well
as by demonstrating how to compute the binned probability
distributions under different noise models and for classical
mock-up distributions.

This paper is structured as follows. In Sec. II we introduce
notation, define the binned-count probability distribution, and
highlight its connection to the characteristic function, the
quantity at the core of this paper. In Sec. III we explicitly
compute the binned-count probability distribution of a GBS
instance employing PNR detectors, and provide evidence that
it can be done efficiently on a classical computer. In Sec. IV
we derive the Haar-averaged asymptotic behavior of these
distributions, while in Sec. V we show how our formalism
can readily be adapted to compute the binned probability
distributions for classical input states such as thermal states
and squashed states. In Sec. VI we show how a model of
partial distinguishability may be introduced into the binned
GBS framework. Lastly, in Sec. VII we draw conclusions and
give some final remarks.

II. BINNED PROBABILITY AND CHARACTERISTIC
FUNCTION

Let us consider a generic sampling experiment where an
m-mode quantum state p is measured via PNR detection.
As previously mentioned, the validation scheme we propose
relies on grouping the detectors into bins. More formally, we
consider a partition of the m output modes into B bins, i.e.,
nonempty, mutually disjoint subsets {/C j}lf:l such that KC; C
{1,...,m}. We limit the number of bins to be independent
of the size of the experiment, i.e., B = O(1). We point out
that this requirement is necessary to ensure computational
and sample efficiency, as will soon be clear; however, the
formalism and the equations presented in this paper remain
valid for any partition and number of bins. We are interested in
computing the probability P(k) of observing a given detection
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FIG. 1. Binned-detector GBS. A multimode Gaussian input state
Din 18 sent through a linear optical network described by the matrix L.
The output state’s photon number distribution is sampled from using
PNR detectors. These are grouped together into B bins according to
the partition {KC j}f:l of the output modes. P(ky, ..., kg) denotes the
binned probability distribution, i.e., the probability of measuring k;
photons in the jth bin.

pattern k = (ki, ..., kp) of the binned detectors, where k;
denotes the number of photons measured in the jth bin K}, as
depicted in Fig. 1. To do so, one introduces the characteristic
Sfunction [44], defined via the following expectation value:

X(n) = Tr(p ™). M
Here N is a vector of operators defined such that
B B
ﬂ'NZZT]jN]’ZanZﬁfv 2
j=1 j=1 Lek;

where 7; = a}a ; is the bosonic number operator of mode
Jj- We anticipate that, if p is a Gaussian state, then Eq. (1)
may be computed exactly. In Appendix A we show how the
characteristic function and the binned probability distribution
are related via a discrete Fourier transform, namely,

X =) Pk 3)
k
= Y Pk)e™ + (), )
keQB

where Q8 = {k|k; € {0,...,n},Vie{l,...,B}}. Here nis a
photon-number (energy) cutoff the needs to be introduced due
to the Gaussian nature of the input state, which implies that
the total number of photons is not fixed. The restriction to a
multidimensional Fourier transform over (n + 1)® points lead
to an error € (1) that decreases exponentially with n. As shown
in Appendix C, we can choose the cutoff as

1
n=m sinhz(r) + 4 cosh’r log (Z) (@)

to ensure that the error is bounded as follows:
le(m)| < Plk > n] <e, (6)

where log denotes the natural logarithm. Here P[k > n] de-
notes the probability of having more than n photons at the
input of the boson sampler. From Eq. (4), an approximation
of the probability P(k) can then be retrieved by means of an
inverse discrete Fourier transform, namely,

~ 1 27 2i
Pk) = —— § X vk 2k 7
® = s P Pt <n+1“>e +ek. M

where the error € (k) is also bounded by € for the choice of the
cutoff from Eq. (5).

Marginal distributions are naturally encompassed by this
formalism. In particular, £ marginals involve considering only
a fixed set of £ output modes, while disregarding the rest (one
is typically interested in single- and two-mode marginals).
These can be regarded as specific instances of binned proba-
bility distributions, where we consider £ < m bins comprising
a single detector each. As an example, focusing on the first £
output modes, the relevant characteristic function is

X () = Tr{Tr,,_{p} e Zim ), 8)

where Tr,,_,{p} is the reduced £-mode state.

Analogously, if we instead consider threshold photodetec-
tion, the formalism still stands, provided that we replace the
operator 7 - N in the characteristic function definition (1) with

B
ﬂ‘ﬁ=zfljzﬁ1,e, ©))

j=1  LekK;

where IAIM =7 — |0)(0] represents the “on” element of the
threshold detection’s POVM acting on the Hilbert space of
mode ¢ and Z denotes the identity operator. Notice how, in
this scenario, there is no need to introduce an energy cutoff, as
the sample space size is naturally finite, regardless of the state
0. However, as opposed to GBS with PNR detection, in this
case we are not able to analytically compute the characteristic
function. Nevertheless, this problem may be tackled using the
Monte Carlo techniques developed in Ref. [38]. We also note
that, for GBS experiments employing threshold detectors and
operating in the noncollisional regime (i.e., the probability of
observing two or more photons in any given output mode is
negligible), we may still approximate the binned probability
distribution using Eq. (7).

In the next section we show that it is possible to analytically
compute the characteristic function Eq. (1) of a GBS experi-
ment, by exploiting the phase-space formulation of quantum
optics.

