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ABSTRACT

Bosonic and fermionic statistics are well known to give rise to antinomic behaviors, most notably boson bunching vs fermion antibunching.
Here, we establish a fundamental relation that combines bosonic and fermionic multiparticle interferences in an arbitrary linear interferome-
ter. The bosonic and fermionic transition probabilities appear together in a single equation which constrains their values, hence expressing a
boson-fermion complementarity that is independent of the details of the interferometer. For two particles in any interferometer, for example,
it implies that the average between the bosonic and fermionic probabilities must coincide with the probability obeyed by classical parti-
cles. Crucially, this fundamental relation also provides a heretofore unknown mathematical identity connecting the squared moduli of the
permanent and determinant of an arbitrary complex matrix, hence extending an identity by Muir dating from the nineteenth century.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0316170

. INTRODUCTION

Quantum interference is responsible for some of the most counterintuitive phenomena allowed by the laws of physics. Crucially, the way
identical particles interfere depends primarily on their statistics. On the one hand, the symmetrization of the bosonic many-body wavefunction
favors the so-called bunching of identical bosons,' as witnessed for instance by the celebrated Hong-Ou-Mandel effect” or Hanbury Brown
and Twiss effect.”* On the other hand, identical fermions have a tendency to antibunch as a consequence of the antisymmetrization of the
fermionic many-body wavefunction dictated by the Pauli principle.” This antibunching of fermions has more recently also been demonstrated
through the Hanbury Brown and Twiss effect.”

In addition to its value from the point of view of fundamental physics, quantum interference is a key resource in many technologies
currently rapidly gaining broad interest, such as quantum computing,'’ quantum cryptography,'' and superconducting quantum interference
devices.'” Strikingly, it turns out to be a crucial aspect of the so-called boson sampling paradigm,'® which focuses on the computational
complexity of simulating the scattering of many identical bosons through a multimode linear interferometer. Boson sampling is generally
regarded as an instance of a classically hard computational problem that can be efficiently solved by a quantum computer."'"” Interestingly,
a similar conclusion has recently been reached for fermion sampling,'® in which fermionic linear optics circuits fed with specifically chosen
entangled input states were used to demonstrate a quantum computational advantage.

The quantum interference of multiple identical particles has been extensively studied since the discovery of the Hong-Ou-Mandel effect.
More recently, there has been an attempt to compare the behavior of multiparticle interferences in terms of the statistics of the particles.
While two fermions will always antibunch and two bosons will favor bunching, it has for instance been shown that the collective interference
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of more particles encompass much more diverse behaviors.'” Recent studies have also focused on more general systems such as the interfer-
ence between composite two-fermion bosons,”’ the study of many-body states that obey non-pairwise exchange symmetries,”’ and partially
distinguishable bosons and fermions.”*

Multiparticle quantum interferences are notoriously difficult to characterize. The transition probabilities governing such interferences
can be expressed in terms of the permanent or determinant of a specific matrix, depending on whether we deal with bosons [see Eq. (3)] or
fermions [see Eq. (4)]. This usually leads to cumbersome expressions which can be understood as originating from the many interfering paths
accessible to the different particles. These expressions can of course be evaluated, but cannot easily be exploited analytically.

Here, we establish a fundamental relation that governs bosonic and fermionic multiparticle interferences in an arbitrary linear interfer-
ometer. This relation is amazingly simple, considering the complexity of quantum interferences. To our knowledge, it is moreover the first
time that bosonic and fermionic transition probabilities are combined in a single unifying equation. By constraining the values of the transi-
tion probabilities for both types of particles, this relation thus expresses some boson vs fermion complementarity. This relation solely depends
on the duality between symmetric and antisymmetric statistics and encompasses all linear couplings between the particles (i.e., couplings that
preserve the total particle number). To prove our main result, we make use of the powerful mathematical tool of the generating function
which, for bosons, enables an analytical calculation exploiting the Gaussian formalism as previously remarked in Ref. 23 (see also Ref. 24).

The rest of the paper is organized as follows. We begin with a preliminary section where we briefly introduce the theory of bosonic
and fermionic linear interferometers. We then present our main results. Theorem 1 exhibits a novel relation that governs the boson-fermion
complementarity. Theorem 2 then provides a fundamental identity connecting the squared moduli of the permanent and determinant of an
arbitrary complex matrix. Next, we elaborate on the physical interpretation of the above complementarity. This is followed with a section
detailing the proofs of our two main Theorems. Finally, we finish with a conclusion and some open problems.

Il. PRELIMINARIES

An N-mode bosonic systemf' is described by the tensor product of N infinite-dimensional Hilbert spaces, each characterized by a pair
of bosonic ﬁeld operators ds, i, where s € [N] := {1,--- , N} denotes the mode index. The field operators satisfy the bosonic commutation
relations [4s, &/ 1= 08,1 (where 1 is the identity in infinite dimension), [as, 4, ] = [af, &' a}] = 0. In contrast, an N-mode fermionic system”* is
described by the tensor product of N two-dimensional Hilbert spaces, with the other distinction that each mode is now associated with a pair
of fermionic field operators b;, b! that satisfy the fermionic anticommutation relations {bs, b }= 08,1, {bs by} = {b], bT } = 0. The quantum

states of both systems can be written using their respective Fock spaces, whose basis states we denote as |i) := [T, |is) w1th i e NV for bosons,
where N is the set of natural numbers (including zero), or i € {0,1}" for fermions.
Consider now an N-mode linear interferometer whose effect on the mode operators is characterized in phase space by a unitary matrix

