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Abstract

Quantum entanglement is one of the defining facets of quantum physics and a central re-
source in quantum information theory, underlying essential protocols such as superdense
coding and quantum teleportation. Therefore, understanding how entanglement can be
detected and manipulated constitutes a fundamental challenge in the field.

The first part of this thesis concerns entanglement detection in continuous-variable
quantum systems. We focus on states of the electromagnetic field and study separability
criteria based on moments of the operators obtained by applying partial transposition or the
realignment map to the density operator. We first extend criteria based on moments of the
partially transposed density operator to the continuous-variable setting and analyze their
detection capabilities for several representative quantum-optical states, both Gaussian and
non-Gaussian. For the strongly non-Gaussian class of NOON states, we study in detail the
effect of various experimental imperfections on entanglement detection. Then, we introduce
a moment-based entanglement criterion derived from the realignment map and specialize
it to continuous-variable systems. We study this criterion for Gaussian states, entangled
cat states, and NOON states, and compare its detection capability with that of the partial-
transposition moment criteria. For both approaches, we derive measurement schemes
based on the multicopy technique, using collective measurements on several identical and
independent copies of the state, in order to access the moments of interest.

The second part of this thesis concerns entanglement manipulation and focuses on the
theory of majorization, more specifically the structure of the majorization lattice. Majoriza-
tion provides the standard framework for analyzing deterministic transformations between
bipartite pure entangled states under local operations and classical communication. Since
majorization does not define a total order, not all probability vectors are comparable. Nev-
ertheless, probability vectors of fixed dimension endowed with majorization form a lattice,
whose two fundamental operations are the meet (greatest lower bound) and the join (least
upper bound). We exploit this lattice structure to study probabilistic transformations between
bipartite pure entangled states. In particular, we construct two probabilistic conversion pro-
tocols based respectively on the meet and join, which we call the thrifty and greedy protocols.
We prove the optimality of these protocols and study their relation to the standard optimal
probabilistic conversion protocol. While the greedy protocol is closely related to the standard
construction, the thrifty protocol allows the entanglement resource to be better preserved
on average. We finally investigate the geometry of the majorization lattice using the total
variation distance. We introduce the notion of a majorization diamond, consisting of all
probability distributions lying between two fixed distributions in the majorization order, by
analogy with the causal diamond in relativistic spacetime. From this construction, we derive
an improved bound for the Shannon entropy that goes beyond the Schur-concavity prop-
erty. We also derive a continuity bound for the Shannon entropy within a fixed majorization

diamond, and extend our result to the von Neumann entropy of quantum states.
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Introduction

Together with general relativity, quantum physics constitutes one of the major breakthroughs
that marked the beginning of modern physics. Since its formulation in the early twentieth
century, quantum theory has provided the most successful framework for describing micro-
scopic phenomena, that is, in regimes where the relevant physical quantities reach quantum
scales set by Planck’s reduced constant, 7 = 10~3*m?kg/s. Importantly, quantum physics has
also had a major technological impact. In particular, the development of semiconductor
physics and the invention of the transistor [15] played a central role in the growth of modern
electronics and computing.

Towards the end of the twentieth century, quantum physics began to be regarded not
only as the basis for building classical information-processing devices, but also as a possi-
ble resource for information processing itself [66, 83]. This led to theoretical protocols for
quantum computation [23, 67, ], cryptography [20], and communication [21, 22]. Ret-
rospectively, these advances marked the birth of quantum information theory [172], at the
intersection of quantum physics and Shannon’s information theory [49, ]. Much of the
early work in quantum information was formulated in terms of discrete quantum systems,
most notably the quantum bit, or qubit [202]. However, quantum information can also be
encoded in continuous degrees of freedom [156], in particular in the quadrature observables
of electromagnetic-field modes. Such continuous-variable systems arise naturally in quantum
optics and are especially well suited to quantum communication [28, 243]. They encompass
a broad range of experimental platforms, including photonic systems [10, 70, , ] and
ultracold quantum gases [81, , , , , 1.

Since the early formalization of quantum physics, entanglement has been regarded as an
oddity, famously associated with Einstein’s description of a “spooky action at a distance” [75].

Its usefulness became clear within the framework of quantum information through protocols

such as entanglement-based quantum key distribution [78], superdense coding [22], and
quantum teleportation [21]. Nowadays, entanglement is regarded as an essential quantum
resource [42,183,232], with applications ranging from quantum computing [144, 147,148, 166,

,218] and simulation [7,24,52,94,229,236] to quantum metrology [54,98,175,181]. Beyond

quantum information processing, entanglement also plays a central role in the study of many-
body systems, including area laws and thermalization [2,31,36,60,61,77, , , ], as well
as in questions at the interface between quantum theory and gravitation [25, 34, , 1.

A central theoretical and practical question then arose: how can one determine whether
a given quantum state is entangled? Entanglement detection has consequently developed
into a broad field, with numerous criteria adapted to different physical settings and levels of

experimental information [108, 133]. A seminal result in this direction was provided by the



positive partial transpose (PPT) criterion, introduced by Peres [178] and further characterized
by the Horodecki family [129]. The criterion was later extended to continuous-variable
systems, where partial transposition admits a natural formulation in the phase space of
canonical quadrature observables [216].

The first question addressed in this thesis concerns the efficient detection of continuous-
variable entanglement beyond the Gaussian regime. Gaussian states are completely character-
ized by their first and second moments, which allows entanglement criteria to be formulated
directly at the covariance-matrix level [72,99, 151,160,216, 244]. This simplification generally
disappears for non-Gaussian states. Existing criteria based on entropies [84, 85,92, 93, ,

, , , | or higher-order mode-operator moments [163, , ] can detect certain
non-Gaussian states, but may become insensitive or experimentally demanding when the
relevant correlations involve high orders. This motivates the search for other types of criteria
that retain sensitivity to genuinely non-Gaussian correlations while remaining experimentally
accessible.

In this context, the moments of the partially transposed (PT) state provide a particularly
useful set of quantities. Such PT moments have appeared in replica approaches to entangle-
ment negativity [32,33], and were more recently proposed as experimentally accessible probes
of mixed-state entanglement [80]. In finite-dimensional systems, systematic hierarchies of
PT-moment conditions have subsequently been developed whose complete set recovers the
PPT condition [169, ]. Importantly, even low-order moments of the partially transposed
density operator may implicitly contain information about mode-operator correlations of
arbitrarily high order, which makes them particularly relevant for strongly non-Gaussian
states. In parallel, the realignment criterion [193, | provides a complementary separability
test that is not based on partial transposition. A central aim of this thesis is therefore to make
these quantities experimentally accessible in continuous-variable systems and to determine
whether they remain useful for strongly non-Gaussian states under realistic imperfections.

To this end, we rely on the multicopy technique [29], which provides a natural way of
accessing nonlinear polynomial functions of a density operator. The method consists in
jointly processing identical and independent copies of a quantum state through suitable
unitary operations before measurement. It is particularly well suited to the present problem
because PT moments are nonlinear functions of the state, while admitting natural realizations
as expectation values of observables acting on multiple replicas. In the continuous-variable

setting, multicopy observables were first used to construct witnesses of optical nonclassi-

cality [9, ], based on matrices of moments of the mode operators [210], and were later
extended to entanglement detection [105], using the corresponding bipartite moment matri-
ces [209]. In Chapter 5, we use this multicopy framework to extend PT-moment entanglement

criteria to continuous-variable systems. In Chapter 6, we apply a related strategy to construct

measurable moment-based realignment criteria for continuous-variable systems.
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The second question addressed in this thesis concerns the information carried by the
lattice structure of majorization beyond the majorization relation itself. We first examine
this question in the context of entanglement manipulation. Deterministic single-copy en-
tanglement transformations of bipartite pure states under local operations and classical
communication (LOCC) have been shown to be characterized by the so-called majorization
relation [161, ]. This framework was soon extended to probabilistic state conversions [233].
More generally, majorization provides a strong notion of disorder that has proved particularly
useful in a variety of quantum-information problems [38,91,97,123,185,217]. Since majoriza-
tion does not define a total order, some probability vectors are incomparable. Remarkably, the
set of probability vectors of fixed dimension nevertheless forms a lattice under majorization:
every pair possesses a greatest lower bound and a least upper bound, referred to as the meet
and join, respectively [46]. This structure has been used to reformulate problems ranging from
quantum thermodynamics [59, | and quantum coherence [251] to quantum steering [250]

and quantum entanglement manipulation [26, 199].