III. CHARACTERISTIC FUNCTION OF GBS

A GBS experiment consists of injecting squeezed vacuum
states into a passive LON and sampling the output state us-
ing PNR detectors. The m-mode initial state p;, entering the
interferometer thus reads

m

pin = @) SrI0Y (018 (r)), (10)
j=1
where
3(rj) = e7 @' =) (11)

is the well-known single-mode squeezing operator and r; > 0
is the squeezing parameter. The evolution of the input state
through the LON is described by the quantum CP-map €£.
In particular, the linear transformation of the system’s modes
induced by the (possibly lossy) LON is entirely characterized
by a subunitary matrix L. In the following, we provide an
overview of the techniques employed to analytically compute
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the characteristic function
X () = Tr{E (i)™}, (12)

while the details of the calculation may be found in
Appendix B.

Using the identity e® =: ¢©’~D% : where : o : denotes
normal operator ordering, we can write the multimode phase-

shift operator eV as follows:
IS B i
&MV = ® ® s @ =D . (13)
j=1 EEK:/’

The expectation value of a normally ordered operator may
then be evaluated by averaging over the phase-space vari-
ables according to the positive P representation of the state.
In fact, any m-mode quantum state p admits a non-negative
phase-space representation via a quasiprobability distribution
P(c, B) such that

loe) (B”|
(B"la)’
where |a) = |o1) ® - - - ® |a,,) 1S an m-mode coherent state.
Furthermore, a squeezed vacuum state admits a positive P

representation on the real space (rather then complex) [38],
and consequently the positive P representation of p;, reads

p= / e d*" BP(e, B) (14)
CZW

S VT v 2) (!
P,»n(x,y)=1_[[—ny,ye(""2”"2)(”‘ “/2”)"”}, (15)

i=1

where x,y € R™ and y; = ¢ — 1. After some calculations,
we obtain

X(n) = / d"xd"yPy(x,y)
RZm

X ez.[;:l(em/_l)Z/e;c/(L*}’)/z(Lx)z ) (16)

Standard, multidimensional Gaussian integration yields the
final result

2T+ 1
X(n)=]_[[ ”] (17)

Vi Jdet{Q}’

i=1

where the matrix Q is defined as

2r-'+1, —LTdiag{e )7 L*
= _lela i ym -1 ’ (18)
gle™ )i, L 2= + 1,
with I = diag{y;}12,.

Let us now briefly consider the computational complexity
of calculating the binned probability distribution (7) using the
approach outlined above. As previously pointed out, Gaussian
states do not have a definite photon content, hence a suitable
energy cutoff n needs to be introduced to guarantee a bounded
error [see Eq. (5)]. With this constraint, only (n + 1)5 binned
photon-count patterns are taken into account, and from Eq. (7)
we see that we need to evaluate the characteristic function
in (n+ 1)® points in order to approximate the binned-count
probability distribution. Lastly, Eq. (17) reveals that com-
puting X (n) amounts to evaluating the determinant of the
2m x 2m matrix Q, which can be done exactly in a time
scaling polynomially with m. From these considerations, we

conclude that the calculation of binned probability distribu-
tions is computationally efficient. In fact, the dependency of
the complexity on the target error € is exponentially better
(poly(log (1/€))) when compared to the counterpart of this
validation method for standard boson sampling (poly(1/¢))
[34]. In the latter case, even though there is no need for an
energy cutoff as the total number of photons is fixed, the
characteristic function is given by a permanent, and so its
approximation up to error € takes poly(1/¢) time.

IV. HAAR-AVERAGED DISTRIBUTIONS

Within the usual paradigmatic setting of ideal GBS, the
m X m unitary matrix U that describes the LON is drawn at
random according to the Haar measure. In this section we
derive the asymptotic properties of the binned probability
distribution P(k|U ) averaged over all possible interferometric
configurations, where we have highlighted the U dependence
of the function. We also derive the corresponding distribution
for distinguishable input states.

We remind the reader that the Haar average of P(k|U) is
defined as

(P(kIU)) = /P(kIU)d,u(U), 19)

where d . denotes the Haar measure and the integral is taken
over the whole unitary group. The unitary invariance of the
Haar measure implies that for every unitary matrix W it holds
that

(P(k|U)) = /P(kIUW)d/L(U)

= /P(k|UW)du(U)dM(W). (20)

The second equality follows from the fact that the averaged
binned probability distribution is independent of W, thus jus-
tifying a further average over the latter. In what follows, we
take W as a diagonal matrix that represents an m-mode phase
shift ¢ applied to the input state. Consequently, the Haar
measure simply reads du (W) = d"¢ /(2w )™. It is well known
that averaging over ¢ causes the off-diagonal elements of the
initial state’s density matrix—expressed in the Fock basis—to
vanish. In fact, let us consider a generic m-mode quantum state

) =" culn), @1)

where |n) = |n1) ® - - - ® |n,,) denotes an m-mode Fock state.
One easily shows that

"¢ .. o
v ign —i¢n __ 2
f € e = Z calIn) (], (22)
where we have used the integral representation of the Kro-
neker delta

d"¢ i(n—m)-¢
— =0 m- 23
Gy s (23)
Hence, the above argument implies that, when computing
Haar averages of the binned probability distribution, we can
equivalently substitute any initial state with its fully decohered
version. The advantage of dealing with such statistical mixture
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lies in the fact that one can readily exploit known results
applicable to Fock states input, by means of postselecting on
the total number of detected photons 7.

