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Wigner-positive quantum states have the peculiarity to admit a Wigner function that is a genuine probability
distribution over phase space. The Shannon differential entropy of the Wigner function of such states—called
Wigner entropy for brevity—emerges as a fundamental information-theoretic measure in phase space and is
subject to a conjectured lower bound, reflecting the uncertainty principle. In this work, we prove that this Wigner
entropy conjecture holds true for a broad class of Wigner-positive states known as beam-splitter states, which are
obtained by evolving a separable state through a balanced beam splitter and then discarding one mode. Our proof
relies on known bounds on the p-norms of cross Wigner functions and on the interference formula, which relates
the convolution of Wigner functions to the squared modulus of a cross Wigner function. Originally discussed
in the context of signal analysis, the interference formula is not commonly used in quantum optics although it
unveils a strong symmetry under convolution exhibited by Wigner functions of pure states. We provide here a
simple proof of the formula and highlight some of its implications. Finally, we prove an extended conjecture on
the Wigner-Rényi entropy of beam-splitter states, albeit in a restricted range for the Rényi parameter α � 1/2.
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I. INTRODUCTION

A. Quantum phase space

The phase-space representation of quantum mechanics has
emerged as a powerful and insightful framework for un-
derstanding and analyzing quantum systems. By providing
a bridge between the quantum and classical worlds, this
approach improves our understanding of quantum systems
and opens new research avenues in quantum science. This
representation not only provides a more intuitive descrip-
tion of quantum phenomena but also facilitates the study of
the quantum-classical correspondence, which is crucial for
the development of quantum technologies in particular when
dealing with continuous-variable systems. In short, quantum
phase space has proven to be a privileged locus to identify
quantum properties and resources [1–5].

B. Wigner negativity

Although there exist multiple representations of a quan-
tum state in phase space, the Wigner function appears as
the prominent tool for that purpose [6]. It indeed benefits
from a collection of useful features that make it stand out
from its alternatives (see Sec. II). It serves as the closest
quantum analog to the classical phase-space distribution, of-
fering a complete description of the quantum state while
retaining many properties of classical probabilities. However,
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unlike classical probability distributions, Wigner functions
can take on negative values, reflecting the intrinsic nonclas-
sicality of quantum states. Generally, the negativity of the
Wigner function has been widely recognized as a quantum
resource [1,7,8]. Hence, the Wigner representation effects a
fundamental divide between two classes of quantum states:
There are Wigner-negative states, which fail to be described
by a probability distribution, and Wigner-positive states [9],
which admit a fully classical probabilistic description. The
focus of this work will be on the latter. Although they may
seemingly appear as irrelevant in a study of quantum states
since they are devoid of negativity, Wigner-positive states
remain subject to the laws of quantum physics and can exhibit
intrinsically quantum features (think of the squeezing of light,
for example).

C. A classical perspective

If it was only for classical statistical mechanics, then
any probability distribution over phase space would define
an acceptable state. In this spirit, we define P as the set
of Hermitian linear operators that are associated with gen-
uine (non-negative) probability distributions in phase space:
These are all Wigner-positive trace-one operators. Note that
P contains positive semidefinite (PSD) operators, and non-
PSD operators; we denote the former as states and the latter
as quasistates. In contrast, the set of quantum states Q is
the set of PSD trace-one operators, which contains Wigner-
positive and Wigner-negative operators. Remarkably, the set
of Wigner-positive operators P and the set of quantum states
Q intersect: Their intersection is precisely the set of Wigner-
positive quantum states W+ = P ∩ Q. As illustrated in Fig. 1,
the Wigner-positive set W+ can be pictured as an intermediate
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FIG. 1. Illustrative Venn diagram of the overlap between the set
of phase-space probability distributions W (α) and the set of quan-
tum states ρ̂. The ambient space is the set of Hermitian trace-one
operators (not necessarily density operators), corresponding to the
set of real normalized functions in phase space (not necessarily
probability distributions). The set of quantum states Q contains
all positive semidefinite operators ρ̂, which are associated with ei-
ther a Wigner-positive probability distribution or a Wigner-negative
quasiprobability distribution. The set of phase-space probability
distributions W (α) is associated to the set of operators P and con-
tains all Wigner-positive operators, which can be either states or
quasistates. The intersection of both sets gives the set of Wigner-
positive states W+. The hatched blue region denotes positive Wigner
functions that tend to saturate the positivity condition in phase space
(hence becoming quasiprobability distributions beyond the border).
The solid blue region denotes the set of Wigner-positive states that
tend to saturate the positive semidefiniteness operator condition
(hence becoming quasistates beyond the border).

zone at the crossroads of quantum states and classical proba-
bility distributions.

D. The quantum-classical border

In view of this intermediate zone, the border between the
sets Q and P is twofold: There is a classical boundary as well
as a quantum boundary, as schematically depicted in Fig. 1.
The classical boundary (near the hatched blue region) delim-
its Wigner-positive and Wigner-negative states; the quantum
boundary (near the solid blue region) delimits quantum and
nonquantum probability distributions depending on whether
the associated trace-one operator is PSD or not. From a classi-
cal point of view, the quantum boundary has nothing special:
In fact, it teaches us about the limits of the quantum world.
It is linked to the question of when a probability distribution
ceases to be a valid Wigner function. Mathematically, this
question has a clear answer: A Wigner function becomes in-
valid as soon as its corresponding trace-one operator fails to be
positive semidefinite [10–13]. Yet, this answer can be viewed
as unsatisfactory because it lacks a tangible interpretation in
phase space. Along this direction, a collection of requirements
for physicality have been known: A valid Wigner function
should be continuous and bounded, its covariance matrix is
constrained by the uncertainty principe [14], and entropic
bounds apply to its marginal distributions [15,16]. Such nec-
essary conditions are insightful inasmuch as they inform us
about the shape of admissible Wigner functions. Complement-

ing them with any other criteria helps us draw the line with
more precision between quantum and nonquantum probability
distributions, which is the focus of this work.

E. The Wigner entropy

Within the set of Wigner-positive operators P , the tool-
box of information theory is readily applicable and it makes
perfect sense to define the Shannon differential entropy of a
phase-space probability distribution, which is nothing else but
the Gibbs entropy of statistical mechanics. Here we call it the
Wigner entropy [17], which captures phase-space uncertainty
with an information-theoretic flavor. From the classical point
of view, the Wigner entropy could seemingly be arbitrarily
low for highly “peaked” states. However, the situation is dif-
ferent in quantum as it is subject to the uncertainty principle.
Because of that, it is sensible to anticipate that, for quantum
Wigner-positive states, the Wigner entropy cannot fall below
some critical threshold. This observation is encapsulated by
the Wigner entropy conjecture [17], which states a precise
lower bound to the Wigner entropy (see Sec. II). The con-
jecture has attracted an increasing attention recently [17–22]
but remains open as of today. As we elaborate in Sec. II, the
Wigner entropy is also endowed with other relevant prop-
erties, which support its status as physical quantity of its
own right. Provided it is true, the Wigner entropy conjecture
unravels a new facet of the quantum-classical border.