In Chapter 8, we exploit these notions of meet and join to construct two alternative optimal
probabilistic conversion protocols between incomparable bipartite pure states, which we
call the thrifty and greedy protocols. While these protocols reach the same maximal success
probability as Vidal’s protocol [233], the lattice structure makes it possible to distinguish them
through the entanglement retained when the transformation fails. In particular, the thrifty
protocol leaves a more entangled residual state than the greedy one and therefore better

preserves the entanglement resource on average.

Finally, in Chapter 9, we further characterize the geometry of the majorization lattice by
introducing the notion of a majorization diamond, drawing an analogy with causal diamonds
formed by past and future light cones in special relativity [139]. A majorization diamond
consists of the probability distributions lying between fixed lower and upper bounds in
the majorization order. We then connect this construction to continuity bounds. Such
bounds control the variation of entropic quantities between nearby probability distributions
or quantum states and have numerous applications in quantum information, including
the estimation of quantum-channel capacities [12, 16, , ]. In particular, we use the
additional majorization constraints to derive new continuity bounds for the Shannon and

von Neumann entropies.

This thesis is organized as follows:

The first part is devoted to introducing the preliminary notions required for the subsequent
chapters. In Chapter 2, we review the concept of entanglement, beginning with its definition
and the LOCC framework used to describe entanglement manipulation. We then review
deterministic and probabilistic single-copy conversion protocols for bipartite pure states, as

well as asymptotic transformations. Finally, we discuss entanglement certification in discrete-



variable systems and its extension to the continuous-variable setting. Chapter 3 is dedicated
to introducing the quantum optics concepts needed in this thesis. We first introduce the
quantization of the electromagnetic field and the corresponding operator description in Fock
space. We then present representative Gaussian and non-Gaussian quantum-optical states,
for both single-mode systems, such as coherent and Fock states, and two-mode systems,
such as NOON states and the two-mode squeezed vacuum. Finally, we discuss the main
quantum-optical operations considered in this thesis, both Gaussian and non-Gaussian,

including unitary transformations and measurements.

The second partis devoted to our investigation of entanglement certification in continuous-
variable systems. We begin in Chapter 4 by reviewing the multicopy technique. After motivat-
ing the approach and explaining how it works, we present several examples, including the
measurement of the purity and higher-order moments of the density operator. We close the
chapter by discussing recent applications of multicopy measurements in quantum optics,
in particular for witnessing nonclassicality and entanglement. In Chapter 5, we then study
the resulting PT-moment criteria in detail, comparing the different low-order conditions and
benchmarking their detection capabilities against standard approaches for Gaussian states,
coherent superpositions and mixtures of Gaussian states, and strongly non-Gaussian states in
Fock space. We finally investigate their robustness to losses, imperfect state copies, and finite
statistics, with particular emphasis on NOON states. Chapter 6 develops the corresponding
realignment-based approach beyond its lowest-order form. We analyze the resulting criteria
for Gaussian states, two-mode entangled cat states, and NOON states, and discuss their

continuous-variable measurement schemes.

The third part revolves around majorization and our original contributions to its use in
quantum information. In Chapter 7, we define the majorization relation and present its main
equivalent formulations, together with its visual representation in terms of Lorenz curves.
We then introduce the general concept of a lattice before specializing it to the majorization
order and deriving the meet and join of probability vectors. In Chapter 8, we use these lattice
elements to identify the optimal common resource and optimal common product states
associated with bipartite pure states, before constructing the corresponding probabilistic
conversion protocols. We subsequently extend this framework to situations involving several
possible initial or final states. Finally, in Chapter 9, we study the interplay between the
total variation distance and the meet and join, characterize the geometry of the resulting
majorization diamonds, and derive entropic inequalities that go beyond standard Schur-
concavity. We then apply these geometric results to obtain continuity bounds for the Shannon

entropy and, subsequently, for the von Neumann entropy.

The fourth part consists of appendices that complement the mathematical derivations

presented in Chapters 5, 6, and 9.
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Contributions of the thesis:
The original contributions of this thesis are presented in Chapters 5 and 6, which concern

entanglement detection, and in Chapters 8 and 9, which concern the majorization lattice.
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Quantum entanglement

Entanglement is among the most fundamental and, at the same time, most puzzling features
of quantum physics. One reason behind this is that entangled systems can display correla-
tions between measurements that go beyond our classical understanding of physical reality.
These correlations were at the heart of the seminal 1935 paper by Einstein, Podolsky and
Rosen (EPR), in which they questioned whether quantum mechanics provides a complete
description of physical reality or not [76]. Their argument initiated a long debate on whether
the unusual correlations predicted by quantum mechanics reflected a limitation of the theory
or a genuinely non-classical feature exhibited by Nature. Almost thirty years later, in 1964,
Bell showed that the predictions of quantum mechanics are incompatible with those of local
hidden-variable theories, thereby opening the way to experimental tests of this incompatibil-
ity [18]. Subsequently, experiments supported the quantum-mechanical predictions [11,87],
while more recent tests strengthened this conclusion by overcoming the main experimental

limitations affecting earlier experiments [100, , ].

In quantum information theory, however, entanglement is not merely regarded as an
anomaly, but rather as a resource enabling certain tasks. Indeed, several fundamental proto-
cols, such as quantum teleportation [21] and dense coding [22], rely on the use of maximally
entangled states. It is therefore essential to understand what entanglement is, how entangled
states can be manipulated, and how one can determine whether a given quantum state is

entangled or not.

In this chapter, we first introduce the mathematical definition of entanglement in Sec-
tion 2.1. Then, in Section 2.2, we present an overview of the manipulation of entangled
states under physically meaningful constraints. Finally, we discuss methods for certifying
entanglement in discrete-variable systems in Section 2.3, before turning to continuous-
variable systems in Section 2.4. If not specified, this introductory chapter is mainly based on
Refs. [133, 1.
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2.1 What is entanglement?

Consider a bipartite' quantum system shared by two parties, traditionally called Alice (A) and

Bob (B). The corresponding Hilbert space is written as
Hnp =S ® A, 2.1)

where #4 and #p describe Alice’s and Bob’s subsystems, respectively, and ® denotes the
tensor product. In what follows, we assume that the Hilbert spaces are of finite dimension,
unless otherwise specified. A general state of the joint system is represented by a density
operator p op acting on #,p.

The simplest joint states are those for which Alice’s and Bob’s systems are prepared inde-

pendently, which we describe with the following definition.

Definition 2.1 (Product state). A bipartite state p 4p is called a product state if it can be

written as

PaB=pA® 0B, (2.2)

for some states p 4 and pp of the two subsystems.