In Ref. [45] Shchesnovich used combinatorial arguments
to prove that, given n input photons—either perfectly dis-
tinguishable or indistinguishable—impinging on an m-mode
unitary LON whose output modes are partitioned into B bins,
the probabilities of observing a specific detection pattern k =
(ki, ..., kp), when averaged over the Haar-random interfer-
ometers, are given by

(Pri () = 7k Hq, : 24)
=1
indis isf = [1 + e/lc
o) = <Pso~ca<<k>>“ Ry SRSV,
T2 + €/m)
where ¢g; = |K;|/m, |K;| are the cardinality of ;, i.e., the

number of output modes within the ith bin. By taking the
asymptotic limit n > 1, B < n and B < min ;, these ex-
pressions may be further reduced to the following Gaussian
form:

(xi—g)*
€Xp [ n Zl 1 2(1+aqu¢)q,]
27 (1 + oca)n]B-D/2 Hi:l Vi

y [1 +0(°‘8"*‘)}, 26)
n

where o = n/m is the particle density, 8, denotes the the
Kronecker delta, and we have o = 1 for indistinguishable
particles and o = O for distinguishable ones. Equation (26)
represents the quantum generalization of the well-known
asymptotic law for a multinomial distribution (de Moivre-
Lagrange-Laplace theorem [46]) which governs the behavior
of boson sampling instances with perfectly distinguishable
particles (o0 = 0). Quantum statistical effects are taken into
account by the parameter «. Note how the asymptotic law in
Eq. (26) depends only on the total number of photons, but
not on the the specific Fock input state compatible with the
total photon number n. Additionally, Eq. (26) is valid for any
assignment of modes to bins, at fixed cardinality of the latter.

Coming back to GBS, let us consider, as an example, the
paradigmatic instance of the task where m identical squeezed
vacuum input states S(r)|0) enter the LON. Upon postselect-
ing on detection events with n total photons, the probability
of observing a specific pattern k, averaged over Haar-random
unitaries representing the ideal LON, will be approximated
by Eq. (26), suitably renormalized according to the total
photon number distribution. The latter is equal to P,(n/2),
i.e., the probability of detecting n/2 photon pairs, given by
Eq. (C3). Putting everything together we obtain the Haar-
averaged asymptotic law for binned-detector GBS

< Gauwan(k)> P, (n/2)< ock(k)>

(Plgock (k)> ~

- <5 +§ B 1) (sech )" (tanh )" (PG, (k).
’ 27

Notice how the above equation holds for even n, while
(PZ (k)) =0 otherwise, due to the fact that ideal

Gaussian

squeezed vacuum states only contain an even number of pho-
tons. We display this distribution in Fig. 2, with a comparison
to numerical averages.

V. CLASSICAL MOCK-UP DISTRIBUTIONS

Within the context of validating a Gaussian boson sam-
pler, it is of great importance to ensure that the experimental
samples are statistically more compatible with the theoretical
ground truth of a (possibly lossy) GBS instance, rather than
with the output probability distribution of a sampling task
that may be efficiently simulated on a classical machine. This
situation arises, for example, when the input states entering
the LON are P-classical states, i.e., their Glauber-Sudarshan
P representation is non-negative. These classical input states
can then be chosen to resemble a squeezed vacuum state.

We remind the reader that any m-mode quantum state p
admits a diagonal representation on the coherent state basis
by means of the Glauber-Sudarshan P function, namely,

p= / d*"BP(B)|B)(BI. (28)

Despite being normalized, P(f8) may diverge more severely
than a delta function and, in general, is not positive semidef-
inite. A state p is said to be P-classical, if its P function is
positive and well behaved.

The computation of the characteristic function for a GBS
instance employing P-classical input states (details can be
found in Appendix D) proceeds similarly to what we have
outlined in Sec. III, the main difference being that we can
now exploit the Glauber-Sudarshan P representation, thus
eliminating the necessity of resorting to the positive P repre-
sentation. This, in turn, results in the dimension of the phase
space being halved. Once again, we start from the definition
of the characteristic function

X () = Te{E(pin)e™}, (29)

where now the quantum state at the output of the LON can be
expressed as

E(pin) = /dzmﬂl’m(ﬂ)lLﬂHLﬁL (30)

where P, is the P function of the m-mode input state. Starting
from Eq. (13) and after some algebra, we obtain

X(p) = f A" B P, (B)FUTE, 31)

where Y = LTHL* and H is defined in Eq. (B17). In what
follows, we focus on two relevant classes of classical input
states, namely, thermal states and squashed states. These con-
stitute two of the most common choices of P-classical input
states that are tested against experimental data coming from a
Gaussian boson sampler [47].

Let us consider an m-mode thermal input state p;, =
®;."= 1 Drn(m;), where 7; is the mean photon number of (7;).
One can show that its P function reads

Pu(B) = Ne PP, (32)
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FIG. 2. Haar-averaged binned probability distribution and asymptotic law. We consider an ideal m = 20 mode GBS instance where the
input states are identical squeezed vacuum states with squeezing parameter » = 0.4 and the PNR detectors are evenly split into B = 2 bins. We
plot the Haar-averaged binned probability distribution of such GBS experiment. On the x axis are the photon count patterns [k, k], while on
the y axis are their probabilities. The blue dots represent a numerical Haar average over 100 iterations, their respective error bar representing
the standard deviation of the numerical average, while the orange columns follow the asymptotic law given in Eq. (27). The main figure shows
data points up to eight detected photons, while the inset shows the data postselected on measuring 18 photons. In the insert, we show the
asymptotic law for distinguishable particles in purple. Note how only even numbers of photons are detected, consequence of the well-known
fact that the expansion of the squeezed vacuum state on the Fock basis does not contain odd contributions.

