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Efficiently certifying non-Gaussian entanglement in continuous-variable quantum systems is a central chal-
lenge for advancing quantum information processing, photonic quantum computing, and metrology. Here, we
put forward continuous-variable counterparts to the recently introduced entanglement criteria based on moments
of the partially transposed state, together with simple readout schemes that require only a few replicas of the
state, passive linear optics, and particle-number measurements. We develop a multicopy method that enables
the detection of strongly non-Gaussian entanglement for various relevant state families overlooked by standard
approaches, which include the entire class of NOON states. Further, it is robust against realistic experimental
constraints (losses, noise, and finite statistics), which we demonstrate by extensive numerical simulations.
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I. INTRODUCTION

Over the last half-century, characterizing quantum entan-
glement emerged as a collective quest for understanding a
broad variety of quantum phenomena, ranging from Bell
tests and nonlocality [1-6], over area laws and thermaliza-
tion in many-body systems [7-15], to black-hole physics
[16-19]. With the advent of quantum information process-
ing, entanglement is nowadays considered an indispensable
resource [20-22] for quantum computing [23-28], simulation
[29-34], and metrology [35-38]. Central to applications is
its efficient detection by demonstrating the violation of a
necessary condition on the target state’s separability [39,40].
This task becomes notoriously difficult in the realm of
continuous-variable (CV) quantum systems, characterized by
infinite-dimensional Hilbert spaces [41-44]—including, e.g.,
photonics [45—48] and ultracold quantum gases [49-54].

Over the past three decades, a plethora of entangle-
ment criteria have been put forward, most of which follow
the well-known Peres-Horodecki positive-partial-transpose
(PPT) criterion [55,56]. The idea here is to test for negativ-
ities in the state’s partial transpose p = (1 ® Tp)p via some
measurement statistics, which witness the presence of entan-
glement. For instance, constraints on the quadratures’ second
moments fully classify Gaussian entanglement [57-62]. More
advanced methods utilize entropies [63—71], which flag weak
forms of non-Gaussian entanglement in, e.g., superpositions
of Gaussian or close-to-Gaussian wavefunctions, or employ
higher-order moments [72-74]. However, these approaches
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are inapplicable in the strongly non-Gaussian regime, i.e.,
far beyond the convex hull of Gaussian states: Entropic cri-
teria become insensitive, while the readout of higher-order
moments may require infeasible amounts of measurement
settings. Given the importance of strongly non-Gaussian states
for various protocols [75-80]—consider, e.g., NOON states
[81] and their optimality for metrology [82]—it is a major
open challenge to devise strong and efficient entanglement
criteria in this regime.

Recently, more refined conditions testing for PPT have
been introduced for discrete-variable systems. They constrain
PT moments, that is, moments p, = Tr{p"} of the partial
transpose p [83—85], using randomized measurements serving
as the readout technique for platforms comprising ~10 qubits.
However, their extensions to continuous variables—including
efficient methods for accessing PT moments—have remained
elusive.

In this paper, we extend these PT-moment-based criteria to
bipartitions of CV systems and put forward simple interfer-
ometric measurement schemes for the readout of low-order
PT moments by employing the multicopy method [86]. Simi-
larly as in other CV applications of this method [87-90], our
technique only requires passive optical elements acting on a
few copies of the state and particle-number-resolving detec-
tors, which have been established for both photonic [91-93]
and ultracold-atom [94-97] setups. We show that our method
enables the measurement of PT moments of density matrices
and is especially suited for detecting strongly non-Gaussian
entanglement in both pure and mixed states, while remaining
robust against common experimental imperfections.

The remainder of this paper is organized as follows. In
Sec. II, we recall and generalize the two most prominent hier-
archies of PT-moment-based entanglement criteria (Sec. IT A),
with a particular focus on those involving PT moments up to
order 3 (Sec. II B). Then, in Sec. III, we devise measurement
schemes based on the multicopy method (Sec. III A) to access
PT moments (Sec. Il B) and we work out their linear-optics
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implementations for PT moments of order 2 and 3 (Sec. II1 C).
The versatile detection capabilities of PT-moment-based cri-
teria are benchmarked in Sec. IV against standard methods
(Sec. IV A), for Gaussian states (Sec. IV B), coherent superpo-
sitions/mixtures of Gaussian states (Sec. IV C), and strongly
non-Gaussian states in Fock space (Sec. IV D). In Sec. V, we
analyze the impact of realistic experimental conditions such as
losses, noise, and finite statistics (Sec. V A), and use simulated
data to run a test case (Sec. V B). We discuss our findings and
conclude in Sec. VI.

Notation. We employ natural units 7z = 1 and use bold
(normal) letters for quantum operators O (classical variables
0). Single- and multicopy expectation values are denoted
by (0) =Tr{p0O} and (---(0)---) =Tr{(pQ---® p) O},
respectively. We associate the mode operators @ and b with
Alice’s and Bob’s subsystems A and B, respectively. Further,
we use a tilde for partially transposed quantities, e.g., p, with
the only exception being the PT moments noted as p,,.

II. PI-MOMENT-BASED CRITERIA
FOR CONTINUOUS VARIABLES

We start with extending the p,-PPT criteria reported in
Refs. [83—-85] to continuous variables, with an emphasis on
criteria involving the first two nontrivial PT moments.

A. Infinite hierarchies of criteria
1. From the Stieltjes moment problem

The first set of criteria is motivated by the question of
whether a given set of PT moments (p1, ..., p,), defined via
pn = Tr{p"}, is compatible with a positive semidefinite par-
tially transposed state p = (1 ® Tp)p [84,85]. Corresponding
to a quantum version of the classical Stieltjes moment prob-
lem, compatibility can be certified upon inspecting positivity
conditions formulated in terms of Hankel matrices. Given the
Hankel matrix over PT moments of increasing order along
rows and columns:

P1 p2 p3 o Puit
p2 P3 P4
P,=1| P3 P4 D5 , n=1,3,5,...,
P"Tl Pn
(H
the p,-PPT criterion states [84,85]
p separable = P, > 0, V oddn, 2)

such that violation of the latter inequality for some n flags
entanglement. Note that p; = 1 and p, equals the state’s pu-
rity Tr{p?}, so we need to exploit at least the third-order PT
moment p3 to flag entanglement. Sylvester’s criterion implies
P.i» 2 0= P, > 0, showing that higher-order criteria are
stronger (and larger) sets of conditions on the positivity of
p. In fact, Eq. (2) is necessary and sufficient for PPT when
considering all PT moments (see Lemma 4 in Ref. [85]).
Although the set of criteria (2) has been benchmarked
and refined solely for discrete-variable systems, it readily ex-
tends to continuous variables since the Stieltjes-type moment

problem is generally defined over non-negative numbers and,
thus, does not constrain the dimension of the spectrum of the
state.

2. From Descartes’ rule of signs

The second set of criteria tests for PPT by linking the
eigenvalues of p, more precisely, their elementary symmetric
polynomials, to PT moments via Newton’s identities [84]. The

latter read
n

ney =Yy (=) e,pj. n=12...., 3)
j=1
where e, denotes the nth elementary symmetric polynomial
evaluated at the eigenvalues {X{, ...} of p, defined as
e )= D A A 4)
1< i<+ <J
with eg(Aq,...) = e;(Aq,...) = 1. Then,

p separable = ¢, >0, VneN, (®)]

from which conditions on the PT moments can be obtained via
Eq. (3). Analogously to the criteria (2), as a consequence of
Descartes’ rule of signs [84], the set of conditions (5) becomes
equivalent to the non-negativity of » when n — oo (see Ref.
[98D).

While the criteria (5) have been formulated only for
finite-dimensional Hilbert spaces, their extension to contin-
uous variables is straightforward: Newton’s identities hold
equally for elementary symmetric functions, which formally
generalize elementary symmetric polynomials in the limit
of (countably) infinitely many eigenvalues, and so does
Descartes’ rule of signs when applied to the characteristic
polynomial of an infinite-dimensional matrix.

B. Third-order criteria

Albeit the apparent outperformance of higher-order cri-
teria, PT moments decrease exponentially when increasing
n, thereby complicating entanglement detection in practice.
This follows from |p,| < (pz)”/ 2 for n > 2, which shows that
higher-order PT moments are exponentially suppressed, espe-
cially if the considered state is highly mixed. On top of that,
our proposed measurement scheme for p, requires n replica
states, which further increases the experimental burden for
large n (see Sec. III).

