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Thermal behavior in subsystems of closed quantum systems is commonly attributed to dynamical chaos,
quantum ergodicity, canonical typicality, or the eigenstate thermalization hypothesis, suggesting a
fundamentally statistical origin of thermalization. Here, we propose a potential alternative mechanism
in which thermal structures emerge deterministically from symmetry considerations alone, without
recourse to statistical arguments. We prove a finite de Finetti—type theorem for quantum states invariant
under energy-preserving unitaries, establishing that the reduced marginals of any such invariant N-qudit
state are close (both in trace distance and relative entropy) to convex mixtures of thermal product states,
with explicit error bounds vanishing as N — oo. We further present an example of Lindblad dynamics
whose longtime limit is invariant under energy-preserving unitaries, providing a dynamical realization of
the desired symmetry class. These results imply that invariance under energy-preserving unitaries suffices
as a sole fundamental, deterministic principle to enforce thermal structures.
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Introduction—Experiments across a wide range of
physical situations have explored thermalization in isolated
quantum systems, often demonstrating robust local thermal
behavior but also exhibiting sometimes striking departures
from it in integrable regimes [1-4]. While many systems
exhibit relaxation of small subsystems toward thermal (or
generalized thermal) states despite a globally unitary,
energy-conserving dynamics, others may fail to do so
because of strong dynamical constraints. These observa-
tions have motivated a large body of theoretical work aimed
at clarifying how thermal behavior can emerge, or be
obstructed, under reversible microscopic laws [5-20].
Taken together, these approaches can be understood as
addressing three interconnected fundamental problems:
(P1) identifying the equilibrium thermal states; (P2)
explaining how reduced states of subsystems may possess
the thermal structure identified in (P1); and (P3) finding
physical scenarios in which the microscopic dynamics
gives rise to the behavior of (P2), thereby leading to
thermalization. For example, contributions addressing
(P1) include approaches based on static or variational
characterizations of equilibrium states [5-8]. The body
of work under (P2) notably includes canonical typicality
and the eigenstate thermalization hypothesis [9-13].
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Results falling under (P3) focus on equilibration and
relaxation under unitary time evolution [4,14,16,17].

The central objective of this work is focused on (P2).
Starting from the observation that all current approaches are
intrinsically probabilistic, we question whether this is
fundamentally unavoidable. Canonical typicality relates
thermal behavior to typical properties of states within an
energy shell, whereas the eigenstate thermalization hypoth-
esis attributes it to generic features of energy eigenstates
and the associated energy spectrum. In both cases, thermal-
ization is inferred from typicality, which is a probabilistic or
statistical notion, rather than from symmetry principles or
structural constraints on the allowed unitary dynamics.
Accordingly, these statistical approaches are formulated
without explicit reference to restrictions such as integra-
bility, conserved quantities, or symmetry-imposed selection
rules [18,19].

Here, we investigate whether the constraints imposed on
the admissible dynamics can serve as a starting point,
thereby circumventing the need for a statistical model. In
the considered scenario, energy conservation provides a
minimal and physically natural restriction, confining the
evolution to unitaries that commute with the Hamiltonian.
Because this constraint does not single out a unique unitary,
and because resolving the detailed transformation would, in
practice, require precise microscopic control, we instead
describe the dynamics at an effective level by averaging
over all energy-preserving unitaries, i.e., by twirling with
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respect to the group of energy-preserving unitaries (EPU).
The relevant states are then those invariant under
this group.

Guided by this operational viewpoint, we characterize
the states of an arbitrary quantum system that are invariant
under all EPUs. For any such EPU-invariant state, we prove
that the reduced state of a fixed-size subsystem is close
(both in trace distance and relative entropy) to a convex
mixture of thermal product states, with explicit finite-size
bounds. Furthermore, if the total energy distribution is
sufficiently narrow, this mixture collapses to an effective
single Gibbs state, hence the subsystem thermalizes.
Energy-conservation symmetry therefore fixes the local
structure of EPU-invariant states and enforces local thermal
behavior.