where D = diag((;)"!, ..., (W,)"") and with 77; = (e* — 1)/2. The P function of the state (36) reads
G Py (B) = Ne > Pxsm(y), 37
N=T] [F} a3 «(B) ) (37)
: n;
=l whereﬂ:x—i—iy,D:diag(%,...,2)A—e —1and
We can now substitute Eq. (32) into Eq. (31), carry out a
multidimensional Gaussian integral, and obtain m 7
X)) =N—=, (34) i=1 i
v det{Q}
. . . Substituting Eq. (37) into Eq. (31) and integrati th
where Q is a complex symmetric matrix defined as mlf disli:nlsrilfnalq de(lta )fulrr:c(t)ionqleg ds)t(jm fntegrating over the
_(2D-U-UT iU-um
0= ( UT-U) 2D U~ w>' (35) X)) =N / d"x X OUTXE (39)
Let u.s pow focus on squfashec.l states, i.e., Gaussian states Finally, standard multidimensional Gaussian integration
that exhibit vacuum fluctuations in one quadrature (and more yields
than vacuum fluctuation in its conjugate). They may conve-
niently be parametrized as squeezed thermal states, namely, (27
X)) = , (40)
det{Q}

pin = ) SGr) 0 ()8 (1), (36)

i=1

withQ =2D —U — UT.
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VI. PARTIAL DISTINGUISHABILITY

Together with losses and detection inefficiencies, partial
distinguishability constitutes another source of imperfection
that might prevent the sampling task from entering a regime
where quantum advantage is, in principle, attainable. In
Ref. [26] the authors introduced a simple toy model of GBS
that aims at capturing some of the phenomenology associated
with partial distinguishability of the photons, and studied
how the latter—measured by the indistinguishability effi-
ciency 0 < n; < l—affects the computational complexity of
the problem. The idea that underlies the model is that, be-
fore entering the interferometer, the initially indistinguishable
light undergoes a process which turns some of the photons
into distinguishable ones. These then propagate through the
LON via virtual modes without interfering with other photons
before being eventually measured by the detectors. In the
following, we adopt the nomenclature of Ref. [26] and call
“port” what we have referred to as “mode” up until now. In
fact, each of the LON’s m ports is simultaneously populated
by the indistinguishable mode as well as by other m additional
distinguishable modes, that independently contribute to the
photo count. Equivalently, each mode spans m ports and we
reserve the superscript (j) for quantities related to the jth
distinguishable mode. The indistinguishable mode is initially
populated with m squeezed vacuum states. On the other hand,
each virtual mode is initialized in the vacuum state, until a fic-
titious beam-splitter-like transformation causes the exchange
of photons between the jth port of the indistinguishable mode
and the jth port of the jth distinguishable mode.

As a result, before entering the LON, both the indistin-
guishable and distinguishable modes are populated by lossy
squeezed vacuum states, their covariance matrices respec-
tively given by (see Ref. [26] for more details)

o =Pt m. (41)
j=1
o =1 2, ®6(rj, 1 — 1) ® Loz, (42)
where
3 41— 0
&) = (’7 o perai_n) @

is the covariance matrix of p(r, n), namely, a single-mode
squeezed vacuum state S(r)|0) that propagated through a loss
channel with trasmissivity 7. The output detection pattern is
obtained simply by summing the contribution of the indis-
tinguishable mode n = (ny, ..., n,) and those of the virtual
modes n') = (n(lj ). ..., n¥). As the modes contribute inde-
pendently to the photo-count, it follows that the model we
have described is equivalent to simulating m + 1 distinct lossy
GBS instances where the Gaussian input states have covari-
ance matrices (41) and (42), m-port each LON is described
by the matrix L, and corresponding output ports across the
m + 1 modes are grouped together. Later we will absorb the
fictitious losses of the input state into the LON, in order to
retain a GBS implementation whose input ports are fed either
with squeezed vacuum or vacuum states. Detector binning
is easily incorporated into this framework by considering a
partition of the output ports {C j}lf | across all modes and

ﬁ(hﬂh) - —

/3(7'27 771') | L _

A(rm;m:) — —

PHYSICAL REVIEW A 112, 012610 (2025)
A(r1, 1 —m;)

}
R

pAin

[0y  — —
0)  — —

A(Tm, L — Th’) 1 = ]

FIG. 3. Partial distinguishability model. Before entering the
LON, the input state p;, = ®f"=1 S(r[)|0) undergoes a process that
turns some of the photons into distinguishable ones, and whose
probability is parametrized by the indistinguishability efficiency 7;.
As a result, the state is split into a indistinguishable component
(yellow), and a perfectly distinguishable one (green) that propagates
through the LON via m virtual modes without interfering with other
photons. Since the modes contribute independently to the final photo
count, the model is equivalent to simulating m + 1 independent lossy
GBS instances and grouping the corresponding detectors across all
modes to retrieve the binned photon counts (in the above example, we
have considered a bipartition {C;, K5} of the detectors). Here p(r, 1)
denotes a lossy squeezed vacuum state, whose covariance matrix is
given by Eq. (43).

further grouping together corresponding bins, as can be seen
in Fig. 3 (notice how the total number of bins remains B).
This is clearly equivalent to simulating a bigger GBS instance
with m(m + 1) ports; however, since most of them are fed with
vacuum states, this is not reflected in an increase in the com-
putational complexity of computing the binned probabilities.
We illustrate this with a simple example of an m-port GBS
experiment with input state p;, = |V,) (Vinl, Where |¥y,) =
S(r)0) ® [0y®"1, Exploiting the positive representation on
the phase real space of a squeezed vacuum state we can write