Hence, PT-moment-based entanglement criteria limited to
third order, that is, conditions involving only the purity p;
and moment ps, are of particular relevance for experimental
applications. They are obtained from Egs. (2) and (5) by
setting n = 3, leading to what we refer to as the quadratic
[83] and linear [84] (in p,) p3-PPT criteria,

_2§i>
respectively. Here, we have used (for the quadratic criterion)
that the positivity of a 2 x 2 matrix with positive elements
is equivalent to the positivity of its determinant, and (for the
linear criterion) the relations 3e; = e, — p> + p3 and 2e; =
1 — p». Interestingly, the two conditions (6) coincide for pure
states (p, = 1), giving p3 > 1, but also for mixed states with

p separable = p3 — p3 >0, ps 0, (6
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purity p, = 1/2, giving p3 > 1/4. In between, the quadratic
criterion is stronger than the linear criterion for p, < 1/2, and
vice versa when 1/2 < p, < 1.

This observation suggests the existence of an optimal cri-
terion of third order, in the sense that given only the two
lowest-order moments p, and ps3, no stronger condition on
the separability of a state can be found. This is achieved by
minimizing p3 with respect to p, over separable states, which
results in the optimal p3-PPT criterion [84,85]

p separable = p3 — au’ — (1 —au)® >0, @)

where o = [1/p,] denotes the floor function of 1/p, and
H—W is a non-negative number. It is instruc-
tive to evaluate Eq. (7) when 1/2 < p, < 1, in which case
oa=1u={0++2p, —1)/2, such that Eq. (7) reduces to
the linear criterion. Thus, the linear criterion is optimal for
states of purity 1/2 < p, < 1. In contrast, both the quadratic
and linear criteria (6) are outperformed by Eq. (7) for mixed
states with p, < 1/2 (see Fig. 2 in Ref. [84]). As already noted
in Ref. [85], the optimal p3-PPT criterion (7) is inherently
independent of the Hilbert space dimension, so it also con-
stitutes a valid entanglement criterion in the CV regime.

Remarkably, the third-order criteria are both necessary
and sufficient conditions for pure-state entanglement—also
in the CV case. This follows directly from the Schmidt de-
composition ) = >, ¢;li, i), where ¢; € C are the Schmidt
coefficients such that A; = |¢;|* defines a probability distribu-
tion over a countably infinite set. In this case, PT moments
reduce to L? norms, i.e., p, = [[All;, (pn = lIAll,,) for odd
(even) n, which implies p, < 1. Equality for n > 3 holds if
and only if all but one Schmidt coefficients vanish. Hence,
pure product states are characterized by all PT moments being
unity, while for pure entangled states, we have p, < 1 for
n > 3.

u —=

III. IMPLEMENTATION

We now devise measurement schemes to access PT mo-
ments in CV systems. In particular, we provide passive linear
optical circuits to be applied on replicas of the state, from
which the two lowest-order moments, p, and p3, can be ex-
tracted using particle-number measurements.

A. Multicopy method

On discrete-variable platforms like spin lattices, the PT
moments are conveniently estimated from randomized mea-
surements [83,84]. However, the efficiency of this ansatz—in
terms of the required measurements to extract a given PT
moment with high accuracy—relies heavily on the Hilbert
space dimension of a qubit being small. More precisely, the
required number of measurements to ensure € accuracy for
an estimate of p, is on the order of d"58!/e? [83], where
d denotes the single-spin Hilbert space dimension and |AB|
the total number of spins of the bipartite system. Therefore,
the randomized measurement toolbox breaks down in the CV
regime.

To overcome this limitation, we propose a readout scheme
using the multicopy method [86] (see also Refs. [99,100]).
This technique has been successfully applied to entanglement

witnessing in various bosonic systems [11,12,90,101,102]. It
relies on the central observation that any nth-order polynomial
of the state p is measurable via a suitably chosen multicopy
observable O, defined over n replicas of the state, denoted
by p®". For CV optical systems, this observable can then
be simply accessed by transforming it to particle-number
measurements using passive, i.e., particle-number-preserving,
transformations [87-90]. Counting particles is well estab-
lished experimentally and is a standard requirement for
photonic quantum computing [24-26,28], integrated circuits
[27], quantum gas microscopes [94-97], and when the system
under scrutiny lacks a phase-stable local oscillator, e.g., in
high harmonic generation (HHG) [103].

Given a multicopy observable O,,, the remaining task is
to find a passive unitary transformation U appropriate for
measuring O, by counting particles at the output,

ca,), ®)

which can be efficiently decomposed into beam splitters

(ay,...,a)T - Uay,...

(ST N1-1
B/w(f) = <m _ﬁ , 9)

of transmissivity T € [0, 1], and phase shifts
Ru(p)=e", (10)

with phase ¢ € [0, 27), acting on modes u,v =1, ..., n.

B. Measuring PT moments

The required multicopy observable for accessing the nth
PT moment p, on the n-copy state p®" reads [83]

pa = Tr{p® (I} @ T%))
E(...(H;x@‘ﬁf)...), an

- «
where II7 and I1Z are normal, unitary (but not Hermitian
[104] for n > 2) operators corresponding to cyclic shifts, i.e.,
permutations, of the Fock basis elements to the right on Al-
ice’s side and to the left on Bob’s side, that is,

%
Als .
Il iy, ... s in—1)as

- 01)Bs 12)
respectively. Importantly, to evaluate the PT moment p,, it

- <«
suffices that Alice and Bob measure M# and M2 sepa-
rately on their respective subsystems of the n-copy state, then
evaluate the product of their outcomes (by communicating
classically), and finally average over sufficiently many exper-
imental runs.

To devise a suitable multicopy measurement scheme, let us
first consider Alice’s side. We introduce the discrete Fourier
transform (DFT)

’ ll’l)A = |ii’l7 ..

“p . .
0, lir, ..., in)p = iz, ..

Fy— |1 e e (13)
n)=— ,
Jal:oor :
1 (,()271 . wr(lnfl)(nfl)

—2mi/n

with complex phases w, = e and rank n. It diagonalizes

—
the right-shift operator II, since the latter is circulant, so that
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(a) Measurement routine (b) Purity (c) Third PT-moment
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FIG. 1. (a) Measurement routine for detecting the nth PT moment p,. After preparing n replicas, that is, independent and identical copies,
of the bipartite state of interest, Alice and Bob separately assess their subsystems A (blue) and B (red), respectively. Both perform a discrete
Fourier transform F(n) of order n, see Eq. (13), and then measure the particle numbers on their output modes 2 to n. They obtain p, from the
multicopy observable Dﬁ ® (D, N8 [see Eq. (15)]. (b) Readout of the purity p,. The second-order DFT F(2) is realized by a balanced beam
splitter, upon which both Alice and Bob just measure particle numbers. (c) Measurement of the third PT moment p;. The third-order DFT F(3)
is implemented by a sequence of three beam splitters and three phase shifts (only the first is needed in practice), upon which incident particles
are counted in the output modes 2 and 3. Here, Bob’s multicopy observable corresponds to the inverse of Alice’s, which is reflected in the
particle numbers corresponding to the output modes 2 and 3 being interchanged for Bob.

we have
- "
I, =F (D, F(n), (14’)
with the diagonal and unitary matrix
D, =or "N = diag(lw,. ... 0. (15)

As desired, the latter only involves the particle-number
operators N; = a'a ; and hence requires nothing but particle-
number measurements. Therefore, by acting with the DFT
onto state p®", the measurement of the shift operator ﬁ)n
translates into applying the optical circuit realizing the DFT
to the target state p®" — F(n)p®"F'(n) followed by particle-
number measurements. Specifically, we have

Tr{p®" 10 ,} = Tr{[F(n)p®"F' (n)ID,}
= (- (D)),

where the multicopy expectation value is now taken on the
n-mode output state of the DFT.
This procedure can easily be extended to the bipartite case,

(16)

. po .
where Bob measures the left-shift operator II,,. Using the fact
that the latter is the inverse of the right-shift operator together
with the unitarity of the Fourier transform, we find

A7)

Therefore, for the readout of the nth PT moment, Alice and
Bob need to perform the same nth-order DFT on their re-
spective sides. This results in the state transformation p®"* —
[F(n) ® F(n)]p®"[F'(n) ® F'(n)] and the subsequent mea-
surements [see Fig. 1(a)]

pa={ D} D;")") ).