The connection between global symmetry considerations
and thermal marginals is illustrated schematically in Fig. 1
for a subsystem of three out of eight qutrits. This mecha-
nism provides a structural explanation of (P2) in that it
yields a symmetry-based deterministic account of thermal-
ization at the level of reduced states, without recourse to
randomness, chaotic dynamics, or assumptions about
typicality or generic spectral properties. Although this
constitutes a purely static model for the existence of
thermal states in subsystems (P2), we also describe a
dynamical scenario in which EPU invariance naturally
emerges in the longtime limit, thereby providing a possible
route toward thermalization (P3).

Formally, our main result is a de Finetti-type theorem
for finite-dimensional quantum states that are invariant
under all EPUs. This result is inspired by a related de Finetti
theorem for continuous-variable systems [21], where
invariance under orthogonal symplectic transformations
in phase space (i.e., particle-number preserving Gaussian
operations in state space) was shown to lead to convex

k |N-—k

N=8, d=3, E=3, k=3

Marginal
B Thermal

EPU-invariant
global state

o
IS

By

o
w

Energy shells

Probability
=]

o
o

E;

0 1 2 3 4 5 6
Subsystem energy

FIG. 1. Symmetry-driven mechanism for the origin of thermal-
ization. The schematic depicts the finite-dimensional de Finetti
theorem established here, showing that invariance under EPUs
constrains the k-qudit subsystems of an N-qudit system to exhibit
thermal reduced states (with a nearly constant temperature if the
total energy is narrowly distributed). The inset shows the example
of a marginal energy distribution for qutrits (d = 3) with
equidistant energy levels in the case N = 8, k =3, and E = 3.

mixtures of Gaussian thermal states. In the present setting,
our theorem yields a quantitative characterization of
reduced states at finite system size and even remains valid
under approximate invariance, with deviations being con-
trolled by a suitable measure of asymmetry. At the heart of
our approach, we make use of the method of types [22,23],
a powerful tool of large deviation theory which constitutes
a refinement of the asymptotic equipartition theorem. We
note that a special case of thermalization in qubit systems
with translation invariance has been analyzed in Ref. [24],
which can be understood as exhibiting a finite de Finetti—
type structure.

Mathematical preliminaries—Consider N qudits (d-level
quantum systems), each with a Hamiltonian %, and denote
as Dy the set of all density matrices of N qudits. Let the
eigenvalues (assumed nondegenerate and equidistant) of &
be given by E,, with the corresponding eigenstates {|x)}
forxe X = {0, ...,d — 1}. Let the total Hamiltonian of the
N qudits be H = Y__ h'®). The total energy eigenbasis is
acting on the full space is energy preserving if
[U,H| = 0. Let Uy be the set of d¥ x d" unitary matrices
U satisfying [U, H] = 0. A state p that is invariant under all
unitaries in Uy (called EPU invariant) must be block
diagonal in the energy eigenbasis with equal weight on
all basis vectors sharing the same total energy. Let Sy be
the set of states that are invariant under all unitaries in Uy;
ie., Sy = {peDy|UpU" =p, ¥ U€EUy}. This set is a
convex and compact subset of Dy (see Supplemental
Material [25]), so we will focus on its extreme points,
namely, the normalized projectors onto the energy eigens-
paces of all possible total energies E. A special example of
state in Sy is given by the N-fold tensor product of single
qudit thermal states 75 = e™#"/Z;, where f is inverse
temperature and Z; = tr(e™”") is the partition function.
For all U €Uy, it follows that U5 Ut = 75",