A product state contains no correlations between Alice’s and Bob’s subsystems. However, not
every correlated state is entangled. Indeed, Alice and Bob may produce correlations by using
shared classical randomness. Suppose, for example, that they toss a shared fair coin and
prepare |0) 4 |0) g when the outcome is heads, and |1) 4 |1) g when it is tails. The resulting state

is the mixed state

. 1 1
Pag = > 10> 4<0[ 4 ® 0} <0[p + §|1>A<1|A®|1>B (1lg- (2.3)

This state is not a product state. Indeed, if Alice and Bob both measure in the computational
basis {|0), 1)}, their outcomes are perfectly correlated. Nevertheless, these correlations have a
purely classical explanation, namely the value of the shared coin toss. The distinction between

classical correlations and entanglement is captured by the notion of separability.

'Entanglement has also been described for systems shared between more than two parties, often termed
multipartite entanglement, see, e.g., Ref. [132], for a concise review.
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Definition 2.2 (Separable and entangled states). A bipartite state p 4p is called separable
if it can be written as

ﬁAB:ZPiﬁS)@’ﬁg)» with pi =0, and Zpi:L (2.4)
i i

and where ﬁx) and ﬁg) are local quantum states of the two subsystems. A state that is

not separable is called entangled.

A separable state may therefore contain correlations, as in Eq. (2.3), but these correlations can
always be understood as follows: A classical variable i is sampled with probability p;, and,
conditioned on this value, Alice and Bob locally prepare the states ﬁx) and ﬁg). Entanglement

refers precisely to correlations that cannot be generated in this way.

For pure states, the distinction between separability and entanglement takes a particularly
simple form.

Proposition 2.1. A bipartite pure state |y) 45 is separable if and only if it is a product
state, that is, if and only if there exist vectors |$p) , and | x) g such that

Y ap =P a®1X)5- (2.5)

Otherwise, |y) 45 is entangled.

A useful characterization of bipartite pure-state entanglement is provided by the Schmidt
decomposition.

Proposition 2.2 (Schmidt decomposition). For every bipartite pure state |y) o5 € #aB,
there exist orthonormal sets {|u;) A};zl and {|v;) B}le such that

W) ap =Y. VAiluda®lvids, (2.6)
i=1

where
Ai>0, Y A;=1 2.7)

The numbers A; are called the Schmidt coefficients, and r is called the Schmidt rank.

The Schmidt decomposition directly identifies whether a pure state is entangled or not. A pure
state is separable if and only if its Schmidt rank is equal to one. Equivalently, it is entangled if

and only if at least two Schmidt coefficients are non-zero.
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As a first important example, consider the two-qubit singlet state

_ 1
ly >:E(|O>A|1>B_|1>A|O>B)- (2.8)
Up to absorbing the minus sign into one of the local basis vectors, this is a Schmidt decompo-
sition with .
A =A==, 2.9
1=A2=7 (2.9)

Hence, the singlet state is entangled. Its entanglement is also reflected in its reduced states.

Tracing out Bob’s subsystem gives

pa=Trg(ly )y l) = EA 2.10)

Thus, although the joint state is pure, Alice’s reduced state is maximally mixed. This is

impossible for a pure product state, for which both reduced states are pure.

2.2 Manipulating entangled states

We turn now to the question of what can be done with entangled states. The idea is to treat
entanglement as a resource shared between distant parties [42]. In this resource-theoretic
picture, separable states are defined as free states, since they contain no entanglement, which
naturally leads to the definition of free operations as operations that do not create entan-
glement from separable states. In this context, widely considered free operations, deemed
relevant for this thesis, are the local operations supplemented with classical communication,
usually abbreviated as LOCC.

In this section, we first introduce LOCC transformations. Then, we discuss deterministic
and probabilistic transformations between single copies of bipartite pure states. Finally,
we turn to the asymptotic regime, where one studies conversion rates rather than only the

possibility of a single transformation.

2.2.1 Local operations and classical communication

Consider a bipartite system shared by two distant parties, Alice and Bob, with Hilbert space
JCpp = S, ® . Alocal operation is any operation that Alice or Bob can perform in their own
laboratory, including quantum operations on their subsystem and classical processing of local
outcomes. For instance, Alice may apply a unitary transformation, perform a measurement,
or more generally apply a quantum instrument on .74, while Bob may do the same on ..

What is not allowed is a joint quantum operation acting directly on /.
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With the help of classical communication, the parties are allowed to coordinate their
local operations. Alice may perform a measurement and send the outcome to Bob, who then
chooses a local operation depending on the message received. The protocol may continue for
several rounds, with each operation depending on the previous rounds.

Thus, LOCC protocols are built from local quantum operations and classical messages,
and do not involve the transmission of a quantum system between the parties, nor any
global operation coupling Alice’s and Bob’s subsystems. This restriction is what makes en-
tanglement a useful resource. If Alice and Bob start from a separable state, LOCC cannot
create entanglement between them. Local operations only modify local states, while classi-
cal communication only correlates the parties through classical information. Hence, LOCC
transformations preserve the set of separable states [43].

We write

PAB —— 0 AB 2.11)

when there exists a deterministic LOCC protocol transforming the initial state p 4p into the
final state 6 45. We also consider probabilistic transformations. In that case, the desired target
state is obtained only for some outcomes of the protocol. We write

~ LOCC .
PAB 0AB (2.12)

when there exists an LOCC protocol producing 6 45 with probability p. If it fails, the parties
generally obtain another residual state.

2.2.2 Deterministic transformations of bipartite pure states

We first consider deterministic transformations between single copies of bipartite pure states.
Let Alice and Bob initially share a state |y) 45 and suppose that they want to convert it into a

target state |¢) 45 using only LOCC. We write

LOCC

1Y) aB D) aB (2.13)

when the transformation can be achieved with certainty.
Let

d . d .
W) ap =2 \JAY 1Dalids, 1) ap= Y /A 1D alids (2.14)
i=1 i=1

be Schmidt decompositions of the two states. We denote the corresponding Schmidt vectors
by

A=(A0 0 A0) A= (A0, a0 (2.15)

and assume that their components are ordered non-increasingly.
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We briefly present now the notion of majorization [161] (see Chapter 7 for a more in-depth
overview of majorization theory). For two probability vectors « and y of at most d non-zero

components and arranged non-increasingly, we write x < y, and say « is majorized by y, if

d d
Yxiz) yi, Vi=2,..d, (2.16)
i=1 i=l

with equality for [ = 1. Intuitively, < y means that « is more uniform than y. The determin-

istic transformation of bipartite pure states is characterized by Nielsen’s theorem.

Theorem 2.1 (Nielsen [171]). Let |y) 45 and |¢p) 45 be two bipartite pure states with
Schmidt vectors Ay, and Ay, respectively. Then,

LOCC

W) A [Py ap = Ay <Ap. (2.17)

Thus, deterministic LOCC convertibility reduces to a finite set of inequalities between Schmidt
coefficients. This is closely related to the notion of entanglement monotones [234]. An
entanglement monotone is a quantity that cannot increase, on average, under LOCC. Such
quantities measure, in this operational sense, the amount of entanglement contained in a
state. For bipartite pure states, a natural entanglement monotone is the entropy of either

reduced state. If we write
Pa=Trg(1¥) a5 (Wlag), (2.18)

then the entropy of entanglement of |y), written E(y), is defined as

E():=S(pa) = — i Ay log Ay, (2.19)
i=1

where S(p 4) denotes the von Neumann entropy of state p 4, which is equal to the Shannon
entropy of its eigenvalues. Equivalently, one may use S(pg), since the two reduced states
of a bipartite pure state have the same non-zero eigenvalues (which can be easily deduced
from the Schmidt decomposition). The entropy of entanglement vanishes for product states,
i.e., the states described by a peaked vector (1,0,...,0)” as Schmidt vector, and is maximal
for maximally entangled states, i.e., the states described by a uniform vector [%, ety %) T as

Schmidt vector.
The direction of Nielsen’s theorem is therefore consistent with the resource interpretation.
If Ay < Ay, then in particular E(y) = E(¢) by Schur-concavity of the Shannon entropy (see
Eq. (7.25) in Chapter 7). Hence, deterministic LOCC transformations can only go from a more

entangled pure state to a less entangled one.
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Obviously, there are also monotones directly associated with the majorization conditions.
For a bipartite pure state |y) ,5, define

d
Ew) =Y A0, I=1,..d. (2.20)
i=l

LOCC

For a deterministic LOCC transformation |y) 45 |¢) 45, Nielsen’s theorem can be refor-

mulated as
E;(y) = Ei(¢), vi=1,...,d. (2.21)

Thus, the quantities E; are also entanglement monotones. They are simply another way of
writing the cumulative-sum conditions appearing in the majorization relation of Eq. (2.16).
In this sense, they contain more information than the entropy of entanglement alone since
they form a necessary and sufficient set of d conditions for bipartite pure-state deterministic

conversions, whereas E(y) = E(¢) is only a necessary condition.