We note here that this implementation is reminiscent of the
method put forward in Ref. [101] to access Rényi entropies,
i.e., moments of the state p itself. The key difference in our

= + -1
I, = F'(n)D; 'F(n).

(18)

case—the partial transpose p—results in Bob having to mea-
sure the inverse of Alice’s observable. -

Alternatively, one may use the identity II, =
F(n)D,F'(n), showing that the left-shift operator can also be
diagonalized by applying an inverse Fourier transform. In
this case, Alice and Bob would have to measure precisely the
same observables, but Bob would have to reverse the optical
circuit Alice used.

C. Optical circuits for low-order moments

It is left to decompose the DFT (13) into passive optical
elements. In general, any n-dimensional Gaussian unitary can
be realized using at most n(n — 1)/2 beam splitters (each
possibly followed by a phase shift), which stems from the
decomposition of the n-dimensional unitary group U (n) into
U(2) subgroups [106-108]. In the following, we explicitly
devise optical circuits implementing F(2) and F(3), enabling
the measurements of p, and p3, respectively.

1. Purity p,

The protocol for obtaining the state’s purity using two
copies is arguably the most prominent application of the
multicopy method [86,88,89,101] and has been successfully
implemented in cold-atom systems [11,12] and integrated
photonic devices [109]. It is well known that the two-mode
DFT is nothing but a 50:50 beam splitter operation, i.e.,

F(2)—i<1 1>
-5l 1)

Note that in this case, the DFT matrix is involutory; i.e.,
F~'(2) = F(2) since a shift in any direction corresponds to
the swap operation, which is another way of seeing that p;
equals the purity. Hence, a single beam splitter on each side
suffices for Alice and Bob to access p.

19)
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The multicopy observable after the beam splitter has been
applied reads

P2 = ([0} ® @) = [(— 1) M) (20)

and relates to a parity measurement of the total particle num-
ber across the second modes, specifically, the output modes
displaying destructive interference. Thus, the experimental
procedure consists of Alice and Bob counting the number of
particles in these modes, sharing their information via classi-
cal communication, and assigning the values +1 or —1 for
an even or odd toral number of particles, respectively, and
thereupon averaging over sufficiently many experimental runs
[see Fig. 1(b)].

2. Third-order PT moment p3
Following Eq. (13), the third-order DFT evaluates to

. 1
F3)= —|1 % &5 |, Q21
\/§ 1 iz —iZ

whose implementation requires a combination of three beam
splitters and phase shifts each, namely,

= (2 ()
XR3<%)313(§>312(%> (22)

[see Fig. 1(c)]. However, as we conduct particle-number mea-
surements at the output, the two last phase shifts of £ /6
(light gray) can be left out. Then, the third-order PT moment
p3 is encoded in the multicopy observable

P = ([0} % @ 0} ))

— <(e—2ﬂi/3 )N2A+2N§A‘+2NZB+N£>. (23)

Importantly, the prefactors of Alice’s number operators ap-
pearing in the exponent are now interchanged for Bob’s.

IV. BENCHMARKS

Next, we benchmark the detection capabilities of the vari-
ous third-order criteria discussed in Sec. II B. We discuss their
performance in the form of a general comparison to other
strong criteria, upon which we explore a variety of typical
state families. This includes Gaussian states and strongly (also
referred to as quantum [79]) non-Gaussian states—divided
into superpositions of coherent or Fock states—including,
e.g., NOON states, whose entanglement is known to be hard
to certify.

A. Comparison
1. Shchukin-Vogel criteria

The well-known Shchukin-Vogel hierarchy constitutes an-
other complete set of criteria testing for PPT [72-74]. In
contrast to PT-moment-based criteria, they involve moments
of mode operators. The central idea is that the partially trans-
posed state p is non-negative if and only if Tr{pf'f} >
0 for all normally ordered f. It is convenient to expand

f =20k Cijkl a''a’b™ b’ for some complex-valued ¢, lead-
ing to a reformulation in terms of the matrix Dgg iju =
Tr{pa'a%a’a’b"bb™b'}, namely [90],

Z Carst Cijkt Darst.ijut 2 0, 24

q.r,8,t

i,jk,l
for all c. This is, in fact, equivalent to all principal minors
of D being non-negative, as implied by Sylvester’s criterion.
A specific criterion is then obtained by choosing a certain f
(or equivalently ¢), which corresponds to selecting some sub-
matrix of D. For instance, setting f = c¢; + cra + c3b leads
to a second-order criterion that is necessary and sufficient for
Gaussian entanglement.

It is natural to ask how Eq. (24) relates to PT-moment-
based criteria. When considered over all c, the three infinite
hierarchies (24), (2), and (5) are all equivalent to PPT. Still,
their main conceptual difference is that while practically use-
ful criteria of the Shchukin-Vogel hierarchy comprise only
a few low-order mode-operator moments, PT moments can
contain mode-operator moments up to the highest order of the
underlying state.

To make a more precise statement, we derive a rela-
tion between the linear p;-PPT criterion (6) and Eq. (24).
Starting from the state’s normally ordered expansion p =
> i ik Pijia '@’ b b’ for complex-valued p, normally order-
ing its powers allows to write any PT moment as

Pn = Z [Pnet1(0)ijuat dijiks (25)

ijik,l

where d denotes the matrix of mode-operator moments d;jx; =
Tr{pa''a’b™b'}. Note here that d;j;; = d;j;, and hence mo-
ments of the partially transposed state correspond to reordered
moments of the state itself. Further, p,, as defined in Eq. (25)
are polynomials in p of order » that arise by repeatedly apply-
ing the bosonic commutation relations to ensure normal order
in the trace. For the two lowest-order polynomials p; and p,,
which are required for p, and ps, respectively, we obtain

1 (O]ijue = x,

min(q,s) min(r,t)

[p2()]iji = Z Z Z ulv!

q,r,s,t  u=0 v=0

<(EEE)

X Xi—stuqri—t+v Xs j—g+uk—r+vt- (26)

We find a similar decomposition for the Shchukin-Vogel
criteria after normally ordering f f, namely,

Tr(pf f} = Z [F2(c)ijut dijix = 0, (27)

i,j.k,l

where f, is defined in analogy to p,, with the main difference
being that indices are slightly reordered since f, stems from
f7f, whereas p; stems from p°. In general, the map ¢ — f1(c)
is not surjective for complex-valued c. However, when identi-
fying linear combinations of Eq. (25) with Eq. (27), f2(c) must
be Hermitian, in which case it can always be expressed as a
bilinear form of some complex-valued c.
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Therefore, the linear p3;-PPT criterion (6) equals the
Shchukin-Vogel criterion (27), with the matrix ¢ being
defined implicitly via [F2(c)lijir = [p2(0) ikt — (3/2)pijut +
1/2. This shows that the set of mode-operator moments con-
strained by a PT-moment-based criterion depends solely on
the state and can, in principle, range up to arbitrarily high
orders—a crucial property for capturing higher-order correla-
tions (we provide a worked-out example for NOON states in
Appendix D 1). Given that the efficient readout of low-order
Shchukin-Vogel criteria also requires multiple copies [90],
the herein proposed scheme is expected to outperform the
Shchukin-Vogel method for strongly non-Gaussian states in
terms of both detection capability and experimental resources
(see, e.g., Sec. IVD 1).

2. Criteria based on nonlocal variables

In another common approach, PPT is assessed via the non-
local quadrature operators x; = x4 x5 and p,. = p, £ pp
from the EPR argument [1]. By noting that taking the partial
transpose in subsystem B translates into pg — —pp in phase
space [58], physicality (meaning non-negativity) of p implies
that uncertainty relations must be fulfilled by the mixed com-
muting variable pairs (x4, ij) for all separable states.