U of dimension N, which acts on the vector of field operators & := (¢1,- - - ,éN)T as follows:

N N N T
¢ Ut - (Z e a0 uNsés) , M
s=1 s=1 s=1

where uy, is the component of U on the kth row and the sth column, while & = 4, (or izs) for a bosonic (or fermionic) mode. The transformation
effected by U can equivalently be characterized in state space by a unitary operator U that acts on an N-mode bosonic (fermionic) state |y)
and is defined via the relation

UTe,U=(U&), Vs=1,---,N, 2)

thatis, Ut ¢ U = Ué in a concise vectorial form. Note the slight abuse of notation in Eq. (2), as U acts on the tensor product of N operators,
meaning we have written, e.g., ¢; instead of ¢; ® 1 ® - - - ® 1 on the left-hand side. The relation in Eq. (2) models any linear coupling that con-
serves the total particle number, namely (y|U "¢ e Uly) = (yle ) = (y]¢é|w). Note that the Hilbert space upon which the operator
U acts depends on whether we deal with bosons or fermions. As a result, U lives in the space of linear operators on the tensor product of N
infinite-dimensional Hilbert spaces in the former case, while it lives in the space of linear operators on the tensor product of N Hilbert spaces
of dimension 2 in the later case. We use the same notation U in both cases, as the nature of U will be clear from the context. In contrast, the
matrix U is the same in both cases, even though the physical implementation of the bosonic and fermionic interferometers defined by the
same U can be quite different.

The focus of this work concerns the so-called transition probabilities in an arbitrary linear interferometer. For bosons, these are defined

as B{Y = [(n|Ui)[*, where i:= (i1, ,in) € N¥ and n:= (n),--- ,ny) € NV denote the vectors of input and output occupation numbers,
respectively. These quantities can equivalently be expressed in phase space as”’

[per(Uns)l*

() _
Bu” = n! il

3)

where n! = [],n!, i! = [1,i;!, with the product being over s € [N] and per(A) stands for the permanent of matrix A. The matrix Uy is defined
as follows: we discard all rows of U corresponding to modes s with occupation number 7 = 0 in vector n, before repeating each other row s
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a number of times corresponding to its associated occupation number #; in n. We do the same for the columns of U but based on vector i.
Similarly, the fermionic transition probabilities Y = [(n]U)i)|* can be expressed as'®

| det (Uns)[?

() _
B = n! !

4
where det(A) stands for the determinant of matrix A. In Eq. (4), the denominator is actually always equal to 1 since all fermionic occupation

numbers are 0 or 1. For our purposes, it is worthwhile to look at a third case, mainly, that of classical (i.e., fully distinguishable) particles. The
corresponding transition probabilities are given by

_ per(Mui)

(i)
R nlil

®)

where M is a matrix whose entries are My, = |uk1|2 for k,1=1,---,N, while the matrix M,; is constructed from M in the same way as Uy in
Eqgs. (3) and (4).

I1l. MAIN RESULTS

Our first result is a fundamental complementarity relation that combines bosonic and fermionic interferences.

Theorem 1 (Boson-fermion complementarity). Let i,n € N~ be vectors of input and output occupation numbers and BSY (or FS?) denote
the bosonic (or fermionic) transition probability from |i) to |n) via a given linear interferometer. If i = n = 0, B = F{D = 1; else,

> (VIR B -0, (6)
jkenNy

where |j| == ¥N | js.

As illustrated in Fig. 1, Theorem 1 implies a fundamental link between the bosonic transition probabilities B(? and fermionic transition

probabilities F{), which prevails in any linear interferometer U. It solely reflects the role of particle statistics and is oblivious to the exact
coupling between the particles. Interestingly, the relation can be understood in terms of a multivariate discrete convolution between the two

sequences B and (fl)l'.‘F,(,i), which must vanish as a consequence of the bosonic—fermionic duality. Each term in Eq. (6) thus corresponds
to converting |j| bosons into |j| fermions in the interferometer [note also that Eq. (6) is invariant in the swapping of bosons into fermions
and vice versa]. Since fermionic occupation numbers cannot exceed one, the sum over j in Eq. (6) is actually restricted to j < 1jn (ie., j, < 1,
Vs € [N]), and similarly for k. Here, 1y denotes a N-dimensional vector full of ones. Note that the sum over j is also restricted to j < i (i.e.,
Jo Sis, Vs € [N]) since bosonic occupation numbers cannot be negative. Similarly, the sum over k is restricted to k < n. Furthermore, the only
nonvanishing terms are such that |i| = |n| and |j| = |k since particle numbers are conserved in the linear interferometer.

Before interpreting Eq. (6) in physical terms, let us introduce a mathematical result inspired by it. If expressed explicitly in terms of U by
making use of Egs. (3) and (4), Eq. (6) reads

T (-l | det (Ugy) I’ lper(Un—ki-j)[* _

0. ,
jken® kljt (n—k)! (i -j)! @)

In the above, we have taken the convention that the determinant or permanent of a non-squared matrix is zero. Furthermore, since the matrix
Ua,i is undefined when n; < 0 or is < 0 for some s € [ N], we take the convention that per(Up,) = 0 in such a case. It is tempting to ask whether
Eq. (7) holds for any matrix A ¢ CY*¥, rather than unitary matrices. This turns out to be the case, and constitutes our second result.