F. Contribution of this work

In this work, we present new evidences towards the validity
of the Wigner entropy conjecture. We prove that it holds
true for a large family of Wigner-positive states, known as
beam-splitter states [17] (see Sec. III). Our result mainly relies
on two different ingredients: the interference formula [23,24],
which links the square of a Wigner function to its convolution
with itself, and bounds on the p-norms of cross Wigner func-
tions [25]. Further, we are able to prove an extended version
of the Wigner entropy conjecture formulated in terms of Rényi
entropy of the Wigner function (see Sec. II) for beam-splitter
states, albeit in some restricted range of the Rényi parameter.

G. The interference formula

This formula, which is well established in the context of
radar ambiguity functions and time-frequency signal analysis
[23,24], seems to be much less studied in a quantum optical
context. Yet, as we shall see, it appears to be a very pow-
erful tool and a fundamental relation obeyed by the Wigner
function of any pure state. It highly constrains the shape of
Wigner functions and unveils a “self-convolution” symmetry
obeyed by all pure states. In this sense, it is a key ingredient
in defining what makes a Wigner function valid. As it is a
central ingredient for our result, which, in our view, warrants
broader recognition in the quantum optics community, we
devote Sec. IV to highlight this formula.

The present paper is organized as follows. In Sec. II we
introduce our notation for the phase-space formalism. We
define the Wigner entropy and present the Wigner entropy
conjecture. We also define the Wigner-Rényi entropy and
formulate an extended conjecture. Section III is devoted to
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beam-splitter states. In Sec. IV we introduce the interference
formula. In Sec. V, we present our main results. Finally, we
discuss our results and conclude in Sec. VI.

II. PRELIMINARIES

Here we lay out our notations and the technical tools that
will be used in the following sections. We begin with a short
overview of the phase-space formalism in terms of Wigner
functions. We then introduce the Wigner entropy and recall
the associated Wigner entropy conjecture. Finally, we present
a generalization of this conjecture involving the Wigner-Rényi
entropy.

A. Quantum operators

We consider an infinite-dimensional Hilbert space H =
L2(R). Pure states are denoted as ket-vectors |ψ〉 ∈
H and mixed states are trace-one Hermitian positive
semidefinite density operators ρ̂ ∈ D(H). We consider
the Fock basis {|n〉}n∈N with wave functions ψn(x) =
(
√

π2nn!)−1/2Hn(x) exp(−x2/2), where Hn is the nth Her-
mite polynomial. We use the usual mode operator â = (x̂ +
i p̂)/

√
2 and photon-number operator n̂ = â†â. We define the

displacement operator D̂(α) = exp(αâ† − α∗â) with α ∈ C
and the parity operator �̂ = (−1)n̂. Finally, we denote the
displaced parity operator as �̂(α) = D̂(α)�̂D̂†(α).

B. Weyl transform

Phase space can equivalently be identified as the set of
couples (x, p) ∈ R2 or the set of complex numbers x + ip =
α ∈ C. We stick to the latter convention here, so we use com-
plex numbers α as arguments of phase-space distributions. A
common isomorphism between quantum operators and phase-
space distributions is obtained via the Weyl transform [26],
which maps any linear operator Â : H → H to a distribution
A : C → C. The Weyl transform Â �→ A and its inverse trans-
form A �→ Â are defined as [27]:

A(α) = 1

π
Tr

[
Â �̂

(
α/

√
2

)]
, (1)

Â = 2
∫

A(α) �̂
(
α/

√
2

)
d2α. (2)

The Weyl transform establishes a one-to-one correspondence
between phase-space distributions and quantum operators.
Importantly, the Weyl transform stands out from other quan-
tum phase-space representations as it is an isometry between
quantum operators and phase-space distributions. Indeed, the
inner product between two operators Â, B̂ with Weyl trans-
forms A, B is preserved:

Tr
[
ÂB̂

] = 2π

∫
A(α)B(α) d2α. (3)

The above relation is known as the overlap formula or Moyal’s
identity [28].

C. Wigner function

The Weyl transform of a density operator ρ̂ is known
as the Wigner function of ρ̂ and is denoted as Wρ̂ (α).

Since density operators are Hermitian and trace-one oper-
ators, Wigner functions are real-valued functions that are
normalized to 1. The Wigner function is the only phase-
space quasidistribution that directly contains the marginal
distribution of all quadratures. Indeed, recalling that α = x +
ip, the position distribution is given by ρx(x) := 〈x| ρ̂ |x〉 =∫

Wρ̂ (x, p)dp while the momentum distribution is given by
ρp(p) := 〈p| ρ̂ |p〉 = ∫

Wρ̂ (x, p)dx. Since density operators
are positive semidefinite, ρx and ρp are genuine (non-negative)
probability distributions.

D. Wigner positivity

Although quantum states always have non-negative
marginal distributions, their Wigner function can be partly
negative. In fact, Hudson’s theorem states that the only
Wigner-positive pure states are Gaussian pure states [29]. We
say that a state ρ̂ is Wigner positive iff its Wigner function is
non-negative everywhere, i.e., Wρ̂ (α) � 0 ∀α and we note the
set of Wigner-positive states as W+. A state that is not Wigner
positive is called Wigner negative. The picture becomes more
intricate when considering mixed states, and, as of today, there
is no satisfying description of the set of mixed Wigner-positive
states [30–32]. Some known subsets of the set of Wigner-
positive states are the convex hull of Gaussian states, passive
states [33,34], and beam-splitter states [17]. We will give an
overview of beam-splitter states in Sec. III.

E. Wigner entropy

Since Wigner-positive states are described by a genuine
probability distribution Wρ̂ over phase space, the Shannon
differential entropy of Wρ̂ is mathematically well defined.

Definition 1 (Wigner entropy [17]). The Wigner entropy of
a Wigner-positive state ρ̂ ∈ W+ is defined as

h(Wρ̂ ) = −
∫∫

Wρ̂ (α) ln Wρ̂ (α)d2α. (4)

As it inherits all properties from the Shannon entropy,
the Wigner entropy is arguably the most natural information-
theoretic measure of phase-space uncertainty even though it
only has a clear meaning for Wigner-positive states. It has,
for example, been used in the context of nonequilibrium
thermodynamics as a tool to measure the entropy production
rate of quantum stochastic processes [35,36]. There, thermal
states of coupled harmonic oscillators evolve with a quadratic
Hamiltonian, which ensures that the states remain Gaussian at
all times, hence Wigner-positive. Interestingly, for Gaussian
states, the Wigner entropy has been shown to coincide (up
to an additive constant) to the quantum Rényi entropy of
order 2 [37]. Let us also mention other works exploring the
Wigner entropy of electrons in atomic systems [38] or in har-
monic oscillator model systems [39,40]. To date, the Wigner
entropy has no established generalization to Wigner-negative
states (note that a complex-valued extension of the Wigner
entropy has recently been considered [20]).