Many entanglement criteria have been formulated in
terms of the outcome distributions of a homodyne mea-
surement fi(x+) = (x+|plx+), g+(px) = (p=lplps). This
includes constraints on their second moments, such as
0’ + o[% > 2 [57] (see also Refs. [58-62]), and entropies,
hke S(fi) + S(g+) = In(2me) [63] (see also Refs. [64-67]).
Recently, entanglement criteria were introduced for the
Husimi-Q distribution Q4 (x4, p+) associated with a hetero-
dyne measurement, ranging from entropic variants S(Q) >
In(2e) [69] (see also Ref. [68]) to majorization relations Q1 <
Q:l:,vacuum [70771]

While all these methods fully characterize Gaussian en-
tanglement, the entropic criteria also witness some forms of
non-Gaussian entanglement, such as superpositions of Gaus-
sian states, e.g., the entangled cat state (see Sec. IVC 1) and
close-to-Gaussian states, e.g., the Hermite-Gauss state [see
Eq. (45)]. However, entanglement cannot be certified over the
whole parameter range in both cases. Additionally, strongly
non-Gaussian entanglement arising from finite superpositions
in Fock space is entirely overlooked. Thus, such methods
are efficient when dealing with Gaussian and Gaussian-like
entanglement, but remain insensitive beyond.

Intuitively, this is rooted in how (quantum) correlations
are analyzed: The nonlocal variables (x4, p) are linear and
hence capture mostly linear correlations between the two
subsystems, while lacking information about higher-order
correlations. Therefore, we expect our method to outperform
all criteria based on EPR-type variables in the strongly non-
Gaussian regime (see, e.g., Sec. [IVD).

B. Gaussian entanglement
1. Symplectic formalism and Simon’s criterion
It is convenient to group the two pairs of canonical opera-
tors into a single vector in phase space as

x=X1,P,X2P). (28)

Then, the canonical commutation relations take the form
[xj, xj,] =iQ;y, where 2 =1, ® (ioy) denotes the sym-
plectic metric. A partially transposed Gaussian state is fully
characterized by its mean vector and covariance matrix

Xx=Tre{px}, vy =Te{p{x; x; 8 —2%%, (29
respectively. While the former is irrelevant for separability, the
latter is non-negative for all states but fulfills the stronger con-
dition y 4 iQ2 > 0 if and only if p is Gaussian and separable,
which is known as Simon’s criterion [58] (other well-known
criteria have been introduced by Duan et al. [57] and Mancini
et al. [60,61]). It can be recast into a simple form in terms of
the so-called symplectic eigenvalues of . To this end, we em-
ploy Williamson’s theorem [110], which ensures the existence
of a symplectic matrix S that diagonalizes the covariance
matrix such that S 7 ST = diag(¥;, ¥y, 95, »), where ¥; and
U, denote the symplectic eigenvalues. Hence, a Gaussian state
is separable if and only if

U, 0y 2 1 (30)
[see the straight black curves in Figs. 2(a) and 2(b)].

2. pu-PPT criteria for Gaussian states

A closed formula for the nth moment of a Gaussian state in
terms of its symplectic eigenvalues has been derived in Refs.
[44,111]. For the partially transposed state, it reads

f[ z 31
Lo+ —a-

For n = 2 and n = 3, the formula evaluates to

—

1 16
=55, T ey PT )1+ )

respectively. Hence, a Gaussian state is pure if and only if the
product of symplectic eigenvalues equals unity, i.e., 717, = 1.
This implies that all states have to respect the physicality con-
dition ¥; 7, > 1 (see dashed black curves), which is equivalent
to 7 being non-negative (¥, = vv; is ensured by symplec-
tic matrices having unit determinant).

With Eq. (32) at hand, we can express the p3;-PPT crite-
ria in terms of the symplectic eigenvalues (71, U>) only. The
quadratic p3-PPT criterion reads (blue curves)

(32)

=

70193 —3(0f +93) —1 >0, (33)
while the linear criterion evaluates to (green curves)
(D7 + 30105 4+ 53) (D192 — 3) + LD — 1 > 0. (34)

It is straightforward to check that both conditions and the
optimal criterion (red curves) are implied by Simon’s criterion
(30), showing that all three are necessary but not sufficient
conditions for Gaussian separability. Sufficiency is retained in
the limit n — oo, see Appendix A 2, in accordance with PPT
being equivalent to separability for 1 x 1 Gaussian states [59].
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FIG. 2. (a) Detected Gaussian entanglement by PT-moment-based criteria of order 3 (shaded regions) in terms of the symplectic eigenvalues
D1, U. The set of physical Gaussian states constrained by 717, > 1 (above and to the right of the black dashed line) is divided by Simon’s
criterion (30) (black straight line) into separable (¥, > 1 and 7, > 1) and entangled (¥, < 1 or ¥, < 1) regions. The performance across the
criteria is governed by the purity p,, with the tipping point at p, = 1/2 (yellow dashed line). This purity is realized, for instance, by a two-mode
squeezed state at finite temperature, see Appendix A 1, with i = (+/2 — 1)/2 particles per mode. No third-order criterion detects entanglement
when v; < 1, v, > 1 (or vice versa). (b) Complementary analysis in terms of the PT moments p, and p;. (c) Certified entanglement for the
odd Schrodinger cat state (37) by the optimal (= linear since p, > 1/2) p3-PPT criterion for various mixing parameters z = 0, 0.5, 0.9, 0.99
(blue, green, red, and yellow, respectively) and (without loss of generality real) phases «, 8. Entanglement is flagged well below o« = 8 ~ 3/2
(see inset), thereby outperforming all entropic methods. (d) Absolute violation of the linear p;-PPT criterion for the entanglement between
the driving field and the first harmonic mode in HHG, see Eq. (40), as a function of the (without loss of generality real) depletion §o of the
laser field for various total numbers of excited harmonics N. Entanglement is witnessed over the full parameter range. (¢) The same as in panel
(d) for the family of NOON states (41) as a function of the (without loss of generality real) phase «. Entanglement is detected for all mode
numbers N and « # 0, 1, with the strongest violation —3/4 occurring at @ = 1/+/2 2 0.707, independent of N. All other standard methods
are significantly outperformed.

3. Optimal PT-moment-based criterion for Gaussian entanglement ~ Of course, one might argue that requiring copies of an
entangled Gaussian state to witness its entanglement is unnec-
essarily demanding; however, the method becomes powerful
in the non-Gaussian regime.

When expressing Simon’s criterion (30) through the two
lowest-order PT moments p; and ps, we find that a Gaussian
state is separable if and only if

4p3

3+p3
which constitutes the optimal p3-PPT criterion for Gaussian L ) .

entanglement (see straight black curves). However, note that ) NOH-Gaussmmty naturally arises frf)m mixtures Of' Gaus-
this criterion is biased in the sense that it only holds under ~ Sian states, while coherent superpositions are required to
the assumption that the underlying state is of Gaussian form, ~ generate strongly non-Gaussian states, for which Schrodinger
Translating also the physicality condition ;> > 1 to PT mo-  Cat states display an important example [79,112]. In the fol-
ments by using V> = 1/(V p2) for p3 and maximizing over v lowing, we co.r.15}der the dephased [even (+) or odd (—)]
yields an upper bound constraining all Gaussian states (see  cntangled Schrodinger cat states

dashed black curves)

4p; ?
D3 < 31 p) (36)

p3 = 35) C. Strongly non-Gaussian entanglement from coherent states

1. Mixed entangled cat states

1
p = gllo, BYla, pl + [—a, =) (—a, =Bl
+ (1 = 2)(e, f)(—a, =B[ + [—a, =B) (. BD].  (37)
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with normalization C = 2[1 & (1 — z)e’zq‘)"z*'ﬂ‘z)], displace-
ments «, B € C, and mixing (dephasing) parameter [113] z €
[0, 1]. The state’s purity decreases monotonically [114] for
increasing z, with p, = 1 if and only if z =0, and p, = 1/2
for z=1and |a|, |f] = c0. When z=1, a =0, or 8§ =0,
the state (37) is separable, but entanglement is challenging to
reveal for odd cat states: Second-moment-based criteria fail
to witness entanglement, while entropic criteria flag entan-
glement only if the two cats are well separated, i.e., beyond
le| = 18| Z 3/2 [63,65,69].