Theorem 2 (Permanent-determinant identity). Let i,n ¢ NV, For any matrix A € CN*N

i | det (A P lper(An-kiy)|”
,ENN( g Kjt(n kLG (8)

Equation (8) calls to mind a recurrence relation between permanents and determinants established at the end of the 19th century by
Muir® (see also Ref. 29). For some fixed value of N, denote by %, the set of all ordered subsets of [N] := {1,2,--- ,N} with cardinality m.
Denote by [A],p the minor of the matrix obtained from A by keeping the rows (columns) whose indices belong to subset a (8); furthermore,
write [A], for the principal minor [A]ye. Similarly, denote by {A}, the permanent of the submatrix of A obtained by keeping the rows
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FIG. 1. Examples of the components of the fundamental relation (6) for an arbitrary interferometer with four modes (N = 4) and at most one particle per mode. We consider
different numbers of particles: (a) |i| = |n| = 1, (b) |i| = |n| = 2 and (c) |i| = |n| = 3. The full (open) circles represent bosons (fermions). The blue and red components
correspond, respectively, to the terms with positive and negative signs in Eq. (6). The dashed vertical lines at the inputs and outputs of each interferometer separate different
input and output patterns (rather than multiple particles per input or output mode); the summation over all input and output patterns is implicit. (a) i = (1,0,0,0), n = (0,0,1,0).
(b)i=(1,1,0,0), n=(0,0,1,1). (c) i = (1,1,1,0), n = (0,1,1,1).

(columns) whose indices belong to the subset a (), and write {A}, for {A}4q. In these notations, Muir’s relation’® can be recast as follows.
For any matrix A € CN*N,

io (1" S [Ale{A} =0, ©

ae R

where o := [N] \ a is the complementary set of & in [N]. Now, by choosing i = n = 1|y} in Eq. (8) and using this same notation, one obtains
the following corollary of Theorem 2.

Corollary 1. For any matrix A € CN¥N,

‘oo (10)

2 D" 3 (ALl [(A)es

o Ber,,

While there are clear similarities between Eqs. (9) and (10), the latter does not seem to be a trivial consequence of the former (and vice versa).
In particular, Eq. (10) involves all the minors of A, while Eq. (9) includes only its principal minors.

IV. PHYSICAL INTERPRETATION
A. Comparison with classical interferences

It is instructive to interpret the different terms of Eq. (6) by comparing the latter with its counterpart for classical particles. In that case,
the laws of probability simply assert that
c= 3 PP, vjen", j<i (11)

kenV

That is, C§” can be computed by breaking down the input pattern i into any two patterns j and i — j before summing over all the possible cases
leading to pattern n at the output, which gives the convolution of Eq. (11) (see, for instance, Sec. D of Ref. 23 for details in the case N = 2). We
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now understand that each term in the summation over j in Eq. (6) is analogous to the right-hand side of Eq. (11), albeit without any negative
sign. Indeed, for each j in Eq. (6), we have a sum over all output patterns of n particles composed of k fermions and n — k bosons. It must be
emphasized that interferences are accounted for by assigning negative signs to some probabilities in Eq. (6), which is in sharp contrast with
the usual modeling of quantum interferences in terms of complex probability amplitudes (see Ref. 23). The existence of probabilities with
negative prefactors in Eq. (6) further indicates a profound departure from classical interferences as modeled in Eq. (11), in addition to the fact
that Eq. (6) must necessarily incorporate both bosons and fermions.

Let us now analyze the implications of Theorem 1 in the special case where there is at most one particle per mode, which is when
the boson-fermion complementarity is the most evident since there cannot anyway be more than one fermion per mode. Consider first
the simplest case of a single particle entering an arbitrary N-mode linear interferometer. With no loss of generality, we may consider the

probability of detecting the particle in the first output mode when it is sent in the first input mode. Equation (6) simply yields Bgl) - Fl(l) =0,
where the subscript (superscript) denotes here the output (input) mode assignment of the single particle; see Fig. 1(a) where we illustrate Bgl)

and Fs(l). As expected, the particle statistics is irrelevant for a single particle, so that
B = FV = ¢V, (12)
where Cfl) = |uy1|* denotes the classical 1 — 1 transition probability in the N-mode interferometer U.

B. Two-particle interferences

Things become nontrivial for two particles. We consider with no loss of generality the probability of detecting one particle in each of the
first two output modes given that a particle is sent in each of the first two input modes, that is B/F/ Cl(iz). Equation (6) yields [see Fig. 1(b)

displaying, for instance, Bgiz) and F3( iz)]
(12) (2) p(1) (2) p(1) (1) (2) (1) (2) (12) _
BUY — B FM) _ g _ g ) _ g™ L (2 _ g (13)
Using B = F) = ¢ = |u;* as in Eq. (12), we obtai
gB” =F" =C = |u;i|” as in Eq. (12), we obtain

BGY + FG = 2 funPlunal’ + 2o lua
= 2perm(M)
=27, (14)

This fundamental complementarity relation implies that the classical 2-particle transition probability is the average between the bosonic

and fermionic probabilities. In other words, the tendency of bosons to bunch in modes 1 and 2 (measured by CSZ) - BSZ), ie., the defect
of coincidence probability with respect to classical particles) is precisely equal to the tendency of fermions to antibunch in modes 1 and
2 (measured by Fl(zlz) - szlz), i.e., the excess of coincidence probability with respect to classical particles). In the Hong-Ou-Mandel effect
(N =2), we have indeed BSZ) =0, Fl(zlz) =1,and CSZ) = 1/2, but remember that Eq. (14) holds true for any two input and output modes of
any linear interferometer (with arbitrary N). Note that there exist situations (for N > 2) where two bosons antibunch, i.e., BSZ) > szlz), but
then Eq. (14) implies that two fermions must bunch for the same interferometer, i.e., Fl(zl ) < szlz). We name the two-particle instances where

BSZ) < Cizlz) < ng) as natural, whereas those with BSZ) > szlz) > Fl(zlz) are called antinatural.