The Wigner entropy is invariant under symplectic transfor-
mations (Gaussian unitaries) and it provides a lower bound
to the sum of the marginal entropies of position and momen-
tum, i.e., h(Wρ̂ ) � h(ρx ) + h(ρp) [17]. Since the uncertainty
principle forbids a simultaneous determination of position and
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momentum, it is natural to expect a critical minimum value for
the Wigner entropy, which is the rationale for the following
conjecture.

Conjecture 1 (Wigner entropy conjecture [17]). The
Wigner entropy of a Wigner-positive state satisfies the follow-
ing lower bound:

h(Wρ̂ ) � ln π + 1 ∀ρ̂ ∈ W+. (5)

This conjecture was initially expressed in Ref. [18], where
it was viewed as a refinement of the uncertainty relation
h(ρx ) + h(ρp) � ln π + 1 due to Białynicki-Birula and My-
cielski [15] in the case of Wigner-positive states. Note that the
conjectured lower bound (5) is attained for all pure Gaussian
states. First, it is immediate to check that it is saturated for the
vacuum state, i.e., the Fock state |0〉, which is associated with
the Wigner function

W0(α) = 1

π
exp

( − |α|2), (6)

and gives h(W0) = ln π + 1. Then, the invariance of h(Wρ̂ )
under symplectic transformations directly implies that the
bound is reached for all pure Gaussian states. Furthermore, the
concavity of the Shannon entropy immediately implies that
Conjecture 1 holds true for the convex hull of Gaussian states.
The key problem, however, is that W+ contains many more
states than the convex hull of Gaussian states. In Ref. [17],
it was proven that Conjecture 1 holds true for passive states,
which is a distinct subset of W+. More recent works have
shown that the Wigner entropy is lower bounded by ln(2π )
[21] or even ln(2π ) + S(ρ̂ ) [41] and that it satisfies the con-
jectured lower bound ln π + 1 for any Wigner-positive state
in the qubit space spanned by the Fock states |0〉 and |1〉 [22].
The present work extends the validity of Conjecture 1 to the
much wider subset of beam-splitter states within W+.

F. Wigner-Rényi entropy

The Shannon entropy is only a prominent special case of
a larger family of entropic functionals called Rényi entropies.
Let us first define the p-norm of a Wigner function as

‖W ‖p =
(∫

|W (β )|pd2β

) 1
p

, p ∈ R+. (7)

Note that p-norms are not only defined for (real) Wigner
functions but for any complex-valued distribution. The 1-
norm of a Wigner function is related to its negative volume,
i.e., ‖W ‖1 = 1 + 2N (W ), where N = ∫

W <0 |W (α)|d2α. In
the limit p → 0, the p-norm is related to the support of W
and one defines ‖W ‖0 := ν(supp(W )), where ν denotes the
Lebesgue measure. Note that Wigner functions always have
an infinite support, so ‖W ‖0 diverges [42]. In the limit p →
∞, the p-norm is related to the maximum absolute value of W ,
and one defines ‖W ‖∞ := max |W |. Now that the p-norms of
a Wigner function have been defined, we are in position to
define the Wigner-Rényi entropy.

Definition 2 (Wigner-Rényi entropy [17]). The Wigner-
Rényi entropy of a state ρ̂ is defined as:

hα (Wρ̂ ) = α

1 − α
ln(‖Wρ̂‖α ), α ∈ (0,∞]. (8)

Note that h1(Wρ̂ ) is ill defined but we consider instead
the limit α → 1 which tends to the Wigner entropy, namely
limα→1 hα (W ) = h(W ) provided ‖W ‖1 = 1 (which holds for
Wigner-positive states); the limit diverges when ‖W ‖1 
= 1.
We further define the limiting case h∞(W ) := − ln(max |W |).

Conjecture 2 (Wigner-Rényi entropy conjecture [17]). The
Wigner-Rényi entropy of a Wigner-positive state satisfies the
following lower bound:

hα (Wρ̂ ) � ln π + ln α

α − 1
∀ρ̂ ∈ W+, ∀α ∈ (0,∞]. (9)

Just as for the Wigner entropy, the vacuum state saturates
the bound since we have

hα (W0) = ln π + ln α

α − 1
, ∀α ∈ (0,∞], (10)

and we have h(W0) = ln π + 1 in the limit α → 1. The same
is true for all pure Gaussian states because hα is invariant
under symplectic transformations for all α. From this, it is
clear that Conjecture 1 is a special case of Conjecture 2.
Recently, it was shown that the Wigner-Rényi entropy satisfies
this lower bound for all Wigner-positive states in the regime
α � 2 [21], which provides a partial proof of Conjecture 2
(but does not prove Conjecture 1).

Last, a stronger statement based on continuous majoriza-
tion theory, which implies Conjecture 2 (and therefore Con-
jecture 1), has also been conjectured. This so-called Wigner
majorization conjecture states that the Wigner function of the
vacuum W0 continuously majorizes any non-negative Wigner
function [19].

III. BEAM-SPLITTER STATES

Let us give an overview of the family of Wigner-positive
states that we call beam-splitter states [17]. Remember that
a beam splitter couples two modes â1 and â2 through the
Gaussian unitary operator Ûη := exp(θ (â†

1â2 − â1â†
2)), where

η = cos2 θ is the transmittance [43]. In the Heisenberg pic-
ture, it performs the map â1 �→ √

ηâ1 + √
1 − ηâ2 and â2 �→√

ηâ2 − √
1 − ηâ1. In the Schrödinger picture, the action of

the beam splitter is appropriately described through a rescal-
ing and a convolution of the Wigner functions.

Let us first define these operations. The rescaling operator
Ls acts on a Wigner function as

Ls[W ](α) = 1

s2
W

(
α

s

)
, (11)

where s ∈ R>0. For s < 1 it performs a contraction of W
towards the origin of phase space; for s > 1 it performs a
dilation. The prefactor ensures that the rescaled function re-
mains normalized. Note that a rescaling may be understood
as a change of the constant h̄ (so far assumed to be 1), that
is, the change h̄ → h̄′ is described by a rescaling Ls, where
s =

√
h̄′/h̄. Second, the convolution of two Wigner functions

is defined as:

(W1 ∗ W2)(α) =
∫∫

W1(β )W2(α − β )d2β. (12)

With these definitions, the action of the beam splitter can
be described as follows. The states ρ̂1 and ρ̂2 (with respective
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FIG. 2. Schematic of a beam splitter with transmittance η acting
on a product input state ρ̂1 ⊗ ρ̂2. The reduced state of output 1
is σ̂ (ρ̂1, ρ̂2) = Tr2[Ûη(ρ̂1 ⊗ ρ̂2)Û †

η ] and is described by the Wigner
function Wσ̂ = L√

η[W1] ∗ L√
1−η[W2].