A [x) (vl
in — d"xd" Pin s ) 44
P / xd"y P (x,y) o) (44)

where Py, (x,y) = P(xi, y1) [TiZ; 8()3(yi) and P(x, y) is de-
fined in Eq. (B21). The characteristic function is given by

X() = / A"xd"y P, y)e W, 4s)

and after integrating over the delta functions we are left with
the two-dimensional Gaussian integral

Ze*%ZTQZ _ ity

= 46
y+/det{Q} o
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ﬁ(rl,m) —

/3(7‘27771) ] L —
: : : Ky

P(rmsmi) — —

IKCo

VL

5(rm) [0) — —

FIG. 4. Loss absorption into the LON. On the left, a GBS instance where the LON is described by the subunitary matrix L and is fed with
lossy squeezed vacuum states p(r, ;), whose covariance matrix & (r, ;) is given by Eq. (43). On the right, an equivalent instance of the task
where the initial states’ losses have been absorbed into the LON. As a result, the latter is described by the matrix ,/7;L and is fed with ideal

squeezed vacuum states.

where z = (x1, y;) and
2y +1
2={1-w,
Hence, in this scenario computing the characteristic function
amounts to the calculation of the determinant of a 2 x 2 ma-
trix, while in Sec. III we showed that when all input ports
are fed with squeezed light the Q matrix is 2m x 2m. One
then easily realizes that, in general, each vacuum input state
reduces the dimension of the Q matrix by 2.

Consequently, computing the characteristic function of a
GBS instance with partial distinguishability amounts to com-
puting the determinant of a 4m x 4m matrix, thus retaining
the same scaling of the ideal indistinguishable case. Lastly,
we point out that the fictitious losses of the input states may
be absorbed into the state’s evolution, as depicted in Fig. 4.
In particular, we consider a bigger LON that describes the

evolution of all ports across all modes, characterized by the
matrix

—1—U
2)/_1 +1>' 37

L=mL® (/1 —nL)®". (48)

Note that simulating GBS with fully distinguishable photons
may be achieved by setting n; = 0, which causes the indis-
tinguishable mode to disappear. In this case, the big LON is
described by

L= @L. (49)

Hence, following the argument above, computing the charac-
teristic function in this scenario amounts to the calculation of
the determinant of a 2m x 2m matrix, the same as for the ideal
indistinguishable case.

VII. CONCLUSIONS

In this paper we have developed a theoretical framework
for validating a Gaussian boson sampler via detector binning.
In particular, we showed how to compute the binned-count
probability distribution for a GBS instance employing PNR
detectors, by means of discrete Fourier transform of the re-
lated characteristic function. We derived an analytical, closed
formula for the latter and showed that its computation only
involves the evaluation of matrix determinants, thus ensuring
the computational efficiency of the protocol. Our theoretical

framework can accommodate for multiple noise sources, in-
cluding loss and partial distinguishability. This is a crucial
requirement to substantiate any claims of quantum advantage,
as the presence of noise and imperfections may render the
task classically efficiently simulable, thus preventing it from
reaching the regime where quantum speedup is achievable.
Additionally, our approach encompasses known validation
techniques based on marginal probabilities and correlation
functions, and may also be used to compute binned-count
probability distributions for classical inputs such as thermal
states and squashed states. These tools could be used in future
experimental work to certify that measured samples are statis-
tically more compatible with the ground truth of GBS, rather
than with an efficiently computable probability distribution
that only resembles the latter.

Lastly, we derived Haar averages of the binned-count prob-
ability distribution for an ideal GBS task and proved that,
for a fixed number of detected photons, one obtains a Gaus-
sian profile in the asymptotic limit. Given the versatility of
the framework we have developed, we propose that detec-
tor binning could serve as a practical and computationally
efficient approach to help substantiate claims of quantum
computational advantage in GBS experiments. We leave the
implementation and numerical testing of these methods with
experimental data as promising avenues for future work.
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APPENDIX A: BINNED PROBABILITY
AND CHARACTERISTIC FUNCTION

Here we explicitly show that the two expressions of the
characteristic function X (n) introduced in Egs. (4) and (1)
indeed coincide. Expanding the state p on the Fock state basis

AT

a .

Eé> (A1)
yields
X () = Te{p ™}y = > Tr{ls) (s|ple) t™™)
=" (sIple) tle™™Vs)
”
=EZMth£3”3“Wm
_ Z tZ 0 Loeerc; St (A2)

Crucially, the sum over s can now be decomposed as a sum
over all possible partitioned modes’ detection patterns k, and
a sum over the Fock states |s) that are compatible with k, i.e.,
kj = Zzacj s¢ forevery j € {1, ..., B}. Hence, we obtain

X(ﬂ) = Z Z (S If) s>eiz/"7/' Z«‘e;c/ se
k  slk
_ elﬂk Slpls P(k)ei"'k, (A3)
=2 M >
slk k

where we have used the fact that Zzacj s¢ = k; and that

Zs|k (slpls) = P(k).