C. Three-particle interferences

In the case of three particles, we may consider for example the probability of detecting one particle in each of the first three output modes
when a particle is sent in each of the first three input modes, that is B/F/ szlf). Equation (6) then gives [see Fig. 1(c) displaying, for instance,
B2 and F(129)

234 234
3 3
123 i) (i i) (i 123
B§23 - Z B(ﬂjt)Fj(l) * Z BJ( )Fijl) _F1(23 ) =0, (15)
ij=1 ij=1

where Bi;i) (resp. Fi;i)) stands for the two-particle bosonic (resp. fermionic) transition probability when the particles are sent in the two
modes —i := [3]\i and are detected in the two modes —j := [3]\;. It is not surprising that the formula is less straightforward for three (or more)
particles since bosonic or fermionic statistics intrinsically concerns the exchange of two particles. Nevertheless, we may rewrite Eq. (15) as

3
(123) (123) (i) [ p(-D) (i)
By —F3 = Z G (Bﬂj -, )’ (16)

ij=1
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where we have used the fact that single-particle transition probabilities are the same for bosons, fermions, and classical particles, see Eq. (12).
Equation (16) implies that the “B — F” difference for three particles is proportional to the average of all possible two-particle “B — F” differences
weighted by the associated probabilities c® /3. Hence, if the two-particle transitions are, on average, natural (i.e., B < C < F), then the three-
particle transitions must be natural too (i.e., B < F; here C is not the average of B and F). Of course, the same is true for antinatural transitions.
This can be illustrated with three particles impinging on a three-mode Fourier interferometer, uy = e M3 1\ /3, where i represents the
imaginary unit. The three-particle transition probabilities are Bgf) =1/3 and FS;S) =1, so the three-particle behavior is natural. This is
consistent with the fact that all two-particle transition probabilities are natural too (in this simple example, they are all equal to BSZ) =1/9
and FO? = 1/3).
We may also reexpress the right-hand side of Eq. (16) without any two-particle fermionic transition probabilities, that is,

3
123 123 i —i —i
szs - Ffza ) = 2'21 C]'(I)(ngl) - ngl)) 17)
i,j=
R D (i) _ ¢ o(129)
= 2_21 C;"B[7 -6 Cy; (18)
i,j=

where we have used the relation between Bi;i) and Fi;i) for two particles coming from Eq. (14), as well as the Laplace expansion formula
for the permanent, namely szl? ) - >3, C}i)Ci;i), Vj € [3]. Conversely, we may write relations similar to Eq. (17) or Eq. (18) but in terms of

(=) & (=)
F_;” instead of B, namely

3
(123) (123) @) ( ~(=D) (=)
By —Fiys :Z_Zl le (Cﬂil _Fﬂjl ) (19)
ij=
3 . ;
ool 23 e 2
ij=

This last expression can even be further simplified in case the size of the interferometer is N = 3 (the three particles are sent in a three-mode
interferometer). Then, we have FE;.’) = |ui* = CJ(’) as a consequence of the unitarity of U (more generally, the state of N — 1 fermions in
N modes is equivalent to the state of a single fermion-a hole in the sea of N fermions-which itself behaves as a classical particle in the

interferometer). Therefore, we may write the three-particle “B — F” difference in terms of classical transition probabilities only, namely

3 N2
123 123 123 i
B - FY =6 -2y () 1)

ij=1

This relation can easily be verified in the above example of three particles impinging on a three-mode Fourier interferometer, as we have
CS?) = 2/9 and all nine single-particle transition probabilities C}') =1/3.

The generalization to four (or more) particles seems increasingly involved, but, from these examples, we observe a clear structure in
the outcome of Eq. (6) as it constraints the sum “B + F” of the bosonic and fermionic probabilities for even particle numbers, whereas it
constraints their difference “B — F” for odd particle numbers. This hints at the existence of recurrence relations for these sums and differences,
which deeply connect bosonic and fermionic interferences.

V. PROOFS

A. Proof of Theorem 1

Theorem 1 expresses a relation that combines bosonic and fermionic multiparticle interferences. The corresponding transition proba-
bilities are, in general, complicated to express analytically. For instance, with bosons, the difficulty is that the input and output Fock states are
non-Gaussian, while the unitary U modeling the linear interferometer is Gaussian. As was shown in Ref. 23 for the special case of two modes
(N =2), this problem can be circumvented by exploiting the generating function (GF) of the transition probabilities. The 2N-variate GF of

Bf,i) is defined as

gxz)=> ( Nl x?)(fj z:")B,(,"), (22)

0€ :TS 2T 9202 AenN 8T

ieNNnenNN \s=
where x,z € [0, I)N. This function of the vectors of input and output dual variables x := (x1,- -+ ,xn) and z := (z1,- - - ,zn) encapsulates all
transition probabilities since we have
oM. oM g(x, Z)‘x:z:O =4l "!B,(,'), (23)
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where 0 := (0, - ,0). The power of the GF is witnessed by the fact that it becomes proportional to a transition probability between input and
output states that are now Gaussian, making it easy to compute (see Ref. 23 for N = 2), which in turn gives rise to an elegant relation between
the transition probabilities as materialized by Theorem 1.