We provide expressions for the second and third PT mo-
ments in Appendix B. Since p, > 1/2 over the full parameter
range, the linear criterion is optimal. Entanglement is always
witnessed for even cat states (as in Ref. [115]). For odd cat
states, we obtain the separability condition

> + 181> < =4 In(1 — 2) (38)

[see Fig. 2(c)]. For given z, entanglement is certified in
the complement of a disk of radius /—(1/2)In(l —z) in
the (Jo|, |B]) plane. For |a| = |B]|, this amounts to |«| >
/—1In(1 —z)/2 (see inset), which is smaller than 3/2 up to
z=1—¢e"? ~0.999 88. Hence, all entropic criteria are out-
performed by the p3-PPT criteria. Note also that entanglement
is certified for all ||, | 8] > O when the state is pure (z = 0).

2. High harmonic generation

Assessing entanglement by counting photons is particu-
larly relevant for applications where other standard readout
methods are inapplicable. A prime example of recent interest
is the process of high harmonic generation (HHG), in which
intense laser fields are directed at atomic media to generate
high-order harmonics of the driving field [116]. In the strongly
interacting regime, i.e., when the generated light lies in the
extreme ultraviolet spectrum, a phase-stable reference beam
is often lacking, thereby preventing quadrature measurements
via both the homodyne and heterodyne detection protocols
[103].

In a recently proposed multimode quantum description of
HHG, the initial coherent-state driving field & (mode 1) is de-
pleted by da > 0, which causes displacements x; inthe N — 1
harmonic modes j = 2, ..., N, leading to entanglement be-
tween the driving laser and the higher harmonics, as well as
among the harmonics themselves [117]. The corresponding
global state reads

1 N
W) =~z = sar 8 1)

— {ala = da)la) ®, (0,1x,)10)),  (39)

with normalization C = 1 — e~ =Xl

In the following, we consider all harmonic modes to be
displaced equally, i.e., x = x;, in which case |x| o |6x| by
energy conservation and only odd harmonics are populated.
We analyze entanglement across the bipartition of the driving
field and one harmonic described by the mixed state

p =Trpa{[y) (¥} (40)

see Appendix C for an explicit expression and the correspond-
ing PT moments.

Entanglement is detected by the linear p3;-PPT criterion
(optimal because p, > 1/2 in the considered regime), also for
many harmonic modes [see Fig. 2(d)]. Note that the purity p;
is monotonically increasing with ¢, and that p, = 1 for N =
1, while p, 2 4/5 forall N > 1. The amount of entanglement
behaves very similarly when considered as a function of S«
with a pure product state being attained in the limit oo — o0,
see also Fig. 3 in Ref. [117], and hence entanglement is harder
to certify for more pure states. Further, we observe a decrease
in absolute violation for increasing N, as the entanglement is
split among more modes.

It was proposed in Ref. [117] that entanglement can be
enhanced by using conditioning measurements on comple-
mentary modes instead of the partial trace. In this case, the
remaining bipartition is always pure, and thus entanglement is
fully witnessed by any p3-PPT criterion.

D. Strongly non-Gaussian entanglement from Fock states
1. NOON states

Entanglement detection is hardest when considering finite
superpositions in Fock space. Of particular importance is the
class of bosonic NOON states [81]

|¥) = alN, 0) + BI0, N), (41)

with mode population N € N* and phases o, 8 € C con-
strained by |a|> + |B]*> = 1 due to state normalization. This
class comprises the first two Bell states for N =1 and o =
1/+/2, 8 = £1/+/2, and the Hong-Ou-Mandel state for N =
2and @ = —f = 1/+/2. States of the form (41) have success-
fully been prepared deterministically for N < 2, e.g., using
Hong-Ou-Mandel interferometry. In contrast, higher-order
NOON states with N > 2 were generated probabilistically
by additionally invoking postselection (see Refs. [118—124]).
Although NOON states are evidently entangled whenever
neither of the complex phases is zero, detecting their en-
tanglement is notoriously difficult—both theoretically and
experimentally. Nonlocal EPR-type criteria—whether based
on second moments or entropies —never flag entanglement
[57,60,61,63-71], while mode-operator-based criteria require
moments up to order 2N [125], for which no practical readouts
exist when N becomes large. For instance, a recent crite-
rion formulated for a spinlike multicopy observable encoding
fourth-order moments witnesses entanglement only upto N =
2 [90].

Since NOON states are pure (p, = 1), their entanglement
is certified by all third-order criteria. More precisely, after a
straightforward calculation, we find for p;

p3 = Tr{|a|°|N, 0)(N, O] + aB*|a|*|BI*|N, N)(0, 0]
+ o*Blal*|B1210, 0)(N, N| + |BI°|0, N)(0, N|}
= la|® + 1BI°. (42)

Remarkably, this result is independent of the mode population
N (which generalizes to all PT moments) and ps is strictly
less than unity if and only if o or 8 # 0 [see Fig. 2(e)].
This demonstrates that PT-moment-based criteria significantly
outperform all other approaches in the strongly non-Gaussian
regime (see Appendix D 1 for an in-depth analysis of which
mode-operator-moments appear in the PT moments). These
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findings also persist under realistic experimental constraints,
which effectively render the underlying state mixed (see
Sec. VB).

2. Other pure-state families

In the following, we list a few important pure entangled
states that belong to the class of strongly non-Gaussian states,
which are all automatically witnessed by any third-order PPT
criterion. Some of them are typical benchmarks for entan-
glement criteria, while others are of particular experimental
relevance.

(1) Entangled Fock-state superpositions

N.N’'

W)=Y ¢ipli i, 43)

J.J'=0

which includes, e.g., the photonic qutrit state [63,126] |¢) =
(+/210, 0) 4 |2, 0) + 0, 2))/2, whose entanglement remains
undetected by entropic methods [63-71].

(2) Photon-added and photon-subtracted states, which are
obtained by adding or subtracting photons from a pure Gaus-
sian state, i.e.,

V1) o @Y [WGas)s  1¥-) & @) [YGas),  (44)

respectively [79]. Both processes enhance the entanglement in
the initial Gaussian state. Therefore, entanglement is typically
witnessed also by second-moment criteria as long as j remains
small [57-62].

(3) The Hermite-Gauss state described by the wavefunc-
tion [63,126]

2 —x)2
xi+xy  —(UERELCRE)
e ?

T — 9
/ 3
7TO'_O'+

whose generation involves the non-Gaussian input |0, 1) fed
into a Gaussian circuit [127]. No entropic criterion detects en-
tanglement over the full parameter range o, o_ > 0 [63-71].

Y(xi, x) = 45)

V. APPLICATION

Robustness to experimental imperfections is an essential
requirement of any practically useful entanglement criterion.
First, we discuss typical sources of errors encountered in our
detection schemes and how to model them. Then, we explore
their influence in detail for NOON states.

A. Imperfections

We are interested in the three main types of imperfections:
the inherent losses, the noise-induced discrepancies between
different state copies, and the limitations of finite measure-
ment statistics.

1. Losses

Particle losses are inevitable in the preparation process of a
given input state p, the optical circuit, and the detection of
single particles. With advances in superconducting photon-
number-resolving detectors, efficiencies in photonic setups
are now on the order of ~95% [91,92] and single photons
can be resolved up to 100 photons [93] (see also Ref. [26]

and references therein). In ultracold-atom experiments, quan-
tum gas microscopes enable single-particle resolution up to
~1000 particles [94-96] (see Ref. [97] for a review). There-
fore, losses are most detrimental during state preparation and
optical processing.

The effect of losses is conveniently characterized by a lossy
quantum channel £;, where t is the loss parameter, being
unity in the lossless case [43]. Since losses can primarily be
attributed to the optical circuit, we assume equal losses for
both subsystems A and B, as well as among the copies of
p (on average, see below), which results in the input-state
modification

p—> (L QL)P). (46)

This quantum channel can be represented via its Stinespring
dilation as the interference of the state of interest with a
vacuum state |0)(0|z on a beam splitter with transmissivity
t € [0, 1], after which the environmental mode E is traced
out, which yields,

L:(py) = Tre{Bae(t)(ps ® [0)(01)B} (1)}, 47)

for subsystem A, and analogously for B.

2. Noisy copies

In real-world experiments, input-state and circuit param-
eters can vary from one experimental realization to another.
The resulting variations among the state copies and subse-
quent experimental runs are commonly referred to as noise.
We account for both effects by drawing any continuous pa-
rameter x, such as the complex phase o of the input state
or the loss parameter t, from a narrow Gaussian distribution
with standard deviation §x < x/10 centered around the corre-
sponding expected value x.