Method of types—This method allows us to parametrize
energy shells in terms of empirical distributions (called
types), providing a bridge between combinatorics and
thermodynamics. Given a sequence x = x;...xy of length
N, the type P, of sequence x is the relative frequencies of
all symbols of X’ within sequence x (it can be understood as
the empirical probability distribution inferred from
sequence x; see, e.g., Refs. [22,23]). That is, if n, is the
number of occurrences of symbol x in sequence x, then
P.(x) =n,/N, with x€X. Let Py denote the set of
all possible types P of length-N sequences. Then, for
P &Py, one defines the type class Tp of P as Tp:=
{x € XN|P, = P}, i.e., the set of all length-N sequences x
whose empirical probability distribution matches P. Since
the energy of sequence x is given by > i n.E,, all
sequences x € Tp have the same total energy given by
E(P) = N 4=} E.P(x). The size of the type class Tp is
given by a multinomial coefficient, namely,
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Since there may be, in general, more than a single type
satisfying the same total energy constraint, let us define
the set of types with energy E € Spec(H) as

S(E) = {PePy|E(P) = E}. (2)

Physically, S(E) accounts for distinct occupation patterns
(types) associated with the same total energy E, and the
corresponding type classes 7T'p enumerate the underlying
basis vectors at that energy. The total number of strings
with energy E is given by g(E) = > pes) [Tp|-

The extreme states pgm, labeled by total energy E, are the
normalized projectors onto the energy eigenspaces, i.e., the
subspaces spanned by all basis states |x) whose total energy
is E. Equivalently, these are the strings x € XV whose type
P, lies in S(E). Thus,

A=Y

PeS(E)

Z ) (x 3)

xeTp

where up(P) = |Tp|/g(E) is the fraction of basis states of
total energy E that have type P.

Accessing marginals—To express our results, we need to
evaluate the partial traces of N-qudit extremal states.
Consider a basis sequence y = y;...y; of length k. The
type Q, of sequence y is the relative occurrences of the
elements of A" within y. That is, if m, is the number of
occurrences of symbol ye X in the sequence y, then
Qy(y) = my/k. For Q € Py, define the type class of Q
as Tp = {y € X*|Q, = 0}, with size |Ty| = (} 0)-

Partial tracing the last N — k qudits of pg ) as given by
Eq. (3), we get the following k-qudit reduced state:

W Y

PeS(E)

ZUN k() (x)). (4

xeTp

For each type P € S(E), we may express

|TP| ZtrN k |x x|

xeTp

-z

QEPy such that (k
KQ()SNP(j). ¥ jeX

d— lNP()
J=0 k0(j)

Zly(vl (5)

yeTQ

Deﬁning the multivariate hypergeometric distribution

Hypy™ (0) = {[TT%4 (g uN1/[(})]} and defining the nor-
malized projector onto type O length-k sequences as

My = (1/[IToll) Xyer, (W) (¥]), we have

p?—Z(ZuE

Nk A
PR )l (6
Q€eP, \PeS(E)
Note that the above condition kQ(j) < NP(j) in the sum
over Q € P, may be droli) ed [36].

We need to compare py° to the kth product of the one-

qudit energy-diagonal state np = 921 P(x)|x)(x]|, for any
type P€S(E). It is easy to see that
=Y Mui) (o), (7)
Q€ePy

where we have defined the multinomial distribution as

Multy"™?(Q) = (%) TT¢= P()¥20. The fact that %"
depends on N comes from PeS(E). Indeed, np has the
same energy E/N for all PeS(E).

Main result—We are now ready to prove a finite de
Finetti theorem for EPU-invariant states, which implies that
thermal structures emerge deterministically in subsystems
of an EPU-invariant state.

Theorem 1—Let p™) be an EPU-invariant N-qudit state
and r?k be the thermal (Gibbs) state at inverse temperature
p for k noninteracting qudits. Then, for any k-qudit
marginal of p(), there exists a mixture of k-qudit thermal

states {T;?k } 5 such that, for large N and k < V/N, we have

tryi(p™) — / u(dp)e*

 kldk+7d = 2k +2)
= 2N

1

+ O(N73/7e8)  (8)

where y(df) is a valid probability measure on the set {3} of
inverse temperatures, ¢ > 0 is some d-dependent constant,
and 5€ (0, 1/2¢).