To prove Theorem 1, we begin by expressing the GF of the bosonic transition probabilities. This is encompassed in the following Lemma.

Lemma 1. Let x,z € [0,1)". The generating function g(x,z) of the bosonic transition probabilities via a linear interferometer given by the
unitary matrix U satisfies

Z( D" Y 12|Vl [X]eo (24)

g(x’z) m=0 apeR,

where X = diag(x), Z = diag(z), and [Ulg is the minor of the matrix obtained from U by keeping the rows (columns) whose indices belong to
the set ().

Remember that 2, stands for the set of all ordered subsets of [N] := {1,2,---,N} with cardinality . There are 2V possible subsets of
[N], starting from the empty set ¢ to the entire set [N], and we group them in Eq. (24) according to their cardinality. For example, a € %,
means that « € [N] and |a| = m. The size of %, is the number of bipartitions of [N] into m elements and N — m elements, that is, (Z)

Proof of Lemma 1. First, a generalization of MacMahon’s master theorem’”’" implies that Eq. (22) can be rewritten as
-1
g(x,2) = (det[15 - UzUX]) ", (25)

where Ty is the identity matrix of dimension N. Defining g(x,z) := (g(x,z)) " for notational simplicity, and using the Leibniz formula for
the determinant, we have

g(x,z>:2(sgn<o)n ) (6)

oeSy

where Sy stands for the symmetric group and
N

Cig; = Z ul:i”ka,xmzk (27)
k=1

Denote by £y the power set of [N] and define ¥ := [N]\v, where v € 2y denote any subset of [N] and ¥ € Py its complementary subset. We
have

i=1 ve Py iev jev
The right-hand most product in the above can be written as
L
[Tao= > T uun Uayoy, Xay, Zag> (29)
jev ae[N]Pl k=1

where [N]"! represents the |7|-fold Cartesian product of the set [N] with itself. Using this and splitting the summation over v € 2y in Eq. (28)
into two summations, one over the cardinality m = |v| going from 0 to N, and one over all subsets v of cardinality m, we obtain

N
g(xz) = Z (71)N7m Z Z Z sgn (a)(H S gl) H ”akvk“akmkxo‘kzak (30)
m=0 ve Pyac[N]N"moeSy iev
[v]=m
The set [N ]M is the set of all possible |v|-element sets, whose elements are between 1 and N, as well as all their possible permutations. If we
denote by QI(VI‘V) the set of all ordered |v|-element sets whose elements are between 1 and N, we have

Z ce = Z Z N (31)

we NV pe aen(p)

where 7(f8) represents the set of all possible permutations of . With this, we have

N N-m
g(x)z) _ ZO (_I)N—m Z Z Z sgn (o‘)(l—[ 8,-,0‘) Z H u;kvkuakgvkxavkzak. (32)

ve PypeQ o€y iey aen(B) k=1

‘l N-—m
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Now, we may factor out

N-m N-m
Z H uzkw”akaokxaokzak :( Z H M;kvk“akavk)(n xaj)[z]ﬂ’ (33)

aem(B) k=1 aen(B) k=1 jev
so that

N N-m
x2) =S DV YN 1z Y S sgn(o)(l_[ 61’,0,)(1_[ u;k{/kuocka)(n xa,-). (34)
m=0 V‘El_ﬂvﬁng\i)m aen(ﬂ)UESN i€ev k=1 jev

The factor [T, 8is, eliminates some of the ¢’s in the summation over all permutations of Sy, depending on v. The index ¢; will actually span
all the permutations 0 of . It also happens that sgn(¢) which appears in the summation over ¢ will be equal to sgn(6), taking the convention
that ¥ is always ordered. Having this in mind, we get

N N-m |7
R EDICIED D VR EIC] by 9)(1‘[9)
m=0 ve Py Be QI(\;Y)m aen(f) Oen(v) k=1 j=1
= (35)
N Nem N-m .
XSS @0 S s 8 (T i)
m=0 ﬁEQAS\JAi)m Ve Py Oen(v) aen(B) \ k=1
|9|=N-m
The last product in g(x,z) can be written as
N-m . N-m " N-m . N-m
[T wanttase = T1 (U(o:¥)) U, 0) = (H (U(a,¥)yy) ) [1 U(o);| (36)
k=1 k=1 k=1 j=1

where we have used the notation U(a, 8) to denote the submatrix of U obtained by keeping the rows (columns) whose indices belong to the
subset o (f). Hence, using the Leibniz formula for the determinant,

S sgn(8) T] ot = (p (U(a,mk)*)w]m )

en(v) k=1

Since exchanging two rows of a matrix changes the sign of its determinant, we have

[(Ulgs = sgn («)[Ulas, aem(p), (38)
so that Eq. (37) can be rewritten as
N-m
( [T (U(w D)kk)*) sgn (a)[Ulgs, aen(B). (39)
k=1
Then, the summation over « can be simplified by using again the Leibniz formula, which gives
N-m . N-m ) . . 2
> 2 sen(0) [] uestwe, = 2 ( [T (U(e7)y) ) sgn () [Ulgs = ([Ulgs) " [Ulgs = |[Ugs |- (40)
aen(B) Oen(v) k=1 aen(Bf) \ k=1

Using this, Eq. (35) reduces to

2

0€ :TS 2T 9202 AenN 8T

N
- N-m
gx2) =3 (D" Y ¥ [Z1XT|[Ulss| (41)
m=0 ﬁle\j\jm ve Py
|[9|=N-m
which is essentially equivalent to
N
_ m 2
gx2) =3 (1" Y [Z1|[U]pel [X]e (42)
m=0 apeL
This concludes the Proof of Lemma 1. O
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We are now in position to prove Theorem 1. Equation (24) of Lemma 1 can obviously be rewritten as