APPENDIX B: CHARACTERISTIC FUNCTION FOR GBS

A GBS experiment consists of injecting a LON with
squeezed vacuum states and sampling from the output photon-
number distribution. The m-mode initial state p;, thus reads

pin = @ S(rI0) (018 (r)), (B1)
j=1
where
8(rj) = e? @~ (B2)

is the single-mode squeezing operator and r; > 0 is the
squeezing parameter. The quantum evolution of a state via
the lossy LON is described by the CP map £. We recall that
the corresponding transformation of the system’s modes is
linear, hence it is fully characterized by a subunitary matrix
L,ie., L'L <1, with I, denoting the m x m identity matrix.
Hence, given a partition {K j}?=1 of the output modes into B
bins, the characteristic function of a GBS experiment we aim

to compute reads

X () = Tr(E(pin)e™}, (B3)

where
B
N=>"n > h (B4)
j=1 [EK:/‘

In Ref. [9] the authors computed this quantity for an ideal
system, where the evolution is described by a unitary matrix.
Here we generalize the calculation by first allowing noisy
evolution described by L, and in Appendix D we compute the
characteristic function for P-classical states.

Using the identity

PALP G (BS)
we can write the phase-shift operator appearing in Eq. (B3) as

R -Q®:

Jj=1Lek; Jj=1Lek;

e« =i (B6)

We can prove Eq. (B5) by explicit computation of the matrix
elements of the two operators on the coherent state basis |«).
In particular, we obtain

o0

00
a|e10n|a Z a|elﬁn|n =Z€i6n|<n)(x|2
n=0 n=0
- ifny,,2n
e o i 2
— e*|0t|2 Z |' | — e(eﬁfl)\ot\7 (B7)
n.
n=0
and
0 1) 0 _ata 0 _ 1)l
(e ) = (o] s e T o) = DI

(B8)

where we have used the representation of the coherent state
on the Fock state basis, namely,

,MZ a
=e 2

~/n!
n n'

Equations (B8) and (B7) manifestly coincide, thus concluding
our proof.

The expectation value of a normally ordered operator may
then be evaluated by averaging over the phase-space vari-
ables according to any generalized P distribution of the state.
A generic m-mode quantum state p admits a nonsingular
phase-space representation via a quasiprobability distribution
P(a, B) such that

. o) (B
p—fcm P(a ,/3) Bl

where o, B € C" and |a) = |ot1) @ - - - ® |a,,) 1S an m-mode
coherent state. The specific functional form of P(e, ) de-
pends on the choice of the integration measure, and it can be
showed that du (e, B) = d*"ad*"B leads to a non-negative
representation for any state, which we call positive P repre-
sentation. Hence, the output state of the LON £(p;,) can be

(B9)

du(e, B). (B10)
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expressed as

E(lo) (B
(B*|et)

where P, is the positive P representation of p;, and the in-
tegral spans the whole 2m-dimensional complex space, thus
corresponding to a 4m-dimensional real volume integral.

In order to compute the action of the CP-map £ on the
operator |a)(B*|, we recall that an m-mode lossy LON may
be simply modeled by considering a bigger 2m-mode lossless
interferometer where the additional m environmental modes
are initialized in the vacuum state, and a final trace is taken
over the environmental degrees of freedom. This ideal LON is
characterized by a 2m x 2m unitary block matrix 7 that reads

L N
r=(r ¥)

and whose unitarity enforces the constraint

E(pun) = / Poa, B) Prad™B, (Bl
CZIII

(B12)

L'L+P'P=1,. (B13)

‘We can now compute
E(1@) (B*]) = Trens (T (Jo) (B*] © 10) (0T}
= Tren{|T (€ 0))(T (8* 0)|}
= Treny{|Lot Pat)(LB* PB*|}

= (PB*|Pot)|Lat)(LB"|, (B14)

where T is the unitary operator that describes the lossless
LON and the trace is taken over the m environmental modes.
Substituting Eqs. (B6), (B11) and (B14) into Eq. (B3) yields

(LB"| é X

j=1 tek;

(PB”|Pa)

X(n) = Py, B)————
() /CM (a, B) Bl

e(ei”!—l)r”tg . |Ld) d2ma dZmﬂ

PB*|Pa)(LB*|La
[ g PR
2 (B |er)
Z?:l (" —I)Zte/c/.(L*ﬂ)z (Lot d2ma dZmﬁ

x e (B15)

where we have used the fact that matrix elements on the
coherent state basis of normally ordered operators satisfy the
property (8| : f(@', @) : &) = (Bla) f(B*, @), where f(a', &)
is a generic function of the bosonic operators. We can also
conveniently rewrite the exponential appearing in the expres-
sion above as

eZ?ZI(gmjil)Z“EK:/ (L*ﬂ)l(Lu)l — eaTuﬂ’

(Bl16)

where Y = LTHL* and H is a diagonal matrix that contains
the phase information, defined as

= diag(e™ —1,...,¢e" — 1),

with 6, =n; if iek;. B17)

Furthermore, using the well-known formula for the overlap
between coherent states

(Ba = = HIBIHaP=26"0) (BI8)

one easily proves that
(PB*|Pot) (LB |Lex)
(B*|e)
— o3BT WLP P +a T (L'L+PTP-Da=2pT (L' L+P'P-Te]

=1, (B19)

where we have used the unitarity constraint (B13). Hence, the
characteristic function reads
X = [ P e P ad g (520
2m
A single-mode squeezed vacuum state S(7)|0) admits a pos-

itive P representation on a two-dimensional real space that
reads [38]

VIHY e/

Ty '
where 1 4+ y = % Note that the above expression holds for
strictly positive values of the squeezing parameter. Since 0, is

a tensor product, it follows that P, (e, 8) is simply the product
of the positive P distributions of the squeezed vacuum states,

P(x,y) = (B21)