‘We note that noise is sometimes accounted for by replacing
the environmental vacuum state in Eq. (47) with a thermal
state, where the mean particle number acts as the noise pa-
rameter, corresponding to a noisy and lossy channel [43].
Although we expect the resulting effects to be very similar,
this modeling presents two practical drawbacks. First, mixing
the input with a thermal state leads to (exponentially sup-
pressed) excitations of arbitrarily high Fock states. Therefore,
any reasonable numerical simulation of our method would
require truncating the Fock spectrum above a specific thresh-
old. Second, while this approach handles the noise during
state preparation and within the optical circuit, it does not
take into account fluctuations between different experimental
realizations.

3. Finite statistics

In every experiment, an observable of interest is ultimately
estimated from a finite number of repetitions of the experi-
ment, which can greatly influence the statistical significance
of the expected outcome. In the context of entanglement de-
tection, where the standard signature is the negativity of some
witness function, finite statistics can significantly deteriorate
detection capabilities by resulting in small confidence inter-
vals.

We analyze the statistical behavior of the PT moments and
the third-order criteria in terms of the means and variances
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FIG. 3. The three types of imperfections discussed in Sec. V A applied to balanced (o = 1/+/2) NOON states. (a) Optimal p3-PPT criterion
as a function of the loss parameter 7 of the lossy channel £.. From yellow to blue, the NOON state’s mode population number N ranges from 1
to 10. Colored rings are placed at points where the criterion first flags entanglement, with a tolerance of up to 20% losses until N = 10 (note that
T > 1/2 isrequired for all N). The colored dots at N = 1 and 7 = 0.9 (blue), T = 0.75 (red), and t = 0.6 (green) allow for an intercomparison
of typical loss values between the subfigures (other imperfections) and Fig. 4 (full simulation). (b) Regions of detected entanglement by the
optimal p3-PPT criterion for noisy copies of the first NOON state and the three typical loss parameters T = 0.9, 0.75, 0.6. The first copy serves
as a reference with the standard values for «; = o and 7; = t; the second copy is described by «; and 7, (for both p, and ps3), while o3 and 73
parametrize the third copy used solely in the circuit for p;. We illustrate the dependence on « in the left panel (with the black dot marking all
o’s being 1/+/2). Entanglement is also detected for large discrepancies, except when «, approaches zero, i.e., when the second copy becomes
separable. The right panel depicts the dependence on t, where entanglement is witnessed whenever 7, 2 1/2. (c) Number of samples required
to detect entanglement via the quadratic criterion within one standard deviation for given loss 7 and various mode occupations N (vertical lines
indicate minimal 7 for infinite statistics). Even for 15% losses, entanglement is still witnessed up to N = 10 with 10° experimental runs only.

of their estimators when sampled from k independent and
identically distributed (i.i.d.) experimental runs. We define the
estimate of p, based on k samples as

k
1
k) — _ .
Py = kZ Pt (48)
i=1
" (i—1)[N4 . —NB . 3 .
where p, i) = w970 N] i N7, representing

the number of particles in Alice’s jth mode during experiment
i (analogously for Bob) and p, ), being an ii.d. complex
random variable.

By linearity of the expectation value, we have

E[p"] = Elpn.o)] = pu-

Further, Var[p, ] = El|pu.)|*1—|Elpn.o]I’=1 — p}, where
|pn.hy] = 1 since p, ;) is one of the n roots of unity. Then, the

variance of p*) is simply

(49)

1-p2
.

Upon defining the estimators for the linear and quadratic
criteria given in Eq. (6) as

Var[p{] = (50)

3p(2k) -1
2 9

2
k|p(k) —1
k) — (0 2
Wq =p; — —1 s

D

k) — (k)
W =p3 —

which ensures unbiased estimators E[Wl(k)] =p3—GBpr —
1)/2 and E[Wq(k)] = p3 — p3, we obtain the variances

2 2
Var[w,*'] = l-p 91 P
k 4 k
— 2 2(1=p2)[1 + 2k = 3)2
k k(k—1)

B. NOON states—a case study
1. Analysis of individual errors

We analyze the influence of all considered experimental
imperfections on the prospects of witnessing higher-order
NOON:-state entanglement with our proposed method. To this
end, we first incorporate losses following Eq. (47), which
renders the underlying state mixed, thereby impeding entan-
glement detection. Expressions for the resulting state and its
PT moments can be found in Appendix D 2.

We show the absolute violation of the optimal p3;-PPT
criterion as a function of the loss parameter t for balanced
(a = 1/+/2) NOON states up to N = 10 in Fig. 3(a). As N in-
creases, fewer losses are tolerable for the state’s entanglement
to remain certified (see colored rings for the zero crossings).
However, even for high occupations (N = 10), our method
detects entanglement up to ~20% loss (note that entanglement
is never certified when losses exceed 50%—regardless of N—
although the states remain entangled).

To investigate noise effects (and to be able to sample
the PT moments), we have to calculate the photon-number
distributions at the outputs of the two circuits required for
measuring p; and ps, see Figs. 1(b) and 1(c), respectively—
with generally different state and loss parameters for both
subsystems and all copies. Note that this task resembles bo-
son sampling [128], which becomes inefficient on a classical
computer rapidly with increasing N. Therefore, we restrict to
N = 1 for the analysis of noise and also for a full simulation of
the experiment. We provide explicit expressions for the case
where all parameters are equal and show the resulting output
distributions for various loss parameters 7 in Appendix D 3.

‘We depict the impact of imperfect state copies on entangle-
ment detection for N = 1 in Fig. 3(b). In both panels, the first
copy remains unaltered (¢ = l/ﬁ and 7y = 0.9,0.75,0.6
corresponding to the blue, red, and green regions, respec-
tively), while the second and third copies are described by
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FIG. 4. Simulated experiment for detecting the entanglement of
the first NOON state (N = 1), including the effects of losses, noisy
copies, and finite statistics. We plot the absolute violation of the
optimal p;-PPT criterion over the number of samples. The data
points and their error bars representing one standard deviation are
obtained after averaging over 500 repetitions. The dashed horizontal
lines depict the perfect-copy (but still lossy) case. At the same time,
the surrounding shaded areas indicate the one standard deviation
intervals from the analytical error model for the linear criterion [see
Eq. (52)]. Given that all curves fall below zero for less than 10°
samples, our method is capable of detecting strongly non-Gaussian
entanglement in a close-to-experimental setting.

arbitrary (o3, 72) and (a3, 73), respectively. We examine noisy
phases in the left panel and noisy losses in the right panel.
In all cases, entanglement is certified substantially beyond the
perfect-copy scenario (see points). We observe a maximum
of ~30% allowed variations for t = 0.6 (green). This marks
the minimum tolerance among the considered cases, thereby
demonstrating strong robustness against noisy state copies.
At last, we study statistical effects. Using Eq. (52), we
compute the least amount of samples needed to witness en-
tanglement with the quadratic criterion within one standard
deviation [see Fig. 3(c)]. For the Bell state (N = 1), only ~10
samples are required at 10% losses (blue point), while 2103
samples are still sufficient in the very lossy regime t = 0.6
(green point). Remarkably, our method certifies higher-order
NOON entanglement up to N = 10 at &15% losses for a rea-
sonable measurement budget of 10 experimental runs, show-
casing its efficiency also in the strongly non-Gaussian regime.

2. Full simulation

To complete the picture, we combine all sources of imper-
fections by sampling from the photon-number-output distribu-
tion of the lossy and noisy Bell state (N = 1, @ = 1/+/2). For
each individual copy and each experimental run, we draw the
phases « and the losses t from Gaussian distributions centered
around o = 1/«/5 and T = 0.9,0.75, 0.6 (blue, red, green),
respectively, and with standard deviations 5% and 0.05, re-
spectively, to represent the overall noisiness of a real-world
experiment. Then, we compute the optimal p3;-PPT criterion
for a given number of samples, which we repeat 500 times to
gather statistics on the mean and its error.

We showcase the performance of the optimal criterion as a
function of the sample size in Fig. 4. The simulated data points
fluctuate around the analytical predictions (dashed lines, with
losses taken into account), and their one-standard-deviation

intervals fall within the analytical error bounds of the linear
witness [cf. Eq. (52)]. For a detailed comparison of the three
third-order criteria and the error models without additional
noise effects, we refer to Appendix D4. We observe that
entanglement is witnessed within one standard deviation up
to 40% loss using 10° samples only (green points and curves),
which is well within the capabilities of current experimental
technologies. To conclude, our method remains robust against
the typical errors occurring in a realistic experimental setting
for the studied cases.