S (-n)" Zj U] [X]a[Z)s g(x.2) = 1. (43)
m=0 apeRn

Now, using the shifting property of the GFs, it can easily be shown that multiplying g(x, z) by x; for s € a corresponds to decreasing the index

i of BS) by one unit, while multiplying it by z; for s € § corresponds to decreasing the index #; by one unit. In addition, we know that the
GF of the product ;90,0 of two multivariate Kronecker deltas is 1. Therefore, moving back from the vectors of dual variables x and z to the
vectors of occupation numbers i and n, Eq. (43) is mapped into the following relation:

N .
N (Ul BL = 810 6o, (44)
m= afeLm

where 1, denotes the N-dimensional vector with ones at all positions s € & and zeros elsewhere (and similarly for 14). Note that B,(li) can be
nonzero only if |§ = |n| (with |i := ¥,is and |n] := 3, n) since U preserves the particle number. Thus, the contributing terms in Eq. (44) have
|14| = |14| = m when &, 8 € Zn. Furthermore, it is implicitly assumed that all terms in the above summations implying a negative entry in the
vectors i — 14 or n—1g vanish (indeed, occupation numbers cannot be negative). Thus, for a given i, we take any subset « in the summation
over %Zm only if is > 0, Vs € a. Similarly, for a given n, we keep a subset  only if n, > 0, Vr € f.

While Eq. (44) seems to involve only bosonic probabilities at first sight, one cannot help but notice that the quantities |[U] /;,a|2 can in
fact be viewed as fermionic transition probabilities. Indeed, using the latter’s definition in Eq. (4), Eq. (44) can be rewritten in a much more
symmetric form as

S (- ED B — g, (45)
jkeNY

In the above, we exploited the fact that the fermionic occupation numbers cannot exceed one, hence the sum over j is actually restricted to
j <1y (e, j, <1, Vs € [N]), and similarly for k. Furthermore, the only nonvanishing terms are such that |i| = |n| and |j| = |k| since particle
numbers are conserved in the linear interferometer. This concludes the Proof of Theorem 1.

B. Proof of Theorem 2

Consider some L > 2N and ¢ < 1/|A|» (L and ¢ always exist since N is finite). From Lemma 29 in Ref. 13, there exists a unitary matrix
V e C that contains ¢A as a submatrix. Consider such a matrix V constructed from A. Define the vectors p, q € N%, as follows: if & (8) is
the vector corresponding to the column (row) indices of V' that correspond to €A, fill the elements with indices belonging to « (f8) in vector
p (q) with the elements of i (n), and put 0’s in the rest of the elements. Since [i| = |n|, we clearly have |p| = |q|. Therefore, V satisfies Eq. (7),

i.e., we have
TR [ det (Vamsp—r) P [per(Ver)[*
> (-1 0. (46)
e (g=s)(p-r)sr!
[rl=ls]

Now, define the vector j € NY to be the subvector of r corresponding to indices in «. Similarly, define the vector k € N} to be the subvector
of s corresponding to indices in . It is clear that r < p is equivalent to saying that j < i, while s < q is equivalent to k < n. It is also clear that
Vyspr = €Ayri-jand Vi, = eAg;. From this, det(Vyspr) = gl det(Ay—kij), while per(Vs,) = eU‘per(Akj). Sincei—j >0, i —j| +|j| = [i.
We can therefore rewrite Eq. (46) as

j<i.k<n ) 2i| R N
G €| det (An—k,tf‘])‘ '|per('AkJ)| o o

jhent (n—k)! (i-j)!kljt

lil=Ik|

Dividing both sides of the identity by &2/ ends the proof.

VI. CONCLUSIONS AND DISCUSSION

By analytically expressing the generating function of bosonic probabilities, we have found a fundamental relation expressing a duality
between the bosonic and fermionic particle statistics in an arbitrary linear interferometer (our Theorem 1). This relation takes the form
of a linear equation combining bosonic and fermionic transition probabilities, which was a priori implausible since quantum interferences
inherently involve linear combinations of probability amplitudes (not of their squares). Restricting to one particle per mode at most, this
relation constrains the sum (difference) of bosonic and fermionic probabilities for an even (odd) particle number. For a single particle, the
difference simply vanishes (reflecting the fact that particle statistics plays no role), whereas for two particles, the sum is equal to twice the
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classical probability (reflecting a boson-fermion complementarity). This result generalizes to an arbitrary number of particles and happens to
stem from a heretofore unknown mathematical identity between the squared moduli of determinants and permanents of arbitrary complex
matrices (our Theorem 2). It would be interesting to explore the consequence of Theorems 1 and 2 on the complexity of simulating linear
optical circuits. The boson sampling paradigm derives from the computational hardness of computing permanents, hence the connection
with (easily computable) determinants as implied by Theorems 1 and 2 may have intriguing ramifications.

Finally, we remark that our result bears some similarities with the so-called quantum MacMahon theorem.”” " The latter expresses a
relation between some suitable quantum generalizations of the determinant and permanent, which can be interpreted as a sort of boson-
fermion correspondence. Nevertheless, the quantum MacMahon theorem seems quite different from our Theorem 1, which fundamentally
connects the statistics of bosons and fermions in an arbitrary interferometer. This uncovered complementarity between bosons and fermions
also suggests a possible explanation in terms of a supersymmetry algebra, which is worth further investigation.