However, since majorization is only a preorder relation, not all pairs of pure states are
comparable. There may exist two Schmidt vectors such that neither

Ay <Ay nor Ap <Ay (2.22)

holds. The corresponding states are said to be incomparable under deterministic LOCC. This
incomparability can sometimes be overcome with the help of a catalyst [142]. Namely, a
transformation that is impossible by deterministic LOCC alone may become possible if Alice
and Bob use an additional entangled state |c) 4 g that is nonetheless returned unchanged at
the end of the protocol, i.e.,

W) ap @O A Lote Y a5 ®1C) a7 (2.23)
even though
1Y) AB oL 1)) ap - (2.24)

In essence, the catalyst assists the transformation without being consumed. If A, denotes the

Schmidt vector of the catalyst, the condition becomes
Ay ®Ac<Ap® A, (2.25)
while

Ay % A (2.26)

Here, the tensor product of Schmidt vectors is obtained by taking all pairwise products of

their components and ordering the resulting vector non-increasingly.
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A standard example is
Ay =(0.4,04,0.1,0.D)7, Ay =1(0.5,0.25,0.25,0)", (2.27)
which are incomparable. However, with the catalyst
Ac=(0.6,0.4)7, (2.28)
one checks that
Ap®@Ac<Ap®Ac. (2.29)

Thus, the transformation from |y) 45 to [¢) 45 becomes possible in the presence of the catalyst,
even though it is impossible without it.

2.2.3 Probabilistic transformations of bipartite pure states

We remain in the single-copy pure-state setting, but now allow the transformation to succeed
only with some probability. In fact, a transformation that is impossible deterministically may
still be possible probabilistically.
We write
LOCC
P
when an LOCC protocol outputs |¢p) 4,5 with probability p. If the protocol fails, another

[Y) A Y A (2.30)

residual state is produced. Such a probabilistic transformation may increase the entropy of
entanglement, Eq. (2.19), in the successful branch, but not on average once all outcomes are
taken into account.

For bipartite pure states, the optimal probability of conversion is given by Vidal’s the-
orem [233]. The theorem is expressed precisely in terms of the monotones E; defined in
Eq. (2.20). Let

d . d .
Wap =2 VA 1Dalide, 19 ap= D \/AG 1D alide (2.31)
i=1 i=1

be Schmidt decompositions, with Schmidt vectors Ay and Ay ordered non-increasingly.

Theorem 2.2 (Vidal [233]). Let|y) 45 and|p) o5 be two bipartite pure states. The maximal
probability of converting |¢) 45 into |¢p) .5 by LOCCis

Pmax =, MO, Ei(¢)

Equivalently, the transformation is possible with probability p if and only if

(2.32)

E\w)=pE($), VIe(l,... d}. (2.33)
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Nielsen’s theorem is recovered as the case pmax = 1. Indeed, when Ay < Ay, one has E;(y) =
E;(¢) for every I = 1,...,d, and Eq. (2.32) gives a deterministic conversion since E;(y) =
E(¢) = 1. For p < 1, the inequalities in Eq. (2.33) express the fact that the monotones may
increase in the successful branch, but only with a limited probability of success.

As a simple example, consider the partially entangled two-qubit state

1
W) 45 = Val00) + vV1—alll), azz, (2.39)
and suppose that Alice and Bob want to obtain the maximally entangled state
|®) a5 = - (100) +111)) (2.35)
AB \/z ¢ *
The Schmidt vectors are
Ay=@l-a", A —(1 I)T (2.36)
v = ) ) ot — 2) 2 .
Using Eq. (2.32), we obtain
. l-a
pmaxzmln{l,ﬁ}:zu—a). (2.37)

Thus, a partially entangled two-qubit state can be converted into a maximally entangled state
at most with probability 2(1 — a). This probability vanishes when a = 1, as expected for a

separable state, and is equal to 1 when a = 1/2, since in that case |y) 4,5 = |®™) 45.

2.2.4 Asymptotic transformations

In the asymptotic regime, instead of asking if one copy of a state can be transformed into one
copy of another, many copies of the same state are given to Alice and Bob. Thus, we study
transformations of the form

LOCC
OYE (2.38)

¥)a5
in the limit where n and m become large. In this setting, the relevant quantity is no longer

only the possibility of a single transformation, but the rate

m
R=— (2.39)
n

at which copies of |¢) ,5 can be produced from copies of |y) 45, up to an error that vanishes

in the limit n — oo.
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A central task in this regime is the so-called entanglement distillation [19]. Starting from
many copies of an entangled state, Alice and Bob try to extract maximally entangled states by
LOCC. If |®,) 43 denotes a maximally entangled two-qubit state, one considers transforma-
tions of the form

LOCC
W) A —— D) 5E - (2.40)

The maximal asymptotic value of m/n is called the distillable entanglement, which we denote
by Ep (). Since the target state is a two-qubit maximally entangled state |®,) 45 (also called a
Bell state), this quantity is measured in ebits, that is, in Bell states extracted per copy of [¥) 4.

The reverse task is the so-called entanglement dilution [19]. In this case, Alice and Bob

start from maximally entangled states and use LOCC to prepare many copies of a target state

|,q/>ABy i-e-r
LOCC
|D2) SR [y &, (2.41)

The minimal asymptotic value of m/n required for this preparation is called the entanglement
cost, which we denote by Ec(y). It measures how many ebits are needed, per copy, to create
the state |y) ,5 asymptotically.

For bipartite pure states, distillation and dilution are asymptotically reversible. Consider-

ing base-2 logarithms, we have

Ep(y)=Ec(y)=E(y) = —Zlg) 1og/1(i), (2.42)

1

where Ay, is the Schmidt vector of state ) and E is the entropy of entanglement defined
in Eq. (2.19). Thus, in the asymptotic regime, bipartite pure-state entanglement becomes
reversible, i.e., many copies of |y) 45 can be converted into Bell pairs at rate E(y), and the
same number of ebits per copy is sufficient to reconstruct |y) 45 by dilution.
Combining distillation and dilution also gives the optimal asymptotic conversion rate
between two bipartite pure states as
E(y)
Ry — ¢p) = ch) (2.43)
We assume E(¢) > 0, otherwise |¢) 45 is a product state, which can be prepared locally any
number of times. When the target state is a Bell state, E(®,) = 1, so the rate reduces to
E(y). This is in contrast with the single-copy setting, where the full majorization relation
between Schmidt vectors is required, see Theorem 2.1. In the asymptotic limit, the entropy of

entanglement alone determines the reversible conversion rate between bipartite pure states.
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For mixed states, the same operational tasks can be defined, but the situation is more
involved. The distillable entanglement Ep(p 4p) is the optimal rate at which Bell pairs can
be extracted from many copies of p 4p by LOCC, while the entanglement cost Ec(p 4p) is
the optimal rate of Bell pairs needed to create many copies of p 4. In general, these two

quantities do not coincide [128], and we have
Ep(paB) < Ec(paB). (2.44)

Thus, the asymptotic reversibility of entanglement is a special property of bipartite pure states,

and does not hold for mixed states in general.