VI. DISCUSSION

In summary, we generalized entanglement criteria based
on moments of the density operator’s partial transpose to
continuous variables and exploited the multicopy approach
in order to access low-order PT moments. Our measurement
schemes use linear interferometers and a few replicas of
the state, together with particle-number-resolving detectors.
Compared to standard approaches, our method exhibits strong
advantages regarding both detection capability—especially in
the strongly non-Gaussian regime—and robustness against
experimental imperfections, including losses, noise, and finite
statistics. In particular, we demonstrated that our criteria can
witness higher-order NOON-type entanglement under realis-
tic experimental conditions, highlighting their usefulness in
practical applications such as photonic quantum processors.

In comparison, in Ref. [115], a metrological witness is
proposed. It relies on local variances and provides a neces-
sary and sufficient criterion for pure-state entanglement, but
does not address the role of imperfections or the regime of
strongly non-Gaussian entanglement. More recently, in Ref.
[129], neural networks are employed to certify non-Gaussian-
state entanglement using homodyning. They also account
for losses, using the same model as in this work, in the
context of single-photon-subtracted and entangled coherent
states, whereas our focus is on NOON-state entanglement. A
more detailed comparative study of these different approaches
would be an interesting direction for future work.

The need for interferometric stability over several state
copies—though not necessarily perfect—is arguably the most
significant experimental burden of our method. Hence, we
believe that it is of particular interest to extend our criteria,
and more generally the multicopy method, to arbitrary ancilla
states, which would further reduce this experimental hurdle.
We refer to Ref. [125] for a recently introduced entanglement
detection scheme where higher-order correlations of a given
bipartite state are accessed via its interference with an arbi-
trary two-mode ancilla.

A remaining challenge lies in generating non-Gaussian
states. While probabilistic preparation makes producing sev-
eral copies more demanding, not all schemes are probabilistic
[130], and the success rate depends on the specific state [131].
Moreover, probabilistic preparation is effectively equivalent
to reduced statistics, and our results show that only about 103
samples are sufficient to witness NOON-state entanglement
within realistic experimental conditions.

We consider several other directions to be interesting for
future work. First, one may extend our method to capture
moments of other operators resulting from applying positive
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but not completely positive maps. This includes, for instance,
the realignment map [132-134], for which moment-based
criteria have been derived recently in Ref. [135]. Compared
to the PT-moment approach, this could enable the detection
of bound entanglement, which is known to be scarce in CV
systems [136].

Second, since we have exclusively discussed a two-mode
bipartition, one may generalize our setup to both multimode
and multipartite cases to analyze many-body and/or multipar-
tite entanglement. The extension to a multimode bipartition
is straightforward: The optical circuits for measuring PT mo-
ments have to be applied to each mode individually, upon
which the particle numbers within one subsystem are summed
up. As the number of copies remains constant, the total sys-
tem size still scales linearly with the number of target state
modes. Further, a possible generalization that would allow
one to certify multipartite entanglement could be based on the
corresponding variant of the PPT criterion [137].

Third, in a somewhat different direction, one may ask
whether the preferred readout scheme in the discrete-variable
case, that is, randomized measurements in spin bases, can
be transferred directly to the CV regime via the Jordan-
Schwinger map [138] (see also Refs. [139,140] for CV
shadow tomography). This would not only constitute an-
other way of accessing PT moments, but could be a general
alternative to the multicopy method. Since the required
number of randomized measurements diverges for an infinite-
dimensional Hilbert space, one would have to impose a finite
energy (or particle-number) cutoff, which is fairly reasonable
from an experimental perspective and a standard procedure in
CV quantum information [43].
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APPENDIX A: GAUSSIAN STATES
1. Two-mode squeezed state at finite temperature

To illustrate the breakdown of the various PT-moment-
based criteria for sufficiently mixed Gaussian states, we
consider a two-mode squeezed state at finite temperature.
Starting from a product of two identical thermal states
Pr = Zsio (r_l+f'—;n+1)|n>(n| with mean particle number 7 > 0,
this state is generated via the two-mode squeezer unitary
U, = exp[r(ab — a'b’)/2] with squeezing parameter r €
[0, 00), resulting in

P, =Ur(p; ® p;)U . (A1)

41— .
! : Simon
! : n=3
3 ll O | n=5
5 n=7
L :
z§‘ 2 L... s\‘ || a ........ ........
\ : .
\ : :
\ : .
Th —=ﬂ
PoNNe i
unphys. : : TEmes——
0 i i i
0 1 2 3 4

V1

FIG. 5. Gaussian entanglement detected by the p,-PPT criteria
(2) of order n = 3 (blue), n = 5 (petrol), and n = 7 (red), analogous
to Fig. 2(a). More mixed entangled states are detected for increas-
ing n, indicating convergence toward Simon’s criterion in the limit
n — oQ.

One can easily find that the symplectic eigenvalues of the
partially transposed state are ¥} = e > (214 1) and ¥, =
e (27i + 1), such that the state’s purity depends on the mean
particle number only, i.e., p, = 1/(27 + 1)%.

When 7 =0, Eq. (Al) reduces to the pure two-mode
squeezed vacuum state [see dashed black curves in Figs. 2(b)
and 2(c)], which is entangled for any finite squeezing r > 0.
Upon increasing ii, the state becomes more mixed, with pu-
rity p» = 1/2 (see dashed yellow curves) being attained for
i = (v/2 — 1)/2 ~ 0.207 particles per mode. In this regime,
sufficient squeezing r > In(2# 4 1)/2 is required for the state
to be entangled at all. For the above case, this entails r >
In(2)/4 ~ 0.173 or p3 < 4/13 (see yellow squares). However,
all third-order criteria require 2 0.363 or p3 < 1/4 to detect
entanglement (see yellow diamonds). Note that physicality
translates into p3 < 16/49 for p, = 1/2 [see yellow triangle
in Fig. 2(b)], showing that the range of values for p; compat-
ible with a separable state is small compared to an entangled
state [see the light gray region in the inset of Fig. 2(b)].

2. Higher-order criteria

We analyze higher-order p,-PPT criteria from the Stieltjes
approach [cf. Eq. (2)] for Gaussian states in Fig. 5. For the
two-mode squeezed state at finite temperature considered in
Appendix A 1, the p,-PPT criteria for n = 5 (green curve) and
n =17 (red curve) flag entanglement already when r 2 0.221
(yellow squares) and r = 0.187 (yellow triangles), respec-
tively, compared to r 2 0.363 (yellow diamonds) for n = 3.

APPENDIX B: MIXED ENTANGLED CAT STATES

To evaluate the PT moments for the class of states (37),
we make abundantly use of the coherent-state inner product
(0| B) = e~ 2Ua—BP+aB'~a'B) \hich leads to

2 2 2
= {1+ (= P[0 4 o]

+401 — Z)e_2(|°’|z+\ﬁ|2)} (B1)
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and
_2 {1+ 3¢ el +15P)
p3 = Pk
+3(1 — )e 2P HBD [ g4 | o= 4AF]
+3(1 — g)e Il HB g Gl AR

+(1— Z)36*6(I0tlz+|/3\2)[1 + 364(\01I2+I/3I2)]}' (B2)

APPENDIX C: HIGH HARMONIC GENERATION

The reduced state of the driving field and one

harmonic mode for equal harmonic shifts x = x, =
(2/+/N? 4+ 2N — 3) 8a reads
1
N2+6N 1L |52
— ¢ 2N?+2N-3) |a—5a,x)(0{,0|
_ N246N-11 5
— € 2W12N-3) |a 0) (o — dax, x|
ww(ﬂ
+ e W= "o, 0) (e, 0]], (CD)

where we assumed that «, dor, and x are real without loss of
generality. The purity evaluates to

1
p=gll-20-0@2- ¢~ (el +ix)

+ (1 = CP(2eleF I )], (C2)
while the third PT moment is

1
p3 = = [1 —3(1 — C)( *(I501\2+IX\2))