Proof—We may write pV) = 3 £ e Spec(H) € Epgv), ie.,a
convex mixture of extreme states in Sy, with the
assumption that E # NE, and NE,_; [37]. Let u(dp) :=

> _Eespec(r) CEO(B — Pr/n)dB be a probability measure,

where fig )y is the inverse temperature obtained by solving
L Ee~PenEi = (E/N) > "47) e PemEi. Then,

trye (0™) - / u(dp)e*

| -
< N el

E eSpec(H)

1

ety (o)) — 2(E/N)®H)

1
— o(E/N)®|l;. ©)

where 7(E/N) =15, - Further, we use the triangle
inequality ||pg‘) —7(E/N)®*||, < norm 1 + norm 2, where

— 2 pesk) HE(P)W}?"III and norm?2 =
(P)ng* — 2(E/N)®¥||,. Using Egs. (6) and

norml = ||p§§>

HZPGS(E) KE
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(7), as well as the fact that f[Q are orthogonal normalized
projectors, we have

norm 1
S ue(P) Y Hyp M (0) — Mult) Q)|
PeS(E) QePy
2kd
< —, 10
<% (10)

where the second inequality comes from a bound on
the total variation distance connecting sampling with
and without replacement. In our notations, it is proven
N.k N.k .
that g < p, [Hypi ' (Q) = Multy"™ ()| < [(2kd)/N] in
Ref. [38]. This bound has the optimal scaling in k/N.
Now, we upper bound norm2 recalling that np =
o P(0)|x) (x| and 7(E/N) = 372 Py(x)|x)(x], where
Pﬂ( ) = e et /(37420 ePenEy). We obtain

k(dk + 3d — 2k + 2)

norm?2 <
- 2N

4 O(N_3/2+C6), (11)

see Supplemental Material [25] for the technical proof of
this inequality. Combining Eqs. (10) and (11) completes the
proof of the theorem. u

Interpretation of Theorem [—This finite de Finetti-type
theorem implies that the k-qudit marginals of an EPU-
invariant N-qudit state are uniformly well approximated,
for large N and k < /N, by convex mixtures of thermal
product states at different inverse temperatures. In
Supplemental Material [25], this convergence is
illustrated in the simple case of N = 100 qutrits (d = 3)
with equidistant energy levels. Note that the approximation
does not, in general, lead to a single Gibbs state. An EPU-
invariant state may have support on several energy shells,
each with a distinct effective temperature, so that the
marginal inherits a mixture weighted by the energy
distribution. Equivalently, the subsystem is thermal but
at an unknown inverse temperature [ with u(dp)
expressing the uncertainty about . When the energy
distribution is narrow, as for macroscopic systems,
concentrates and the mixture approaches a single Gibbs
state, yielding conventional thermal behavior in
subsystems. In this sense, the finite de Finetti theorem
identifies a symmetry-driven mechanism for the emergence
of thermal structures, while retaining quantitative control
over finite-size deviations. In particular, for any fixed
subsystem size k, the deviation between the reduced
state and the corresponding thermal mixture vanishes as
the total system size N increases, with a convergence rate
scaling as 1/N.

Although the proof employs asymptotic techniques such
as Stirling’s approximation and Laplace’s method, all
estimates are nonasymptotic and hold uniformly for fixed

N, k < /N, and d. In addition, we strengthen this result in
Supplemental Material [25] by proving an analogous de
Finetti theorem where the relative entropy is used instead of
the trace distance to bound the distance between the k-qudit
marginals of an EPU-invariant state and the mixture of
k-qudit thermal states. Furthermore, we also consider
scenarios where the states satisfy only approximate invari-
ance under EPUs. In those cases, we show that the distance
between the k-qudit marginals of an EPU-invariant state
and the mixture of k-qudit thermal states is additionally
controlled by a specific measure of asymmetry of the total
quantum state.