2.3 Detecting discrete-variable entanglement

Let us now consider the problem of certifying entanglement in finite-dimensional systems.
In the case of bipartite pure states, the criterion is quite simple and was already established
after defining the Schmidt decomposition in Proposition 2.2. It reads as follows: a pure state
is separable if and only if its Schmidt rank, i.e., its number of non-zero Schmidt coefficients,
is equal to one. Equivalently, it is entangled if and only if at least two Schmidt coefficients are
non-zero.

For mixed states, the situation is much more involved. Given a bipartite state p 45, de-
termining whether there exists a decomposition of the form of Eq. (2.4), that is, a separable
mixture of p 45, is known to be an NP-hard problem [96, 111]. One therefore relies on separabil-
ity criteria, sometimes also called entanglement criteria, which can certify entanglement from
specific properties of the state under investigation. Many criteria have been developed, and
they are usually sufficient conditions for entanglement rather than complete characterizations
of the whole set of entangled states.

In what follows, we present some of the standard criteria used in finite-dimensional
systems. We first discuss spectral criteria based on majorization. Then, we present two
standard criteria for entanglement detection: the positive partial transpose (PPT) criterion

and the realignment criterion.

2.3.1 Majorization-based criteria

The majorization-based approach is motivated by the fact that separable states are more
disordered globally than locally [173], where disorder is understood through the majorization

relation. The notion of majorization can be extended to density matrices through their spectra.
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We write p < 6 whenever
A(D) < A(6), (2.45)

where A(e) denotes the vector of eigenvalues of the corresponding state e, arranged in non-
increasing order. When the two density matrices act on Hilbert spaces of different dimensions,

the shorter spectrum is completed with zeros.

Theorem 2.3 (Nielsen and Kempe [173]). Let p s be a bipartite state, and denote by p a

and pp its reduced states. If p op is separable, then

PAB<PA and ﬁAB<ﬁB- (2.46)

Equivalently, if pap A 04 or pap A Pp, then p 4p is entangled. Notice that, for pure states, this
criterion becomes necessary and sufficient for entanglement detection. Indeed, the global
spectrum is then the peaked vector (1,0,...,0) T which is majorized by a reduced spectrum
only if the latter is also pure. Hence, for pure states, Theorem 2.3 is satisfied only for product
pure states, and is violated for all entangled pure states.

Soon after, Hiroshima showed the following stronger statement.

Theorem 2.4 (Hiroshima [123]). Let p o be a bipartite state, and denote by p o and pp its
reduced states. If p op is not distillable, then

ﬁAB<ﬁA and ﬁAB<ﬁB- (2.47)

Since separable states are not distillable?, this result strengthens the Nielsen—-Kempe criterion.
In particular, if 6 4p 4 pa or pap 4 0B, then the state is not only entangled, but also distillable

(and we will see that not all entangled states are distillable in the next subsection).

2.3.2 Positive-partial-transpose criterion

One of the first separability criteria is rather simple, and is based on the partial transposition
map [129,178]. Let us fix a product basis {|i) 4 ® | j) 5} of the global Hilbert space #45. The
partial transpose with respect to Bob’s subsystem T is defined by

(1) (kI @ 1 <I1) ™ = 1dy (kI ® [1) (1. (2.48)

2The notion of distillability is closely related to the entanglement distillation discussed in Section 2.2.4. A
state is said to be distillable if many copies of it can be used to distill Bell states by LOCC, in the asymptotic limit.
A separable state is obviously not distillable since entanglement can never be created from it using LOCC, even
in the limit of infinite copies.
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Thus, it acts as the identity on Alice’s subsystem and as the transposition map on Bob’s
subsystem. Equivalently, one may apply the partial transposition on Alice’s subsystem, since
the two choices lead to the same positivity criterion. The Peres—Horodecki positive-partial-
transpose (PPT) criterion can then be stated as follows (we write A > 0 to indicate that A is

positive semidefinite).

Theorem 2.5 (PPT criterion [129, 178]). Let p s be a bipartite state. If p sp is separable,
then
prE =0. (2.49)

Proving this theorem is quite straightforward from Definition 2.2 of separable states, and
the fact that the transposition map is a positive map. Equivalently, if ﬁg% is not positive
semidefinite, i.e., if it has at least one negative eigenvalue, then p 45 is entangled. Such states
are called NPT states, meaning that their partial transpose is not positive semidefinite. In
contrast, states satisfying ﬁg% = ( are called PPT states.

The PPT criterion is necessary for separability in any dimension. Moreover, it is necessary
and sufficient in dimensions 2 x 2 and 2 x 3 [129]. In higher dimensions, however, there exist
entangled states with positive partial transpose. These states are called PPT entangled states.
Such states exhibit a weaker form of entanglement in the sense that they are not distillable by
LOCC [127]. For this reason, they are also called bound entangled states.

As for the majorization criterion, the PPT criterion becomes necessary and sufficient for

pure-state entanglement. Indeed, let
W) ap =2 VAilDalD)p (2.50)
i

be the Schmidt decomposition of a bipartite pure state. The partial transpose of [¢) 4,5 (W] 45
has eigenvalues A; and, for each pair i < j, the two eigenvalues +,/1;1 ;. Hence, it is positive
semidefinite if and only if at most one Schmidt coefficient is non-zero. Therefore, for pure

states, the PPT criterion detects exactly all entangled states.

2.3.3 Realignment criterion

Another standard separability criterion is the realignment criterion, also known as the com-
putable cross norm criterion [192, ]. It is based on a reshuffling of the matrix elements of
the density operator. Let us fix a product basis {|i) 4 ® | j) 5} of the global Hilbert space #4p.

The realignment map R is defined on product matrix elements by

R(19) (kI @1/ <1l) =1y (jl@k) (1. (2.51)
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Upon defining the trace norm of an operator X as
1K1 =T [ VETX], (2.52)

the realignment criterion can be stated as follows.

Theorem 2.6 (Realignment criterion [192]). Let p ap be a bipartite state. If p ap is separa-
ble, then
IR(GaB)II1 < 1. (2.53)

Equivalently, if |R(p ap)ll1 > 1, then p 45 is entangled. This criterion is in some sense comple-
mentary to the PPT criterion, since it can detect some PPT entangled states.

For pure states, the criterion is again necessary and sufficient. Indeed, if
W) ap =) VAilD)ali)s (2.54)
i

is the Schmidt decomposition of |y) 45, then

2
IR 45 Wl ap) I = (Z \/A_) : (2.55)
i

This quantity is equal to 1 if and only if only one Schmidt coefficient is non-zero, and is strictly

greater than 1 if there is more than one non-zero Schmidt coefficient.

2.4 Detecting continuous-variable entanglement

Continuous-variable systems are ubiquitous in quantum optics (see Chapter 3 for a more
detailed overview), where a quantum state may be encoded in continuous degrees of freedom

such as the canonical quadratures X and p, which obey the canonical commutation relation
(%, pl = il (2.56)

As we will see in this section, Gaussian states play a central role in continuous-variable
quantum information [243]. Their importance comes from the fact that they are completely
characterized by the first and second moments of the canonical quadratures. Moreover,
as first moments can be modified by local displacements, they do not affect entanglement
properties. Hence, for Gaussian states, many separability criteria can be expressed directly in

terms of the covariance matrix.
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We first introduce some basic notions of quantum optics that will be useful in the rest of
the section. Then, we discuss standard continuous-variable separability criteria based on

moments up to order two, before turning to criteria based on entropic quantities.