+3(1 = CP (2 + eIl +x
+ el _ peial L olxf _ gp=lr
— (1= C)}(1 + 6l +x*

— 3¢l — 3lxF)]. (C3)

APPENDIX D: NOON STATES

1. Mode-operator moments

We compute the set of constraint mode-operator moments
for the class of NOON states. To this end, we normal or-
der (41), for which we use the identity |0)(0| =: e’ =
> a'/a/(—1)//(j!). We end up with

) ( I)H-k —N

Pijii = | m5ij5k1®(i—N)
5 (_l)iJrka
+ 18I m5ij3kz®(k —N)
(_1)j+k
aﬂ*,—.'k'&‘jﬂv Ski-NO@IE —N)O(I — N)
( 1)t+l )
+a* ﬂN' T 8ij-n Skin®(f — N)B(k —N), (DI)

where ®(x) denotes the Heaviside ® function (with the con-
vention ®(0) = 1 understood). This leads to the expansion for
the purity

2
~ |10\l]_|![< TNaN> + (a'l'(N+-~-)aN+~~~bT(0+~~)b0+w>]

lﬁl

P2

(bTNbN) ( 'i‘(()+...)a()+...bT(N+...)bNJr...)]

aﬁ*
+ W[(awb’v) +

o B s
+ W[WNb ¥y +

(aT(NJ'_m )a()_;,_.ub#((pr... )bN+... N

(aT(0+--- )aN+~~b’nL(N+~~- )b0+"~)]’ (DZ)

where center dots indicates higher-order contributions. Only
the first term in each row survives, and the purity reduces to

1
Py = ﬁ[|oe|2<awa”> + 1817 (6™ ")

+aB* @™oy + o* B a"b™)). (D3)
Similarly, we find for the third PT moment
1 .

p3= mnawawa’v) +1B1*®d™b")1. (D4)

It is straightforward to verify consistency of the latter two
equations with p, = 1 and Eq. (42) since (@a™a") = |a|>N!
(analogously for b), and (@"b™) = (a™b")" = «f*N! for
NOON states.

Equations (D3) and (D4) nicely demonstrate the main
strength of PT-moment-based entanglement criteria: In con-
trast to entropic and Shchukin-Vogel-type criteria, where
higher-order mode-operator moments are exponentially sup-
pressed or hard to access, respectively, PT moments often
select the right (and in principle arbitrarily high) mode-
operator moments that contain the necessary information
about quantum correlations.

2. Lossy NOON states

Since we account for noisy copies by fluctuating state
parameters, we consider in general different losses for Alice
and Bob. Then, the lossy NOON state reads

p= (L, ®Ley) (Y)Y,

where [{) is the lossless NOON state as defined in Eq. (41).
Direct calculation leads to

(D5)

N
N\ -
=l (k>r/§N O — ¥ IN — k, 0)(N — &, 0|
k=0
+JTats (@B*IN, 0)(0, N| +a”Bl0, N)(N, 0])

+ 1812 Z( ) VR — 15)K10, N — k) (0, N — k|
(D6)
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TABLE 1. Particle-number output distribution f, of the circuit in
Fig. 1(b) for a lossy NOON state (N = 1) over all possible particle
numbers N3, N2 grouped by total particle number Ny, = Nit + N2.

Ntol Néq NzB fZ
0 0 0 1-32-1)
1 1 0 (1 —7)laf?
0 1 (1 —1)|8)?
2 1 1 2’| BI?
2 0 2 |af*
122 |a|4
0 2 S8l

The PT moments evaluate to

N N 2
pr=lal*)_ ( k) TN = )
k=0

+2la P B1P(2h 7y + (1 — )" (1 = 75)")
N N 2

+IBIY ( k) VA - ) (D7)
k=0

and

N N 3
ps=lal®) ( k) 7 -
k=0

+3lalP 1Bl (jePtd o) (1 — )Y + |BPey o (1 — 7)Y

+ o (1= )™M (1 — ) + |87 — )V (1 — 15)™)

N N 3
+IB1°) ( k) TV — 1),
k=0

where we considered the copies to be identical for brevity.
Please note that the expressions underlying Sec. V B describe
the more general case of unequal copies.

(D8)

3. Particle-number output distributions

We show the particle-number output distributions
(NS NE) and  f3(N3', N2 N{ NE) of the Fourier
interferometers of orders 2 [see Fig. 1(b)] and 3 [see Fig. 1(c)]
in Tables I and II, respectively. Again, we present expressions
for equal copies for brevity. Note that at most two (three)
particles can be detected at the outputs for two (three) NOON
input states. Note also that for 7 = 1, i.e., when the state is
pure, contributions with odd total particle number N5 + N%
vanish since all individual parities must be even to average to
p> = 1. Additionally, we provide graphical visualizations of
the output distributions at the typical loss levels considered
in the main text, i.e., T =0.9,0.75, 0.6, together with the
pure-state case T = 1 [see Fig. 6].

4. Statistical error models

We validate the consistency between the statistical error
models discussed in Sec. V A3 and the numerical sampling

TABLE II. Particle-number output distribution f; of the circuit
in Fig. 1(c) for a lossy NOON state (N = 1) over all possible particle
numbers N3, N¥, Ni', N2 grouped by total particle number Ny =
Nj + N7 + Nj + N7

Nee Nf NP N} NP 13
0 0 0 0 0 1— 37[18 4+ 7(—15 +41)]
1 1 0 0 0 HalP(1—1)r(3 —27)
0 0 1 0
0 1 0 0 LB —1)T(3 —21)
0 0 0 1
2 1 1 0 0 Hal?IB17(1 — )72
0 0 1 1
1 0 0 1 Hel?1BPP?
0 1 1 0
1 0 1 0 Hal*e?
0 1 0 1 HBl*e?
2 0 0 0 Hal*(1 - 1)r?
0 0 2 0
0 2 0 0 21BI*(1 = 1)7?
0 0 0 2
3 1 2 0 0 Lol |8}
0 0 1 2
2 1 0 0 Hal*BPT?
0 0 2 1
1 0 2 0 0
2 0 1 0
0 1 0 2
0 2 0 1
0 1 2 0
0 2 1 0
1 0 0 2
2 0 0 1
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0
3 0 0 0 3ol
0 0 3 0
0 3 0 0 RS
0 0 0 3

of the third-order criteria for the noiseless and balanced (o =
1/+/2) NOON state of order N = 1 in Fig. 7. As a comple-
mentary check, we plot the standard deviations obtained in
Eq. (52) relative to the loss t in Fig. 8. The numerical data
align well with the theoretical predictions for the linear and
quadratic criteria. The optimal criterion matches the linear one
when 7 < 0.4 and t 2 0.6 (which corresponds to p; > 1/2),
but approaches the quadratic one toward t & 1/2 (for which
p2 &~ 1/2). As the linear criterion’s error is an upper bound
for the optimal criterion’s error, it is justified to work with
the linear error model for the optimal criterion when t 2 0.6,
which comprises all cases considered in the main text, in
particular, Figs. 3(c) and 4.
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@t (b) f3 for subsystem A (c) f5 for mode 2
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FIG. 6. Particle-number output distributions for the balanced (¢ = 1/+/2) NOON state of order N = 1 for various losses 7. Panel (a) shows
/> from the purity circuit (see Table I for analytic expressions). Panels (b) and (c) depict f; from the p; circuit for subsystem A and in the
second mode, respectively (see Table II). When the total particle number at the output exceeds its input value, any corresponding configuration
is unphysical (white elements). In some cases, physical configurations attain zero probability (gray elements), e.g., when the state is pure
(r = 1) and the total particle number is odd (see the top left panel).
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FIG. 7. Numerical validation of the statistical error models for the three p;-PPT criteria in the case of the noiseless and balanced (o =
1/+/2) NOON state with mode population N = 1, considered for the three typical losses T = 0.9, 0.75, 0.6 (blue, red, green) together with the

lossless case T = 1 (black). See Fig. 4 for reference.
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FIG. 8. Complementary analysis to Fig. 7 in terms of the standard deviation as a function of the loss t. Analytic curves correspond to Eq.
(52). The criteria are sampled 2 x 10° times, which we repeat 500 times to obtain their standard deviations (points). The optimal criterion’s
error mostly resembles the linear one’s behavior as p, > 1/2 with equality if and only if t = 1/2.
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