Wigner functions W1 and W2) produce the reduced state σ̂ =
Tr2[Ûη(ρ̂1 ⊗ ρ̂2)Û †

η ] with Wigner function

Wσ̂ = L√
η[W1] ∗ L√

1−η[W2], (13)

as illustrated in Fig. 2. From the point of view of probability
theory, a beam splitter performs the exact equivalent of the
scaled addition of two random variables. More precisely, let
X = (X1, X2) be a bivariate random variable described by
the probability density distribution pX(x1, x2), and let Y be
similarly defined. Let Z = √

ηX + √
1 − ηY; then we have

pZ = L√
η[pX] ∗ L√

1−η[pY].
The convolution of two Wigner functions W1 ∗ W2 is

always non-negative [44–46]. Hence, if we choose the trans-
mittance of the beam splitter to be η = 1/2, then Eq. (13) be-
comes Wσ̂ = L1/

√
2[W1 ∗ W2] which is a non-negative Wigner

function. This setup producing Wigner-positive states is de-
picted in Fig. 2, setting η = 1/2. We have restricted to inputs
of the product form ρ̂1 ⊗ ρ̂2, but observe that any separable in-
put state (i.e., convex mixture of product states) also produces
a Wigner-positive state in this setup since a convex mixture
of Wigner-positive states is Wigner positive. This leads us to
define the set of beam-splitter (BS) states, which we denote
as B [47].

Definition 3 (Beam-splitter state). A BS state is any state
σ̂ that can be obtained as the single-mode output of a balanced
beam splitter acting on a separable input ρ̂sep, i.e.,

σ̂ = Tr2
[
Û1/2 ρ̂sep Û †

1/2

]
, (14)

where ρ̂sep = ∑
i pi|ψi, ϕi〉〈ψi, ϕi|, with pi� 0 and

∑
i pi= 1.

In the following, we also use the shorthand notation

σ̂ (ρ̂1, ρ̂2) := Tr2
[
Û1/2(ρ̂1 ⊗ ρ̂2)Û †

1/2

]
(15)

when referring to the BS states produced by the product states
ρ̂1 ⊗ ρ̂2. Note that in the special case where ρ̂1 = ρ̂2 = ρ̂G,
with ρ̂G being an arbitrary Gaussian state, it is well known
that σ̂ (ρ̂G, ρ̂G) = ρ̂G, implying that Gaussian states (and any
mixture thereof) are included in the set B of BS states, hence
Gaussian states are obviously Wigner positive.

In general, the set B strictly includes all mixtures of Gaus-
sian states and all passive states [17], but it also contains many
states that go beyond such mixtures. For this reason, the proof
of Conjecture 1 for states ρ̂ ∈ B as presented in Sec. V is
stronger than all earlier proofs. Yet the BS states are known
to be strictly included in the set of Wigner-positive states,
i.e., B � W+ [17], and hence our proof is not a full proof of
Conjecture 1.

FIG. 3. Elementary beam-splitter state σ̂∗(ψ, ϕ) produced from
the pure input states |ψ〉 and |ϕ〉. The output Wigner function is
computed as Wσ̂ = L1/

√
2[Wψ ∗ Wϕ], where Wψ and Wϕ are the in-

put Wigner functions. As a consequence of the outer interference
formula (see Sec. IV), the output Wigner function is also equal to
Wσ̂ = 2π L√

2[|Wψϕ |2], where Wψϕ is the cross Wigner function.

A. Subset of elementary BS states

Within the set B, we identify the subset of BS states that
are produced by pure separable (product) states, which we call
elementary BS states and denote with a ∗ subscript. They are
defined as (see Fig. 3)

σ̂∗(ψ, ϕ) = Tr2
[
Û1/2 |ψ, ϕ〉〈ψ, ϕ| Û †

1/2

]
, (16)

and their associated Wigner functions are written as

Wσ̂∗(ψ,ϕ) = L1/
√

2[Wψ ∗ Wϕ]. (17)

The corresponding subset of elementary BS states is denoted
as B∗. Observe that any BS state σ̂ ∈ B can be obtained as
a convex mixture of BS states σ̂∗ ∈ B∗. Indeed, just like any
separable state admits a (nonunique) decomposition ρ̂sep =∑

i pi |ψi, ϕi〉 〈ψi, ϕi|, any BS state admits a (nonunique) de-
composition σ̂ = ∑

i piσ̂∗(ψi, ϕi ). By analogy with the set of
separable states, the set of BS states B is the convex hull of B∗.
Due to the concavity of the Shannon entropy, it is therefore
sufficient to prove Conjecture 1 for the elements of B∗ in
order to establish its validity for all of B (as we shall see in
Sec. V, the case of Conjecture 2 is a bit more complicated).
The problem of characterizing the extreme points of B (which
belong to B∗ but do not exhaust it) is discussed in Appendix A.

B. Subset of Husimi BS states

Within the set B, we may also consider the subset of
BS states that are obtained if one input is in the vacuum
state. Consider BS states of the form σ̂ (ρ̂, 0) = Tr2[Û1/2(ρ̂ ⊗
|0〉 〈0|)Û †

1/2]; such states are associated to a Wigner function
that is precisely the Husimi function of ρ̂, i.e., Wσ̂ = Qρ̂

[17], and hence we refer to σ̂ (ρ̂, 0) as Husimi BS states. It
was proven by Lieb that the entropy of the Husimi function
(called the Wehrl entropy) is lower bounded by ln π + 1 [48],
a result which was later generalized by Lieb and Solovej
for Rényi entropies [49]. From this, it follows directly that
all Husimi BS states satisfy the Wigner entropy conjecture
(Conjecture 1) and its generalization (Conjecture 2).

IV. INTERFERENCE FORMULA

In this section, we present an identity that relates the
product of two cross Wigner functions to the convolution of
two others. This formula, known as the interference formula,
appears to have originated in the context of signal analysis,
but has, to the best of our knowledge, not been exploited in
quantum optics. It was first highlighted by Janssen [23,24].
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In what follows, we deal with operators of the type |ψ〉 〈ϕ|,
which are sometimes called interference or transition terms
between the pure states |ψ〉 and |ϕ〉 (they appear when ex-
pressing the density operator for the superposition state |ψ〉 +
|ϕ〉). These operators |ψ〉 〈ϕ| are non-Hermitian as soon as
|ψ〉 
= |ϕ〉 and have trace Tr[|ψ〉 〈ϕ|] = 〈ϕ| ψ〉. We denote
their Weyl transform as

Wψϕ (α) = 1

π
〈ϕ|�̂(α/

√
2)|ψ〉. (18)

The function Wψϕ is called the cross Wigner function of |ψ〉
and |ϕ〉. The particular case |ψ〉 〈ψ | yields the Wigner func-
tion of |ψ〉, which we note Wψ := Wψψ .