2.4.1 A glimpse at quantum optics

This section relies primarily on Ref. [243]. For simplicity of notation, we work in natural units,
i.e.,, i =1, so that

(%, p] = il. (2.57)

A quantum state p can be represented in phase space by its Wigner function. For an

N-mode state, it is defined as

W (@, p) = *— y>, (2.58)

2

1 . Y
dN ipy I A
@m)N /[RN ye <w+2 P

where = (x1,...,xn) T and p=(p1---,PN) T are the vectors of phase-space coordinates asso-
ciated with the quadratures %; and p;. The Wigner function is a quasi-probability distribution,
i.e., itis real-valued (but it may take negative values!), normalized,

/RNde/RN dNpW(z,p) =1, (2.59)

and its marginals reproduce the position and momentum probability distributions,

/ dNpW(x,p) = (zl|p|x), / dNx W (x,p) = (plpIp). (2.60)
RN RN

The Wigner representation is useful in that it translates many questions about continuous-
variable quantum states into questions about functions on phase space. In particular, Gaus-
sian states admit a particularly simple description in phase space, since they are completely
characterized by a finite number of parameters. More precisely, a Gaussian state is a state
whose Wigner function is Gaussian. Its complete information is contained in its first and
second moments. Upon defining the vector of quadrature operators as

7= (&1, P1,-- - &n, PN T (2.61)
the displacement vector and covariance matrix are then defined by
d:=(7)=Tr[p?], (2.62)
and
Yij ::%<{fi’fj}>_<fi><fj>; (2.63)

where {-, -} denotes the anti-commutator.
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With the above ordering, the canonical commutation relations for an N-mode system (see

Eq. (2.57) for the 1-mode case) can be written
[Pk, P1] = iQpi ], (2.64)

where the symplectic form Q depends on the ordering choice of Eq. (2.61), and is expressed as

N
Q=Po, w::(ol (1)) (2.65)

where ® denotes the direct sum. The uncertainty relation can be expressed as follows in phase
space, and constitutes an important physicality condition that covariance matrices of states

have to obey,

i
y+5020, (2.66)

where the inequality = 0 means that the matrix is positive semidefinite. Let us denote by
r = (X1, p1,..., XN, pN) |, the real phase-space vector associated with the operator vector #
defined in Eq. (2.61). For a Gaussian state, the Wigner function takes the form

W (r) = =5 =Ty =) (2.67)

1
—e
2n)N\/dety
Using the overlap formula for Wigner functions, one obtains the following formula for the

purity of a Gaussian state,
1

A2 _
o= o e

Thus, for Gaussian states, quantities such as the purity, and several separability criteria, as we

(2.68)

will see in the next subsection, can be expressed directly in terms of the covariance matrix y.

2.4.2 Second-moment-based criteria

We now discuss some seminal separability criteria based only on moments up to order two.
Such criteria are especially important in continuous-variable systems, because first and
second moments are often experimentally accessible through homodyne measurements [28].
Moreover, for Gaussian states, they are not merely partial information because, together with
the displacement vector, the covariance matrix completely characterizes the state.

The criteria presented hereafter are due to Duan et al. [72], Simon [216], and Mancini et
al. [99, 160]. They are closely related to the continuous-variable form of the PPT separability

criterion (see Theorem 2.5), but expressed directly in terms of quadrature fluctuations.
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In phase space, partial transposition has a simple interpretation since it corresponds to a
reflection of the momentum quadrature of the transposed subsystem [216]. For a two-mode
state, this reads

T,
W(xA» PA,XB, pB) L W(xA» pA,XB, _pB) = W(XA, PA,XB, pB) TB- (269)

Thus, at the covariance-matrix level, partial transposition amounts to changing the sign of

the correlations involving pp. We first present the criterion of Duan et al. Let us define the

following operators,

1 1
i:=axs+—Xxp, V= aﬁA——AB, (2.70)
a

Q

where a > 0 is a real parameter.

Theorem 2.7 (Duan et al. [72]). For any separable state p o, and for any a > 0, one has
2 2 2 1
o,to,=a +a—, (2.71)

where 02, and o2, are the variances of it and 0, respectively.

Hence, a violation of Eq. (2.71) certifies entanglement. In practice, one may optimize over the

parameter a in order to obtain the strongest test for a given state.

Mancini et al. later proposed a (refined) product form of this criterion.

Theorem 2.8 (Mancini et al. [99, 160]). For any separable state p 55, and for any a > 0,
one has
(7202>1 a2+i2 (2.72)
VT4 at)’ '

where 02, and o2, are the variances of it and ¥, respectively.

This condition is stronger than Eq. (2.71) for fixed a. Indeed, if Eq. (2.72) holds, then

1(, 1
ouoyzla +—|, (2.73)
a
and therefore, using the obvious inequality,
O'i+0'% =200y, (2.74)

we recover Eq. (2.71).

Finally, Simon formulated the PPT criterion directly at the level of the covariance matrix.
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For a two-mode state, partial transposition is implemented by
Ts —.n 1B — di
Y— ApyAp=:7"%, Ap:=diag(1,1,1,-1), (2.75)

which corresponds to the transformation p — —pp. Notice that ¥ is a notation and should
not be understood as a partial transposition applied directly on the covariance matrix, since

it is an operation applied on the quantum state.

Theorem 2.9 (Simon [216]). For any separable state p op, the covariance matrix of the

partially transposed state satisfies

YT+ %Q > 0. (2.76)

Therefore, if y’# + iQ/2 is not positive semidefinite, then the state is entangled.

For arbitrary continuous-variable states, the above criteria are only sufficient criteria for
entanglement, i.e., their violation certifies entanglement, but their satisfaction does not imply
separability in general. This is because these criteria only use second moments, whereas a non-

Gaussian state may contain entanglement information encoded in higher-order correlations.

However, the situation is much simpler for Gaussian states. Since Gaussian states are com-
pletely determined by their covariance matrix and displacement vector, second-moment cri-
teria can become complete. In particular, for two-mode Gaussian states, Simon'’s covariance-
matrix PPT criterion is necessary and sufficient for separability. In the same setting, the
optimized Duan et al. criterion and the Mancini et al. criterion are also necessary and suffi-
cient. More generally, Simon’s PPT condition remains necessary and sufficient for Gaussian
states of a 1 x NV bipartition [244]. For multimode Gaussian states of an M x N bipartition with
M, N = 2, however, PPT is no longer sufficient in general, since PPT entangled Gaussian states
exist. Special classes of multimode Gaussian states, such as bisymmetric states, nevertheless

admit stronger necessary and sufficient criteria [39, 1.

2.4.3 Entropy-based criterion

We close this chapter by briefly discussing another family of continuous-variable separability
criteria, based on entropic quantities rather than only on second moments. We present here
the criterion introduced by Walborn et al. [239].

Let f be a probability density on &'. Its Shannon differential entropy is defined as

h(f):= —/ dx f(x)log f(x), 2.77)
X

where we use base-2 logarithms.
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Let us introduce the rotated quadratures
Fj=cosf;X;j+sinb;p;, §j=cosljp;—sinb; xj, (2.78)
for j =1,2. From Eq. (2.57), it is immediate to see that they satisfy
(7,81 =61, (2.79)
We then define the EPR-like global quadratures
Fii=T1 7, §4:=381 8. (2.80)

Notice that 7. commutes with §z, so that the observables are compatible and may be mea-
sured jointly. Let R, denote the probability density associated with a measurement of 7.,
and let St denote the probability density associated with a measurement of §;. The entropic

separability criterion can then be stated as follows.