Patey) = [[[ L et ame]
m L T
:Ne—xTAx—yTAy-kxTy’ (B22)
where
1 + v . _ m
N = , A=d Tl B23
1_[[ - } iag{y, ' + 172} . (B23)

We can now substitute Eq. (B22) into Eq. (B20) and obtain

X(”) — N d"x dmy efxTAxfyTAyfxTByfyTBTx
R2m
=N | dPrze e (B24)
R2m
where B= —(I +U)/2, z = (x,y) and the matrix Q defined
as
A B
Q= 2<BT A)

21 + 1, —Lleag{elef}'"

= <—L"'dia o ) ) (B25)

gle™ )i L 2= + 1,

with T" = diag{y;}’_,. Notice how the positive definiteness

of the real part of the complex symmetric matrix Q en-

sures the convergence of the Gaussian integral in Eq. (B24).

Straightforward multidimensional Gaussian integration yields
the final result

Q)" 21+ yli| 1
N—r . (B26
X = V/det{Q} H[ Vi Vdet{O} (520

APPENDIX C: ENERGY CUTOFF

The sample space size of a GBS experiment employing
PNR detection is naturally infinite because of the Gaussian
nature of the input states. The latter implies that the number of
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photons reaching the detectors is not fixed, therefore bringing
forth the necessity to introduce an energy cutoff n such that
the probability of observing more than n photons in any of
the bins is negligible. This, of course, depends on the specific
partition of the output modes; however, it is clear that this con-
dition is automatically satisfied if we require the probability
of having more than n photons entering the passive LON to be
exponentially small. Notice that if the GBS instance at study is
operating in the noncollisional regime, i.e., the probability of
observing more then one photon in any output mode is highly
suppressed (also an assumption of current complexity proof of
GBS), then the total number of photons is much smaller than
the number of modes m, and we can safely set the cutoff to
n = m. In the following, we focus on the particularly relevant
case of identical squeezed vacuum states entering the interfer-
ometer. We emphasize that the LON does not contain active
optical elements, meaning that the total number of photons
may only decrease due to losses within the system.

The expansion on the Fock basis of a single-mode squeezed
vacuum state

S(MI0) =

o oy (e

1 o0
e tanh r)"
coshr g( anh ) 2"n

reveals that the latter contains even number of photons only,
with the probability of observing k couples of photons reading
tanh r)*  (2k)!

(tanh r)™ (2K)! ©)
(2kk!)?

If we now consider m identical squeezed vacuum states, then
the probability P,,(k) of observing a total of k photon pairs is
obtained by subsequent convolution of Eq. (C2). In particular,
for even m one obtains [1]

Pty = coshr

P, (k) = (7 +k B 1>(sech rY"(tanh r)2%*,  (C3)

i.e., a negative binomial distribution. We recall that the aver-
age photon number of S(r)|0) is (sinh )%, hence the mean
value of the total photon pairs distribution P, is simply
7 (sinh r)?. The extension of Eq. (C3) to odd values of m is
achieved by employing the Gamma function to generalize the
factorial, namely,

'tk +m/2)
['(m/2)k!
The negative binomial distribution with support on the set
{0,1,2,...} models the number of observed failures wit-

nessed before n successes in consecutive Bernoulli trials.
Hence, if ¥, ~ NB(n, p) then

P, (k) = (sech r)"(tanh r)*. (C4)

k+n—1
anm=( ' )a—m“ﬁ (C5)
where p is the success probability of a single Bernoulli trial.
By comparing Eq. (C3) with the parametrization of Eq. (C5),
we establish the correspondences

n=m/2, p=(sechr)’, 1—p=(tanhr)®. (C6)

Let By, be arandom binomial variable with s + n and p being
the number of trials and the success probability, respectively.

The following identity holds:
PlY, > s] = P[By, < nl, (C7)

i.e., the probability of observing more than s failures before
having witnessed n successes is equal to the probability of
observing less than n successes in s + n trials.

Our aim is to derive an anticoncentration inequality for the
negative binomial distribution, i.e., we want to bound

PlY, > «E[Y,]] = P[Bogy, 4 < nl, (C8)

where o > 1. This equation reveals that it is possible to bound
the tail of the negative binomial distribution by exploiting the
properties of the binomial distribution. The expectation value
of ByEy,1+n reads

E[BuEly,j+n] = (@E[Y,] + n)p = n(a(l — p) + p), (C9)
hence we can write Eq. (C8) as
IE[Bcz]E[Y,,JJrn]
a(l-p)+p

This equation reveals that it is possible to bound the tail of the
negative binomial distribution by exploiting Chernoff’s bound
for the binomial distribution’s lower tail [48]

PlY, > «E[Y,]] = P|:Ba]E[Y,,]+n < } (C10)

2
P[B < (1 —¢)E[B]] < exp(—%]E[B]), (C11)
where B is a generic binomial random variable and 0 < ¢ < 1.
In particular, using the parameter identifications in Eq. (C6)
and 1 — & = (a(1 — p) + p)~! we obtain the bound we were
looking for, namely,

amsinh? r (v — 1)? sinh? r tanh? r
Plk> — | <exp| —m — .
2 4(1 4+ a sinh” r)
(C12)

This bound is exponentially decreasing in the number of
modes m and that any accuracy can be achieved by tuning
«. In particular, as « increases, the truncation error decreases
exponentially. This is expected since, in the limit of many
modes m >> 1, the total photon number distribution distribu-
tion (C3) converges to a normal distribution by virtue of the
central limit theorem. Consequently, in this regime, one could
safely replace Eq. (C12) with suitable bounds for the tail of a
Gaussian.