As presented in Sec. II, the value of the Wigner function
at the phase-space location α = x + ip is proportional to the
expectation of a displaced parity �̂(α/

√
2). Observe now that

the displaced parity operator �̂(α) performs a reflection with
respect to the point α in phase space [26,50,51]. We may thus
commute (up to a change of sign) the displacement opera-
tor D̂(α) and the reflection operator �̂ (with respect to the
origin) in order to write �̂(α) = D̂(α)�̂D̂(−α) = D̂(2α)�̂.
From this, it follows that if an operator Â has the Weyl
transform A, then we may associate to it the operator B̂Â :=
�̂(α/

√
2)Â�̂(α/

√
2) = D̂(

√
2 α)�̂Â�̂D̂†(

√
2 α) that has the

Weyl transform B(β ) = A(2α − β ). This relation will be use-
ful in the forthcoming development.

Let us now consider four pure states |a〉 , |b〉 , |c〉 , |d〉 and
the different cross Wigner functions that they generate. Using
their definitions (18), we may write:

Wcb(α)Wad (α) = 1

π
〈b| �̂(α/

√
2) |c〉 1

π
〈d| �̂(α/

√
2) |a〉

= 1

π2
Tr[|a〉 〈b| �̂(α/

√
2) |c〉 〈d| �̂(α/

√
2)︸ ︷︷ ︸

B̂|c〉〈d|

]

= 2

π

∫
Wab(β )Wcd (2α − β ) d2β

= 2

π
(Wab ∗ Wcd )(2α)

= 1

2π
L1/2[Wab ∗ Wcd ](α),

where we have used the overlap formula as well as the Weyl
transform B(β ) = A(2α − β ) of B̂|c〉〈d| in the third equation.
A little rearranging finally yields the so-called interference
formula [23,24] (see also Ref. [42]), namely

Wab ∗ Wcd = 2π L2[Wcb · Wad ]. (19)

It holds for any pure states {|a〉 , |b〉 , |c〉 , |d〉}. The special
case of Eq. (19) with |a〉 = |b〉 := |ψ〉 and |c〉 = |d〉 := |ϕ〉
is known as the outer interference formula:

Wψ ∗ Wϕ = 2π L2
[|Wψϕ|2]. (20)

Incidentally, Eq. (20) implies that the convolution of any
two Wigner functions is always non-negative, which explains
why BS states are Wigner positive. Indeed, the convolution
in Eq. (20) is reminiscent to the convolution appearing in
Eq. (17) when expressing the Wigner function of elementary
BS states σ̂∗(ψ, ϕ); hence, such states must be Wigner pos-
itive and this property trivially extends to all BS states (i.e.,
convex mixtures of σ̂ ′

∗s).

Another interesting relation can be obtained from Eq. (19)
by setting |a〉 = |c〉 := |ψ〉 and |b〉 = |d〉 := |ϕ〉, namely

Wψϕ ∗ Wψϕ = 2π L2
[
W 2

ψϕ

]
, (21)

which we call the cross interference formula. Notice here
that, unlike in Eq. (20), we have a square instead of a square
modulus, so that both sides of the equation are complex-
valued phase-space distributions. Also, both sides of Eq. (21)
have a quadratic dependence in Wψϕ , so that it holds for any
operator of the form λ |ψ〉 〈ϕ| where λ ∈ C. For |ψ〉 = |ϕ〉,
Eqs. (20) and (21) reduce to the same identity, namely

Wψ ∗ Wψ = 2π L2
[
W 2

ψ

]
, (22)

which is called the inner interference formula [52].
At this point, let us take a moment to comment on the

simple, yet surprising Eq. (22). It establishes a direct con-
nection between the square of a pure Wigner function and its
convolution with itself. Note that this relates two terms of very
different nature: Evaluating W 2

ψ (α) only requires the knowl-
edge of Wψ at a single phase-space location (in some sense, it
is local); evaluating (Wψ ∗ Wψ )(α) requires the knowledge of
Wψ at all phase-space locations (in some sense, it is nonlocal).
Thus, Eq. (22) is nontrivial and highly constrains the shape of
Wψ . Note that Eq. (22) cannot hold for mixed states. Indeed,
by integrating both sides we find 1 = 2π

∫
W 2(α)d2α which

implies that the state as purity equal to 1. See Fig. 4 for an
illustration.

The outer interference formula (20) is actually the only
element that will be needed to perform the proofs in the next
section, but we give more details on the interference formulas
in Appendix B for completeness.

V. MAIN RESULTS

We now come to the main result of this paper, namely
that the entropy conjectures hold true for the family of BS
states introduced in Sec. III. More precisely, we show that all
states σ̂ ∈ B satisfy Conjecture 1 as well as Conjecture 2 in
the range α ∈ [1/2,∞]. Our proof is based on three ingredi-
ents: The characterization of BS states in phase space as in
Sec. III, the outer interference formula presented in Sec. IV,
and bounds on the norms of cross Wigner functions that have
been obtained by E. Lieb [25].

Hereafter, we recall the theorems of Ref. [25] and adjust
them to fit our conventions:

(i) ‖Wψϕ‖p � ‖W0‖p ∀p ∈ (2,∞]
(ii) ‖Wψϕ‖p � ‖W0‖p ∀p ∈ [1, 2)
(iii) h(2π |Wψϕ|2) � h(2π |W0|2),

where Wψϕ is the cross Wigner function of |ψ〉 , |ϕ〉, and W0

denotes the Wigner function of the vacuum. Note that the 2π

factor in (iii) ensures that the distribution is normalized. Each
of these inequalities is saturated if and only if |ψ〉 , |ϕ〉 are a
matched Gaussian pair, which we define hereafter.

Definition 4 (Matched Gaussian pair). Two Gaussian pure
states |γ1〉 , |γ2〉 are a matched Gaussian pair iff they have
equal covariance matrix.

Equivalently, the Gaussian pure states |γ1〉 , |γ2〉 with wave
functions γ1(x) ∝ exp(a1x2 + b1x) and γ2(x) ∝ exp(a2x2 +
b2x) are a matched Gaussian pair iff a1 = a2 (a1, a2 ∈ C with
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FIG. 4. Illustration of the inner interference formula (22) with the pure state |ψ〉 = ( |0〉 − |1〉 + i |2〉 )/
√

3. From its Wigner function
Wψ , we compute W 2

ψ and Wψ ∗ Wψ , which are both non-negative. We observe that, up to a rescaling and a multiplicative constant, the two

distributions are equal, confirming that Wψ ∗ Wψ = 2π L2[W 2
ψ ].

Re a1 < 0 and Re a2 < 0). Or, more simply, iff ∃α ∈ C such
that |γ1〉 ∝ D̂(α) |γ2〉.