Theorem 2.10 (Walborn et al. [239]). For any separable bipartite continuous-variable
state, one has
h(R.) + h(Ss) = log(27e). (2.81)

Equivalently, if h(R.) + h(S3) <log(2me), then the state is entangled. This criterion can be
seen as an entropic analogue of the variance-based criteria discussed above. Instead of
quantifying the spread of the quadratures only through their variances, it uses the Shannon
differential entropy of their full probability distributions. It can therefore be more sensitive
for non-Gaussian states, where second moments may fail in general to capture all relevant
correlations.

For Gaussian probability densities, the differential entropy is completely determined by

. . . . . o1 . . . 2
the variance [49]. More precisely, if f is a Gaussian probability density with variance o¢,, then
1 2
h(fc) = Elog (2meoy). (2.82)
Therefore, in the Gaussian case, Eq. (2.81) becomes
07,05 =1, (2.83)

which is precisely a condition of the same form as the Mancini et al. criterion (see Eq. (2.72)).
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In the remainder of this thesis, Theorems 2.1 and 2.2 will be central to the study of bipartite
pure-state entanglement conversions within the majorization lattice framework in Chapter 8.
Theorem 2.5 will support the partially transposed moment-based criteria introduced in
Chapter 5 for detecting entanglement in continuous-variable states, while Theorem 2.6 will be

crucial to the development of other experimentally accessible criteria for continuous-variable
systems in Chapter 6.
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Quantum optics

Since the dawn of quantum theory, light has no longer been viewed solely as a classical
electromagnetic wave, but also as a quantum object [4, ]. In quantum mechanics, the
quanta of light are called photons and can be understood as excitations of the electromagnetic
field. They play an important role in many quantum-information protocols, where they can

be used to encode, transmit, and process information [28, 1.

In this chapter, we review the quantization of the free electromagnetic field in Section 3.1.
We then present the main quantum-optical states in Section 3.2, including both Gaussian
and non-Gaussian states. Finally, in Section 3.3, we discuss the corresponding operations,

together with the most important measurements used in quantum optics.

3.1 Quantizing the electromagnetic field

This section follows the approach of Ref. [4]'. Consider a plane wave of the electromagnetic
field, with frequency wy and wave vector k, propagating in free space. The electric and

magnetic fields can be written as

I kxe
E(r, 1) = eByet*m i@kl L ¢ c, B(r, 1) =
oy

EpelFr—iont 4 ¢ ¢, (3.1

where wi = clkl|, c is the speed of light in vacuum, and € is a unit transverse polarization
vector satisfying k - € = 0. The quantity Ej is the complex amplitude of the electric field and
has units of electric field. The corresponding magnetic-field amplitude is fixed by Maxwell’s
equations and is given by

BO:kxe

Ep. 3.2)
Wi

For a unit transverse polarization vector, this gives | By| = |Ey|/c.

We adopt the Coulomb gauge, and set the scalar potential to zero. The electric and
magnetic fields are related to the vector potential by
0A(r, 1)

E@r :—T, B(r,t)=Vx A(r, ). (3.3)

Importantly, we have converted the CGS units used by the author into SI units.
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The vector potential can then be expanded over transverse modes as

Ag,s Ter—i
Ar, =) —Zep ™" 1 cc, (3.4)
& v

where V is a finite quantization volume, introduced to discretize the modes. The index s =1,2
labels a choice of two independent transverse polarization vectors associated with each wave

vector k, which satisfy k - €x s = 0, and the summation goes over all allowed values of k.

Upon quantization, the mode amplitudes are promoted to operators. We introduce the

e . A At P
annihilation and creation operators dg, ; and ay, o satisfying

[ak,& &Lr,s/] = 6k,k'6s,s' ﬂ’ [flk)s, dk",s’] = [d;s) a,tr'sr] =0. (3.5)

The quantized vector potential is then

A(,r, l.) Z m (Ek,sdk,seik'r_iwkt'i_ek s "t: e ik'?"+l'wkl') . (3.6)
Consequently, using Eq. (3.3),
E('f‘ f) = lz ” OV (ek,sdk,seik"r—iwkt Ek sal‘f;: Se ik:-'r+iwkt)’
(3.7)
h o iker—i v \ At —ikersi
B(r,t) = ZZ R ((k: X €p,s) Qg se T TTIOKT (kz x ekys) a;Se ik ””"kt).
The Hamiltonian of the free electromagnetic field is its total energy,
r_ L 3 YRR
H=- | d°r|egE“+ —B~“|, (3.8)
2 Ho
which becomes .
1
Zhwk( ay, (O, + 2) (3.9)

Thus, each transverse mode of the electromagnetic field is equivalent to a quantum harmonic

oscillator. In the rest of this thesis, we choose natural units, so that 77 = 1.

Let us now drop the indices k, s and consider a single mode of the electromagnetic field.
The corresponding annihilation and creation operators, & and a', satisfy the commutation
relation

[a,a" =1. (3.10)
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We can write the number operator as

>
Il

D
_Q)

(3.11)
Its eigenstates |n) satisfy
nin) =n|n), (3.12)

and form a discrete basis called the Fock basis, whose elements are called Fock states. In
this single-mode description, a photon corresponds to one quantum of excitation of the field
mode. Hence, the Fock state |n) contains exactly n photons. The annihilation and creation
operators act on number states as

any=vnln-1, a'lm=vn+iin+1), (3.13)

with @|0) = 0. The (dimensionless) position and momentum field quadratures introduced in

Section 2.4 are related to the annihilation and creation operators by

fc_maﬁ . a-a' 314
\/z » p l\/z ) .
so that
o . . X+ip 4 X—ip
[X,p] =1iT, a= R a = (3.15)
P NG NG
Their eigenstates |x) and |p) obey
Xlx) = x|x), plp)=plp). (3.16)

These are generalized, non-normalizable eigenstates and therefore do not represent physical
states with finite energy. When dealing with N € N, modes, we write the annihilation and
creation operators as d; and 61;, with j =1,..., N. They satisfy the canonical commutation
relations

[aj,al1=6;0,  laj,a = [aj al1=0, jk=1,.,N. (3.17)
Equivalently, introducing the quadrature vector

7= (.7%1,ﬁ1,...,.)%N,ﬁN)T, (318)
the quadrature commutation relations can be written compactly as

(7, fel =iQud,  jk=1,...,2N, (3.19)

where Q is the N-mode symplectic form defined by

(o 1
Q::EB(_1 0). (3.20)

J=1
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3.2 Quantum-optical states

We present here the main families of quantum states encountered in quantum optics. Since
many of them are naturally decomposed in the number basis, also called the Fock basis, we
first recall this basis and its physical interpretation. We then distinguish between Gaussian

and non-Gaussian states, which play different roles in continuous-variable quantum optics.

3.2.1 Number states and the Fock basis

As discussed around Eq. (3.12), the number states (or Fock states) |n), with n € N>, form an
orthonormal basis of the Hilbert space of a single mode. The Fock state |0) is often referred
to as the vacuum state. Using the action of the creation operator @' on number states, see

Eq. (3.13), any Fock state can be obtained from the vacuum as [4]

(ahr

vn!

Fock states have a zero displacement vector (see Eq. (2.62) for its definition), d,, = 0. They are

|n) = |0). (3.21)

also invariant under phase-space rotations up to a global phase, since e~" |n) = e719" |n).