In order to derive a cutoff photon number ensuring a target
error €, let us reparametrize o as

a=2+ (C13)

sinh? 7’
for A > 1. By assumption, we have that « sinh? 7 > 1. Using
this in Eq. (C12), we can write

amsinh? r (o — 1)*tanh® r
P k>T <exp —m——a—. (C14)
[07

Moreover, using the fact that (o — 1)* > a(x — 2) together
with (C13) we obtain a simpler bound

Am

A
P k>msinh2r+m— Sexpl —————
2 8cosh”r

). (C15)
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This implies that if we choose a cutoff photon number

1
n = msinh?(r) 4 4 cosh® r log ( ) (C16)

€
we can ensure that P[k > n] < €.

APPENDIX D: CHARACTERISTIC FUNCTION
FOR P-CLASSICAL INPUT STATES

In this Appendix we compute the characteristic function
of a sampling experiment where thermal or squashed states
are sent into a LON described by subunitary matrix L, before
being measured by PNR detectors that are grouped into bins
according to the partition { j}le.

The calculations closely follow those presented in
Appendix B, the main difference being that the classical na-
ture of these two classes of input states at study allows us
to exploit their Glauber-Sudarshan P representation rather
than their positive P representation, effectively halving the
dimension of the phase space. Any m-mode quantum state o
admits a diagonal representation on the coherent state basis

p= [ @reIB) Bl (1)
where P(f) is the state’s P function. The latter typically
displays negativities and severe divergencies, however it is
well defined and positive-definite for states—like thermal and
squashed—that lack genuine quantum properties. Following
Appendix B, we start from

B
X () = Tr(EDun)e™) = Tr1 Epi) Q) Q) ¢V
j=1 KGICJ’
(D2)

and exploit the P-function representation of the initial state p;,
to express the output state as

E(pun) = f "B Po(BIE(IB) (B) = / "B P(B)ILB) (L.
(D3)

Here we have used the fact that, by definition, a LON
described by the subunitary matrix L sends a multimode co-
herent state |8) to |LB). Hence, the characteristic function
reads

B . X
x) = [ dBPuBLBIR @+ 1Lf)

Jj=1 Lek;

- / A2 Py (B €D e (LY

B / "B P (B) PP, (D4)

where U = LTHL*, and H = diag(e® —1,...,e% —1)
with §; = n; if i € ;. We can now substitute specify the input

state, substitute its P function in the previous expression, and
explicitly compute the characteristic function by integration.

1. Thermal state input

The P function of a generic single-mode Gaussian state
with zero displacement and covariance matrix o reads [49]

2 _
P(B) = e—Z(X We=I)  (x y)T ,

7 /det{oc — I}

where x and y denote the real and imaginary parts of B, re-
spectively. The conventions used are such that the covariance
matrix of a thermal state ?,,(n) reads o = (2n + 1)I,, where
n = Tr{d;,(k)i1} is the mean number of thermal photons. The
P function of a multimode thermal state p;, = ®/, D,(7;) is
simply the product of the P functions of single-mode thermal
states and reads

(D5)

m

1 - t
PuB) =[] ==¢ ™ P = Ne PP (D6)
i T
where D = diag((n;)~',..., (,)~!) and the normalizing
factor AV is given by
N = ﬁ L (D7)
B . JTﬁi '

i=1
Hence, we can write the characteristic function as the Gaus-
sian integral
X =N / d>"geF PUDE, (D8)

Let us now highlight the real and imaginary part of the com-
plex vector B = x + iy, namely,

X(n) = /\/f d"x d"y ¢~ & YO UDx+HY)

=N / d¥ze 7T (DY)
wherez = (x,y) and Q is a complex symmetric matrix defined
as

0= (ZD—U—UT

iU—-Ur)
U™ -U) ’

2D — U —UT (D10)

Standard multidimensional Gaussian integration yields the
final result
2 )"

X(m=N .
"= e

(D11)

2. Squashed state input

A squashed state is a P-classical Gaussian state that ex-
hibits vacuum fluctuations in one quadrature and higher
fluctuations in the conjugate one. A single-mode squashed
state can be parametrized as the squeezed thermal state
Psg = S(r)du()ST(r) with 7 = (¢*" — 1)/2, its covariance
matrix reading oy, = diag(e‘”, 1) with r > 0 without loss of
generality. One then usually sets r such that the squashed
state’s mean photon number matches that of the squeezed
vacuum state it approximates. Notice how the matrix
oy, — > that appears in the P function definition (D5) is
now singular, leading to a delta-like divergence in its P
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function,

2 22
Psq(ﬁ) = \ He_TS(y),

where A =¢e* — 1 > 0.

Let us now consider a LON fed with m squashed states,
ie., pin = Q' S(r)0u ()87 (r;) with 7i; = (€2 — 1)/2. The
P function of this state clearly reads

(D12)

Py(B) = Ne ™ Pxsim(y), (D13)
where B =x +iy,D = diag(%, R l) and
N = ﬁ i (D14)
- i=1 ki

The characteristic function then reads
X() = N/ d"x d"y e X PE§ ()T~ TUT (xtiy)
B N/ dwe TP, (D15)

Upon the symmetrization of the matrix D — UT we arrive at

Lyt | Qmym
_ m >xTQOx —
X(n)—/\//d xe N det(0)’ (D16)

where Q =2D —U — UT.
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