Dynamical emergence of EPU-invariant states—Why
should EPU-invariant states arise in physical scenarios at
all? To answer this question, we consider a physically
motivated class of open-system dynamics that converges to
an exactly EPU-invariant state, thereby enabling a direct
application of our de Finetti theorem. We take our system
of N qudits with Hamiltonian H, and, for each total energy

E, we define the projector Py := Y pes(E) dxeT, X)Xl
Note that tr(P;) = g(E). Let the initial state of the system

be given by p,. We consider the dynamics generated by a
Lindbladian of the form L := Lyjocx + Laepn, Where

tr(PepoP A A
Litock (P0) = ZJ’E {(EOE)PE PEPOPE:|7 (12)

5 9(E)

‘Cdeph o) ZiE [PEPOPE - _{PEHOO}] (13)

with A > 2yr > 0. Note that the Hamiltonian H does not
affect the longtime behavior, so we only consider the
energy-preserving dissipative dynamics that is induced
by L. We show in Supplemental Material [25] that such
a Lindbladian arises in a collision model, and that solving
the resulting dynamics yields

p(1) = e (po)

. P
- Z{ (1= ep(0)PepoPp + ex(t )tr(PEﬂo)g—E

E)
D e

et P oo Py, (14)
E£E'

where ep(t) =1—e75. As
et 5 0, yielding the limiting state lim,_ . p(f) =
> e tr(Pppo){[Pe]/[9(E)]} =t Tgpy(po). Thus, the dissipa-
tive dynamics converges exponentially to the EPU twirl of
the initial state, which is the unique EPU-invariant sta-
tionary state compatible with the initial energy distribution.

t— oo, eg(t) > 1 and

Let Apg = po— Tgpu(po). Since e (Tgpy(po)) =
Tepu(po), we have e“(Apg) = p(1) = Tgpy(po). Thus,
[le™(po) = Tepu(po)lls = lle"“(Apo)l|;- Then, we show
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in Supplemental Material [25] that ||e"* (py) =T gpu (o) ||, <
2¢7M||Apo||;<de™™,  where T :=ming{yg, 4z} and
[|Apo|l; 2. Choosing t>T"'log(4/¢) implies that
le“(po) — Tepu(po)|l; < €. This means that any state
approaches its EPU-twirl under the above Lindbladian
dynamics on a timescale O(I'"!'log(1/¢€)). Therefore, as
a consequence of Theorem 1, its marginals thermalize on a
timescale O(I'"!log(1/¢)).

Conclusion—We have established a symmetry-based,
deterministic mechanism for the emergence of thermal
behaviors in quantum subsystems. By proving finite de
Finetti-type theorems for states invariant under energy-
preserving unitaries, we showed that thermal marginals
follow directly from symmetry, with explicit finite-size and
dimension-dependent bounds. This yields a nonstatistical
account of thermalization that does not rely on chaos,
randomness, or ensemble sampling, and hence contrasts
with established frameworks such as the eigenstate ther-
malization hypothesis or canonical typicality. We further
showed that this symmetry-based route to thermalization
can arise as long-time limits of physically motivated
Lindbladian dynamics.

Our proof uses the noninteracting structure
H =Y, h®, which allows the energy shells to be iden-
tified with type classes. With interactions, two cases arise
according to whether the local terms commute. If they do,
then, e.g., for nearest-neighbor couplings, shells become
classes of second-order types and remain exponentially
degenerate [39]. A de Finetti theorem may then be expected
[40], with the thermal product states replaced by the
reduction of the global Gibbs state. If they do not, the
degeneracies are usually lifted, and the symmetry itself
would have to be coarse grained to restore them [24]. It will
be very interesting to explore these directions.

Finally, since diagnosing thermalization directly from
dynamics is difficult [41], it is natural to seek simpler
criteria. Noting that symmetry can often be tested effi-
ciently [42,43], the symmetry-based approach developed
here suggests that thermal structures could be inferred from
the observed EPU invariance. More broadly, our analysis
points to symmetry as a potential operational witness of
thermality in constrained quantum systems.
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