A remarkable property of the cross Wigner function of a
matched Gaussian pair is that its modulus coincides with the
Wigner function of a Gaussian pure state. More precisely,
the cross Wigner function Wγ1γ2 of a matched Gaussian pair
|γ1〉 , |γ2〉 satisfies:

|Wγ1γ2 (α)| = W0(β ), (23)

where (Reβ, Imβ )ᵀ = S (Reα, Imα)ᵀ + d for some symplec-
tic matrix S and displacement vector d. Recall that W0(α) =
exp(−|α|2)/π is the Wigner function of vacuum. As a conse-
quence, |Wγ1γ2 | and W0 are level-equivalent in the language
of continuous majorization [19] and have equal p-norms,
Shannon and Rényi entropies, hence they saturate inequalities
(i)–(iii).

Interestingly, inequalities (i)–(iii) can be combined into a
single lower bound on the Rényi entropy of the distribution
2π |Wψϕ|2. As already mentioned, the factor 2π is needed to
normalize the cross Wigner function so that the Rényi entropy
tends towards the Shannon entropy as α → 1. Using Defini-
tion 2 and the fact that hα (c W ) = hα (W ) + α ln |c|/(1 − α)
and hα (W n) = hnα (W )(1 − nα)/(1 − α), as summarized in
Table I, we can restate inequalities (i)–(iii) as follows.

Lemma 1 (Restatement of Ref. [25]). Let |ψ〉 , |ϕ〉 be two
pure states and Wψϕ be their cross Wigner function. The Rényi
entropy of |Wψϕ|2 is lower bounded as

hα

(
2π |Wψϕ|2) � hα

(
2π |W0|2

) ∀α ∈ [1/2,∞]

and equality is achieved iff |ψ〉 , |ϕ〉 are a matched Gaussian
pair.

TABLE I. Three possible operations on a Wigner function:
rescaling by s (first row), namely W ′ = Ls[W ], exponentiation by
a power n (second row), namely W ′ = W n, and multiplication by a
constant c (third row), namely W ′ = c · W . In each case, the associ-
ated effect on the p-norm ‖W ′‖p and Rényi entropy hα (W ′) is shown
as a function of the p-norm and Rényi entropy of W .

W ′ ‖W ′‖p hα (W ′)

Ls[W ] s2 1−p
p ‖W ‖p hα (W ) + 2 ln |s|

W n ‖W ‖n
np

1−nα

1−α
hnα (W )

c · W |c| · ‖W ‖p hα (W ) + α ln |c|
1−α

In some sense, Lemma 1 highlights that Gaussian pure
states are minimum-uncertainty distributions among all cross
Wigner functions. Note that Lemma 1 covers the wide range
α ∈ [1/2,∞], notably including the Shannon entropy (α = 1)
but excluding the range α ∈ (0, 1/2).

In order to proceed, we will now exploit the results of
Secs. III and IV. Recalling expression (17) for the Wigner
function of elementary BS states σ̂∗(ψ, ϕ), we have

Wσ̂∗(ψ,ϕ) = L 1√
2
[Wψ ∗ Wϕ] = 2πL√

2

[|Wψϕ|2], (24)

where the second equality follows from the outer interference
formula (20). From this, we obtain the following identity,
which we express as a lemma.

Lemma 2. Let |ψ〉 , |ϕ〉 be two pure states. Their cross
Wigner function Wψϕ satisfies

2π |Wψϕ|2 = L 1√
2

[
Wσ̂∗(ψ,ϕ)

]
,

where σ̂∗(ψ, ϕ) is the elementary BS state produced by
|ψ〉 , |ϕ〉, and Wσ̂∗(ψ,ϕ) its associated Wigner function.

We are now equipped to prove the main results of our
paper.

Theorem 1 (Wigner-Rényi entropy of BS states). The
Wigner-Rényi entropy of any BS states is lower bounded by
its value for the vacuum state, namely

hα (Wσ̂ ) � hα (W0) ∀σ̂ ∈ B, ∀α ∈ [1/2,∞]. (25)

The proof combines Lemma 1 and Lemma 2. Noting that
2π |W0|2 = 2π |W0,0|2 = L1/

√
2[Wσ̂∗(0,0)] = L1/

√
2[W0], we get

hα

(
L 1√

2

[
Wσ̂∗(ψ,ϕ)

])
� hα

(
L 1√

2
[W0]

)
∀α ∈ [1/2,∞]. (26)

Then, using the straightforward derivations presented in
Table I, we get the fundamental inequality

hα (Wσ̂∗(ψ,ϕ) ) � hα (W0) ∀α ∈ [1/2,∞]. (27)

This proves that all elementary BS state σ̂∗(ψ, ϕ) ∈ B∗ satisfy
the Wigner-Rényi entropy conjecture (Conjecture 2) for α ∈
[1/2,∞].

Remember now that the Wigner function of any BS
state σ̂ in B can be written as a convex mixture of the
Wigner functions of elementary BS states in B∗, namely
Wσ̂ = ∑

i piWσ̂∗(ψi,ϕi ). Since the Rényi entropy is concave
in the range α ∈ [0, 1], namely hα (

∑
i piWi) � ∑

i pi hα (Wi),
Eq. (27) trivially extends to all BS states σ̂ ∈ B provided
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FIG. 5. Schematic representation of the proven validity regions
of the Wigner-Rényi entropy conjecture as a function of the param-
eter α for different classes of states. (1) Husimi BS states σ̂H :=
σ̂ (ρ̂, 0), ∀ρ̂ (see Ref. [49]); (2) BS states σ̂ ∈ B, see Theorem 1;
(3) Wigner-positive state ρ̂+ ∈ W+, see Ref. [21].

α ∈ [1/2, 1]. Furthermore, it is known that the Rényi en-
tropy remains quasiconcave in the range α ∈ (1,∞], namely
hα (

∑
i piWi ) � mini hα (Wi). While it is weaker than concav-

ity, this property is sufficient to extend Eq. (27) to all BS
states in the range α ∈ (1,∞] since the right-hand side term
of Eq. (27) is a constant (independent of i). This concludes
the proof of Theorem 1 (which validates Conjecture 2 for BS
states albeit in the range α ∈ [1/2,∞]). In particular, this is
true for α = 1, which brings us to our second theorem (which
validates Conjecture 1 for BS states).

Theorem 2 (Wigner entropy of BS states). The Wigner en-
tropy of any BS state is lower bounded by its value for the
vacuum state, namely

h(Wσ̂ ) � ln π + 1 ∀σ̂ ∈ B. (28)

In summary, Theorem 1 proves the Wigner-Rényi entropy
conjecture for BS states with α ∈ [1/2,∞]. Unfortunately,
the proof does not extend to α < 1/2 because the fundamental
inequality (27) is not proven in this range (which comes in
turn from the proven validity range of Lemma 1). Note that
Theorem 1 actually extends to the entire range α ∈ (0,∞]
for the special class of Husimi BS states (i.e., states whose
Wigner function is a valid Husimi Q function) as a conse-
quence of Ref. [49]. Further, Theorem 2 corresponds to the
special case α = 1 and proves the Wigner entropy conjecture
for BS states since the Shannon entropy is concave. Finally,
remember that Ref. [21] proves that, for any Wigner-positive
state, the Wigner-Rényi entropy conjecture is satisfied for α �
2. The proven validity regions of the conjecture for different
set of states is illustrated in Fig. 5.