Let us conclude with the question of whether the boson-fermion complementarity remains valid in a more general context, in particular
one that better describes a realistic situation. When it comes to the experimental manipulation of bosonic systems, in particular photonic
ones, particles going through interferometers such as the ones described in the present work unavoidably exhibit slight discrepancies in their
internal degrees of freedom, such as polarization or time. As a consequence, the particles are effectively not fully indistinguishable, but rather
partially distinguishable. In view of the importance of interferometric experiments in recent years, partial distinguishability is worth studying.
A natural question is then whether the boson-fermion complementarity holds for partially distinguishable particles. It appears that a statement
analogous to that of Theorem 1 holds in that case, as hinted at by preliminary results.*

ACKNOWLEDGMENTS

We are grateful to Leonardo Novo for insightful discussions. M.G.J. acknowledges support by the Fonds de la Recherche
Scientifique-FNRS (Belgium). N.J.C. acknowledges support by the Fonds de la Recherche Scientifique-FNRS (Belgium) under project CHEQS
within the Excellence of Science (EOS) program.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Michael G. Jabbour: Conceptualization (equal); Formal analysis (equal); Funding acquisition (equal); Investigation (equal); Methodology
(equal); Writing — original draft (equal); Writing — review & editing (equal). Nicolas J. Cerf: Conceptualization (equal); Formal analysis
(equal); Funding acquisition (equal); Investigation (equal); Methodology (equal); Writing — original draft (equal); Writing — review & editing
(equal).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were created or analyzed in this study.

REFERENCES

! Einstein, A., “Quantentheorie des einatomigen idealen gases,” in Sitzungsberichte der Preussischen Akademie der Wissenschaften (Physikalisch-Mathematische Klasse,
Berlin, 1925), p. 3.

2Hong, C.K,, Ou, Z. Y., and Mandel, L., “Measurement of subpicosecond time intervals between two photons by interference,” Phys. Rev. Lett. 59, 2044-2046 (1987).
3Hanbury Brown, R. and Twiss, R. Q., “A test of a new type of stellar interferometer on Sirius,” Nature 178, 1046 (1956).

“Kimble, H. J., Dagenais, M., and Mandel, L., “Photon antibunching in resonance fluorescence,” Phys. Rev. Lett. 39, 691 (1977).

SPauli, W., “Uber den zusammenhang des abschlusses der elektronengruppen im atom mit der komplexstruktur der spektren,” Z. Phys. 31, 765 (1925).

$Henny, M., Oberholzer, S., Strunk, C., Heinzel, T., Ensslin, K., Holland, M., and Schénenberger, C., “The fermionic Hanbury Brown and Twiss experiment,” Science
284, 296-298 (1999).

7Kiesel, H., Renz, A., and Hasselbach, E., “Observation of Hanbury Brown-Twiss anticorrelations for free electrons,” Nature 418, 392-394 (2002).

8Rom, T., Best, T., van Oosten, D., Schneider, U., Félling, S., Paredes, B., and Bloch, 1., “Free fermion antibunching in a degenerate atomic fermi gas released from an
optical lattice,” Nature 444, 733-736 (2006).

9Jeltes, T., McNamara, J. M., Hogervorst, W., Vassen, W., Krachmalnicoff, V., Schellekens, M., Perrin, A., Chang, H., Boiron, D., Aspect, A., and Westbrook, C. I,
“Comparison of the Hanbury Brown-Twiss effect for bosons and fermions,” Nature 445, 402-405 (2007).

197 add, T. D., Jelezko, F., Laflamme, R., Nakamura, Y., Monroe, C., and O’Brien, J. L., “Quantum computers,” Nature 464, 45-53 (2010).

”Gisin, N., Ribordy, G., Tittel, W., and Zbinden, H., “Quantum cryptography,” Rev. Mod. Phys. 74, 145-195 (2002).

12Vasyukov, D., Anahory, Y., Embon, L., Halbertal, D., Cuppens, J., Neeman, L., Finkler, A., Segev, Y., Myasoedov, Y., Rappaport, M. L., Huber, M. E., and Zeldov, E., “A
scanning superconducting quantum interference device with single electron spin sensitivity,” Nat. Nanotechnol. 8, 639-644 (2013).

0€ :TS 2T 9202 AenN 8T

J. Math. Phys. 67, 052203 (2026); doi: 10.1063/5.0316170 67, 052203-10
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp
https://doi.org/10.1103/physrevlett.59.2044
https://doi.org/10.1038/1781046a0
https://doi.org/10.1103/physrevlett.39.691
https://doi.org/10.1007/bf02980631
https://doi.org/10.1126/science.284.5412.296
https://doi.org/10.1038/nature00911
https://doi.org/10.1038/nature05319
https://doi.org/10.1038/nature05513
https://doi.org/10.1038/nature08812
https://doi.org/10.1103/revmodphys.74.145
https://doi.org/10.1038/nnano.2013.169

Journal of
ARTICLE pubs.aip.org/aip/jmp

Mathematical Physics

'3 Aaronson, S. and Arkhipov, A., “The computational complexity of linear optics,” in Proceedings of the Forty-Third Annual ACM Symposium on Theory of Computing,
STOC ’11 (Association for Computing Machinery, New York, NY, 2011), pp. 333-342.

"Tillmann, M., Daki¢, B., Heilmann, R., Nolte, S., Szameit, A., and Walther, P., “Experimental boson sampling,” Nat. Photonics 7, 540-544 (2013).

15Crespi, A., Osellame, R., Ramponi, R., Brod, D. J., Galvao, E. F., Spagnolo, N., Vitelli, C., Maiorino, E., Mataloni, P., and Sciarrino, F., “Integrated multimode
interferometers with arbitrary designs for photonic boson sampling,” Nat. Photonics 7, 545-549 (2013).

6 Broome, M. A., Fedrizzi, A., Rahimi-Keshari, S., Dove, ]., Aaronson, S., Ralph, T. C., and White, A. G., “Photonic boson sampling in a tunable circuit,” Science 339,
794-798 (2013).

17 Carolan, J., Meinecke, J. D. A., Shadbolt, P. J., Russell, N. J., Ismail, N., Wérhoff, K., Rudolph, T., Thompson, M. G., O’Brien, J. L., Matthews, J. C. F., and LaingA., “On
the experimental verification of quantum complexity in linear optics,” Nat. Photonics 8, 621-626 (2014).

'80szmaniec, M., Dangniam, N., Morales, M. E. S., and Zimbords, Z., “Fermion sampling: A robust quantum computational advantage scheme using fermionic linear
optics and magic input states,” PRX Quantum 3, 020328 (2022).

"Tichy, M. C., Tiersch, M., Mintert, F., and Buchleitner, A., “Many-particle interference beyond many-boson and many-fermion statistics,” New J. Phys. 14, 093015
(2012).

onichy, M. C., Bouvrie, P. A., and Melmer, K., “Collective interference of composite two-fermion bosons,” Phys. Rev. Lett. 109, 260403 (2012).

21 Tichy, M. C. and Melmer, K., “Extending exchange symmetry beyond bosons and fermions,” Phys. Rev. A 96, 022119 (2017).

22Spivak, D., Niu, M. Y., Sanders, B. C., and de Guise, H., “Generalized interference of fermions and bosons,” Phys. Rev. Res. 4, 023013 (2022).

ZJabbour, M. G. and Cerf, N. J,, “Multiparticle quantum interference in Bogoliubov bosonic transformations,” Phys. Rev. Res. 3, 043065 (2021).

24 Cerf, N. J. and Jabbour, M. G., “Two-boson quantum interference in time,” Proc. Natl. Acad. Sci. U. S. A. 117, 33107-33116 (2020).

ZWeedbrook, C., Pirandola, S., Garcia-Patrén, R., Cerf, N. J., Ralph, T. C., Shapiro, J. H., and Lloyd, S., “Gaussian quantum information,” Rev. Mod. Phys. 84, 621-669
(2012).

265yalay, S., Zimborés, Z., Maté, M., Barcza, G., Schilling, C., and Legeza, O., “Fermionic systems for quantum information people,” J. Phys. A: Math. Theor. 54, 393001
(2021).

27Scheel, S., “Permanents in linear optical networks,” arXiv:quant-ph/0406127 [quant-ph] (2004).

28 Muir, T., “A relation between permanents and determinants,” Proc. R. Soc. Edinburgh 22, 134-136 (1899).

29Chu, W. C., “Some algebraic identities concerning determinants and permanents,” Linear Algebra Appl. 116, 35-40 (1989).

5%)MacMahon, P. A., Combinatory Analysis, Volumes I and II, 3rd ed. (American Mathematical Society, 2001), Vol. 137.

31 Chabaud, U., Deshpande, A., and Mehraban, S., “Quantum-inspired permanent identities,” Quantum 6, 877 (2022).

32GaroufalidisS., Lé, T. T. Q., and Zeilberger, D., “The quantum MacMahon master theorem,” Proc. Natl. Acad. Sci. U. S. A. 103, 13928-13931 (2006).

33 Foata, D. and Han, G.-N., “A new proof of the Garoufalidis-Lé-Zeilberger quantum MacMahon master theorem,” J. Algebra 307, 424-431 (2007).

34Hai, P. H. and Lorenz, M., “Koszul algebras and the quantum MacMahon master theorem,” Bull. London Math. Soc. 39, 667-676 (2007).

32Robbio, M., Jabbour, M. G., and Cerf, N. J., “Complementarity between bosonic and fermionic many-body interferences with partially distinguishable particles,”
arXiv:2604.23316.

0€ :TG 2T 9202 Aen 8T

J. Math. Phys. 67, 052203 (2026); doi: 10.1063/5.0316170 67, 052203-11
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp
https://doi.org/10.1038/nphoton.2013.102
https://doi.org/10.1038/nphoton.2013.112
https://doi.org/10.1126/science.1231440
https://doi.org/10.1038/nphoton.2014.152
https://doi.org/10.1103/prxquantum.3.020328
https://doi.org/10.1088/1367-2630/14/9/093015
https://doi.org/10.1103/physrevlett.109.260403
https://doi.org/10.1103/physreva.96.022119
https://doi.org/10.1103/physrevresearch.4.023013
https://doi.org/10.1103/physrevresearch.3.043065
https://doi.org/10.1073/pnas.2010827117
https://doi.org/10.1103/revmodphys.84.621
https://doi.org/10.1088/1751-8121/ac0646
https://arxiv.org/abs/quant-ph/0406127
https://doi.org/10.1017/s0370164600051075
https://doi.org/10.1016/0024-3795(89)90396-0
https://doi.org/10.22331/q-2022-12-19-877
https://doi.org/10.1073/pnas.0606003103
https://doi.org/10.1016/j.jalgebra.2006.04.032
https://doi.org/10.1112/blms/bdm037
http://arxiv.org/abs/2604.23316