VI. DISCUSSION AND CONCLUSION

The Wigner entropy conjecture suggests the existence of a
fundamental bound on the uncertainty of all quantum states
that admit a classical description in their Wigner representa-
tion (i.e., Wigner-positive states). Recently, the conjecture has
received increasing attention, with several partial results hint-
ing to its validity. In this work, we prove that the conjecture
is true for the large family of Wigner-positive states known
as beam-splitter states (Theorem 2). Further, we show that
these states even satisfy the extended Wigner-Rényi entropy
conjecture in some rather large range of the Rényi parameter α

(Theorem 1).

In Sec. III, we give an overview of beam-splitter states,
whose convex set is noted B. We highlight their relation with
the set of separable states and identify B∗ as the subset of
beam-splitter states that originate from pure separable input
states (we refer to these states in B∗ as elementary beam-
splitter states). Since the whole set B can be obtained from
convex mixtures of states of B∗, lower bounds on the Wigner
entropy of states of B∗ automatically extend to all states of
B as a consequence of the concavity of Shannon entropy (the
situation is slightly more complicated for the Rényi entropy).

The core ingredient to our result is the interference for-
mula, which relates a convolution of cross Wigner functions
to a product of (conjugate) cross Wigner functions. We devote
Sec. IV to this formula, which we present in a quantum-optical
notation. In particular, we focus on a specific instance of
the relation known as the outer interference formula, which
relates the convolution of two pure Wigner functions to the
squared modulus of their cross Wigner function. Since a beam
splitter performs a convolution in phase space, the outer in-
terference formula allows us to interpret the Wigner function
of any state in B∗ as the squared modulus of a cross Wigner
function (or a convex mixture thereof for states in B).

Then, in Sec. V, we build upon existing bounds on the
p-norms of cross Wigner functions to show that the Wigner-
Rényi entropy of parameter α of states in B∗ satisfies the
conjectured lower bound in the regime α � 1/2. Using a
(quasi-)concavity argument, we then extend this proof to all
states in B. In particular, the case α = 1 implies that all
beam-splitter states satisfy the Wigner entropy conjecture.
Incidentally, when applied to Husimi beam-splitter states, i.e.,
beam-splitter states of the form σ̂ (ρ̂, 0), our results yield an
alternative proof of the Wehrl entropy conjecture, long proved
in Refs. [48,53].

As stressed earlier, Lemma 1, and by extension
Theorem 1, do not apply to the regime α ∈ (0, 1/2). Neverthe-
less, we still expect the lower bound to be valid in that regime,
i.e., we expect hα (2π |Wψϕ|2) � hα (2π |W0|2) to hold for all
α > 0. This stronger statement would in fact be implied by the
validity of the Wigner-Rényi conjecture (Conjecture 2). We
may wonder why Lemma 1 is limited to α � 1/2. The proof
presented in Ref. [25] relies on inequalities using conjugated
exponents p, q such that 1/p + 1/q = 1. One of the exponents
being lower than 1 implies the other to be negative, but the
p-norm is well defined for non-negative p values only. For
this reason, the proof of Ref. [25] is limited to p-norms of
parameter p � 1, which in Lemma 1 translates to α � 1/2.

Interestingly, Lemma 1 can also be used to derive inequal-
ities for the Wigner-Rényi entropy of pure states. Note here
that, in contrast to beam-splitter states, the Wigner function
of a pure state generally takes negative values, implying
‖Wψ‖1 > 1. This means that hα (Wψ ) diverges in the limit
α → 1, as can indeed been seen in Fig. 6. For any pure state
|ψ〉, it follows from Lemma 1 and Table I that hα (Wψ ) �
hα (W0) when α � 2, while the inequality is reversed when
1 < α � 2 (see Fig. 6). Viewing the Wigner-Rényi entropy as
a measure of uncertainty, this underlines the ambivalent role
of Gaussian pure states. Indeed, among the set of pure states,
Gaussian states maximize the Wigner-Rényi entropy in the
regime α ∈ (1, 2] but minimize it in the regime α ∈ [2,∞].
Note that we also expect Gaussian pure states to minimize hα
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FIG. 6. Plot of the Wigner-Rényi entropy of several quantum
states as a function of α. We consider the Wigner-positive states
σ̂ (0, 0) = |0〉 〈0|, σ̂ (1, 1), σ̂ (2, 2), σ̂ (3, 3) and observe that their
Wigner-Rényi entropy is lower-bounded by hα (W0 ) in accordance
with Conjecture 2. Then we consider the Wigner-negative pure states
|1〉 , |2〉 , |3〉 and observe that their Wigner-Rényi entropy is lower
bounded by hα (W0) for α ∈ (0, 1) ∪ [2, ∞] and upper bounded by
hα (W0) for α ∈ (1, 2], the crossover thus taking place at α = 2. In
the limit α → 1, the Wigner-Rényi entropy of Wigner-negative states
diverges.

among pure states when α ∈ (0, 1) although this remains to
be proven (such a proof would in fact imply the validity of
Lemma 1 ∀α � 0).

To date, the set B of beam-splitter states is arguably the
largest known family of Wigner-positive states. It benefits
from a simple quantum-optical implementation from its defi-
nition, while it encompasses a great diversity of states. Indeed,
the set B includes varieties of quantum states with different
shapes and symmetries (phase invariance or not) and contains,
for example, the whole family of Gaussian states and passive
states. Our results thus represent a significant advance towards
a proof of the Wigner-entropy conjecture, though they do not
make a full proof since there exist Wigner-positive states that
are not beam-splitter states [17]. Because of this hassle, the
Wigner-entropy conjecture and its Wigner-Rényi extension
remain open as of today.

At this point, we expect that further advance in proving the
Wigner-entropy conjecture may come from a finer character-
ization of the set of Wigner-positive states. In particular, the
set of states that are Wigner-positive but lie outside the beam-
splitter set B deserve further attention since this is precisely
where the Wigner-entropy conjecture remains open. Another
significant extension of this work could be to attempt proving
the majorization conjecture [19], even restricted to BS states,
which would automatically validate the Wigner-Rényi entropy
conjecture for those states in the full range α ∈ (0,∞]. Yet
another potential avenue could be to investigate the intriguing
relationship between the Wigner-entropy conjecture and the
minimum output entropy conjecture [54] (now proved in Ref.
[55]), namely that coherent states minimize the output von
Neumann entropy of all phase-insensitive Gaussian channels.
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APPENDIX A: EXTREME BEAM-SPLITTER STATES

As it appears from Definition 3, the set B of BS states
is intimately linked to the set of separable states, which we
note S . In fact, Eq. (14) defines a linear map S → B and thus
B inherits the convexity of S . Furthermore, just as S is the
convex hull of the set of pure product states |ψ〉 |ϕ〉, which we
note S∗, we see that B is the convex hull of the set B∗ of states
σ̂∗(ψ, ϕ). As a consequence, all extreme states of B must be
in B∗. It is tempting to extrapolate that all states in B∗ are
extreme states of B, just as all states in S∗ are extreme states
of S , but this is actually wrong.

Indeed, the analogy is not perfect because the map S → B
is surjective: two different separable states may yield the same
BS state. For example, a BS state is invariant under exchange
of its two inputs, σ̂ (ρ̂1, ρ̂2) = σ̂ (ρ̂2, ρ̂1), which results from
the commutativity of convolution. The surjectivity of the map
S → B implies that the preimage of extreme points of B are
extreme points of S , but that the image of extreme points of S
are not necessarily extreme points of B.

Let us show an example of a state σ̂∗(ψ, ϕ) which is
not an extreme point of B. Consider the squeezing opera-
tor Ŝ(r) := exp((râ†2 − r∗â2)/2) and take |ψ〉 = Ŝ(r) |0〉 and
|ϕ〉 = Ŝ(−r) |0〉 to be two squeezed states with orthogonal
squeezing. The beam splitter produces an (entangled) two-
mode squeezed vacuum state, so that the resulting BS state is
a thermal state. Since a thermal state is a mixture of coherent
states (which are BS states), σ̂∗(ψ, ϕ) is not an extreme point
of B. However, we believe that this situation is due to the
infinite support of the squeezed states |ψ〉 and |ϕ〉. In contrast,
we expect that if |ψ〉 and |ϕ〉 have a finite Fock support, then
all BS states σ̂∗(ψ, ϕ) are extreme points of B, so that B∗
would then actually coincide with the set of extreme points
of B. This question is worth future investigation but has no
impact on the results of this paper.

APPENDIX B: REMARKS ON THE INTERFERENCE
FORMULA

Let us first comment on the factor 2π appearing in the
inner interference formula, Eq. (22). Remember that rescaling
a Wigner function is equivalent to changing the units of the
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Planck constant h̄. Introducing the notation Wψ,s := Ls[Wψ ],
we can write the inner interference formula (22) as

Wψ,s ∗ Wψ,s = 2πs2 L2
[
W 2

ψ,s

]
. (B1)

The above equation shows that the multiplicative constant can
be tuned by changing the value of h̄; however, the interference
formula will always contain a rescaling operator L2, regard-
less of the value of h̄. Interestingly, choosing a rescaling s =
1/

√
2π in Eq. (B1) (which corresponds to setting h̄ = 1/2π

and h = 1) precisely cancels the multiplicative constant and
gives W ∗ W = L2[W 2].

In fact, we can also write a unit-dependent version
of Eq. (22). Simply observe that the h̄-dependent Wigner
function is W� (α) := Wψ (α/

√
h̄)/h̄ = L√

h̄[Wψ ](α) and has

units [W�] = 1/h̄. Its argument has units [α] = √
h̄. Using

Eq. (B1), we have then:

W� ∗ W� = h L2
[
W 2

�

]
. (B2)

The differential elements in the convolution have units
[d2α] = h̄, so that both sides of Eq. (B2) have the units of
1/h̄. Note that Eq. (B2) can easily be generalized to write
a h̄-dependent version of the general interference formula,
Eq. (19).

Let us now consider the special case of the inner inter-
ference formula, Eq. (22), when considering Gaussian pure
states. For any Gaussian distribution G (Wigner function or
not), we have G ∗ G = L√

2[G]. Thus, when Wγ is the Wigner
function of a Gaussian pure state |γ 〉, Eq. (22) yields

Wγ = L1/
√

2[Wγ ∗ Wγ ] = 2π L√
2

[
W 2

γ

]
. (B3)

While the identity Wγ = L1/
√

2[Wγ ∗ Wγ ] holds for any Gaus-
sian distribution (even when the variance violates the Heisen-
berg uncertainty relation), the identity Wγ = 2π L√

2[W 2
γ ]

selects only the ones that precisely match the minimum un-
certainty allowed by quantum mechanics (hence, the Gaussian
pure states). Beyond Gaussian states, it is unknown whether
Eq. (22) may also be sufficient to single out pure states.

This brings us to the following question about the inner
interference formula. As previously noted, this fundamental
relation obeyed by the Wigner function of all pure states
establishes a connection between two unexpectedly related
terms, imposing thus a stringent constraint on the shape of

pure Wigner functions. Observe that, as it is a strict equal-
ity between two functions of α, it encapsulates an infinite
number of equalities (one for each value of α). With these
considerations in mind, we make the suggestion that the inner
interference formula might in fact be a sufficient condition
for the physicality of a phase-space distribution. More specif-
ically, we pose the following question:

Let F (α) be a real-valued normalized distribution that
satisfies F ∗ F = 2πL2[F 2]. Is F (α) always an acceptable
Wigner function? That is, does it always correspond to a
positive-semidefinite operator?

If the answer is positive, then it is a first step towards a
criterion for physicality that is embedded in the phase space
formalism. If the answer is negative, then it unveils a family
of quasistates that share a strong symmetry together with
quantum pure states. In both cases, further investigating the
question is valuable, though again it has no consequence on
the results of this paper.

Finally, on a different matter, let us stress a remarkable
property of the general interference formula (19), namely
its invariance under the Fourier transformation. This can be
expected from the duality of multiplication and convolution
when going to Fourier space. In light of this, we define the
Fourier transform as F[W ](β ) = W̃ (β ) with:

W̃ (β ) =
∫

W (α) exp(−i(α∗β + αβ∗))d2α/2π. (B4)

The above expression is the usual Fourier transform; the
symplectic Fourier transform is obtained as Fs[W ](β ) =
F[W ](iβ ). Note that the Fourier transform of a Wigner
function is in general complex valued. Then, we compute
F[Wab ∗ Wcd ] = 2π W̃ab · W̃cd and F[2πL2[Wcb · Wad ]] =
(1/4)L1/2[W̃cb ∗ W̃ad ]. After rearrangement, this yields:

W̃cd ∗ W̃ad = 8πL2[W̃ab · W̃cd ], (B5)

which is (up to a multiplicative constant on the right-hand
side) the same relation as Eq. (19) but this time expressed in
Fourier space. As we have just highlighted, the multiplicative
constant is irrelevant since it can be suppressed with a change
of units. If we had chosen conventions such that W0 is propor-
tional to its own Fourier transform (i.e., setting h̄ = 2), then
the interference formula would read exactly the same in phase
space and in its dual under a Fourier transform.
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