To build intuition, we give the Wigner function of the Fock state | n), recalling the definition

of the Wigner function from Eq. (2.58) in the previous chapter. It is given by [4]

D" —(x*+p?) 2, 2
Wa(x,p) = ——e PIL, (2(x" + p9), (3.22)

where L, is the Laguerre polynomial of order n. This expression depends only on x? + p?,
which reflects the rotational symmetry of Fock states in phase space. For n = 0, the Wigner
function reduces to

Wolx, p) = %e“xzﬂ’z), (3.23)

which is Gaussian. In contrast, all Fock states with n = 1 are non-Gaussian, and their Wigner
functions have negative regions in phase space. Figure 3.1 displays the Wigner functions of the
vacuum state |0), the Fock state |1) containing one photon, and the Fock state |[4) containing

four photons.

2Notice that in Ref. [4], the author is always considering W (a), which we translate into W (x, p) by taking into
account a = (x+ip)/v/2.
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Fock state |0) Fock state |1) Fock state |4)

254 25 25

Figure 3.1: Wigner functions in the phase-space plane (x, p) for the Fock states |0), |1), and
|4). Blue regions correspond to negative values of the Wigner function, while red regions
correspond to positive values. Thus, we observe that the vacuum state |0) has a non-negative
(Gaussian) Wigner function, while the Wigner functions of states 1) and [4) present negativi-
ties, preventing them from being Gaussian.

3.2.2 Gaussian states

Many important quantum states in quantum optics are Gaussian [243], therefore we discuss
some of them here. A Gaussian state admits a Gaussian Wigner function, in the form of
Eq. (2.67). Such a state is completely characterized by its first and second moments, namely
its displacement vector, defined in Eq. (2.62), and its covariance matrix, defined in Eq. (2.63).

We recall these expressions in the single-mode case now.
For a single-mode Gaussian state, with # = (X, p) T the displacement vector is

T

d:=((X,(p), (3.24)
and the covariance matrix is
2 52\ 1 p\2 Lians A2\ (3\/H
Y::(ox axzp):(1 GEH-@F gt pH - P 5.2
Oxp O 2{Xp+ pX) —{X)P) (P =P

where ai and afy are the variances of X and p, respectively, and o ), is their covariance. In the
case of single-mode Gaussian states, the uncertainty relation of Eq. (2.66) can be expressed

compactly as

1
dety = aiai - aip > X (3.26)
In particular, if oy, = 0, it reduces to
1
0505 = T (3.27)
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The Wigner function of a general single-mode Gaussian state is given by

1 1 T,-1
W)= ———e 2@y (r=d), (3.28)
2m/dety
We now discuss some typical Gaussian states. Coherent states and squeezed vacuum states are
single-mode pure Gaussian states, thermal states are single-mode Gaussian states which are
mixed (except in the vacuum limit), and two-mode squeezed vacuum states are an important

example of pure two-mode entangled Gaussian states.

3.2.2.1 Coherent states

When considering an ideal single-mode laser source, its emitted light can often be approx-
imated by a coherent state. Such a state is an eigenstate of the annihilation operator 4,
namely

ala) = ala)y, (3.29)

where «a € C is the eigenvalue associated with the coherent state |a). The coherent state can

be expanded in the Fock basis as [4]

o0 n
—lal?/2 a

—|n). (3.30)
P

lay =e

The photon-number distribution is therefore Poissonian,

2n
a
P(n) = (nla)|* = e"“'z%, (3.31)
with average photon number (7) = |a/|?.
The Wigner function of a coherent state |a) is [4]
Walx, p) = —elxVZRe@) ~(p-yZimie)’ (3.32)
/4

and is indeed Gaussian. The left panel of Figure 3.2 displays the Wigner function of a coherent
state. Notice that the vacuum state |0) is a coherent state with a = 0 (compare Eq. (3.23) and

Eq. (3.32) with a = 0). Coherent states are not orthogonal. Indeed, their overlap is

_ﬁ_ﬁ_'.a*ﬁ
(a|lf)=e 2 "2 . (3.33)
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Nevertheless, they form an overcomplete set, since they satisfy the resolution of the identity

1 R
-i/famxm:w (3.34)
TJc
The displacement vector of a coherent state is
dy = V2 (Re(a),Im(a)” . (3.35)

Thus, the complex amplitude a determines the displacement of the state in phase space. The

190
o =|? ) 3.36
' (o ) .

covariance matrix is

Hence, coherent states saturate the uncertainty relation (Eq. (3.26)), since dety, = 1/4.

3.2.2.2 Thermal states

Thermal states are mixed Gaussian states that describe a single mode in thermal equilibrium.
They can be seen as noisy versions of the vacuum state. In the Fock basis, a thermal state can

be written as [4]

|n)<{n|, (3.37)

where 71 := (71) is the mean photon number. The thermal state has the Wigner function [4]

x2+p2

2n+T (3.38)

Wi, (x, p) = ————
Sy I

which is displayed in the central panel of Figure 3.2. Its displacement vector is
dp =0, (3.39)
while its covariance matrix is

i+s 0
Yin = P (3.40)
0 n+ 5

When 71 = 0, the thermal state reduces to the vacuum state |0) (0|. For 72 > 0, the uncertainty

relation is not saturated, since

detyy, = (fz+—)2>l (3.41)
Yth = 5 1 .
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3.2.2.3 Squeezed states

Squeezed states exhibit reduced fluctuations in one quadrature at the expense of increased
fluctuations in the conjugate quadrature. Here, we focus on squeezed vacuum states, which
are pure Gaussian states.

We consider a single-mode squeezed vacuum state with real squeezing parameter r and
squeezing angle ¢. With the conventions used for the squeezing operator introduced later in

Section 3.3.1.2, its Fock-basis expansion is [4]

1 X ./ (2n)!
0,r,¢p) = ————— —e'? (tanh )" |2n). (3.42)
0.1, vcoshr ngo( ) 2"n! |

In the remainder of this section, we consider ¢ = 0. We notice that only even photon-number
states appear in this decomposition.

For a squeezing in the x direction, the Wigner function is [4]

1 r —al
W, (x,p) = —e (&7F+eP7) (3.43)
/4
which is displayed in the right panel of Figure 3.2. Its displacement vector is
d,=0, (3.44)
while its covariance matrix is
1fe® 0 (3.45)
Yr=7 - .

Thus, for r > 0, the X quadrature is squeezed while the p quadrature is anti-squeezed. Since
dety, = 1/4, squeezed vacuum states saturate the uncertainty relation. More generally, one
may also consider displaced squeezed states |a, r,¢) for which the displacement vector is

non-zero while the covariance matrix retains the same squeezed form.

3.2.2.4 Two-mode squeezed vacuum states

An important family of pure Gaussian states, entangled for r > 0, is given by the two-mode
squeezed vacuum (TMSV) state, which arises for instance from nonlinear optical interactions
such as parametric down-conversion. In the Fock basis, it can be written as [4]

1 00 )
— ip n
ITMSV(7, b)) coshr,;:()(e ) (tanh )" 1) 417) 5, (3.46)

where r = 0 is the squeezing parameter and ¢ is the squeezing angle.
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Coherent state: a=1+1 . Thermal state: 7 =0.4 . Squeezed vacuum : r=0.5, ¢ =0

€ x x

Figure 3.2: Wigner functions in the phase-space plane (x, p) for a coherent state witha = 1+i,a
thermal state with mean photon number 72 = 0.4, and a squeezed vacuum state with squeezing
parameter r = 0.5 and squeezing angle ¢ = 0. The coherent state is displaced along the x and
p quadratures by v/2 values, the thermal state is centered at the origin, and the squeezed
vacuum state is squeezed along the x direction.

Equivalently, defining the complex parameter A = e? tanh r, this can be written as
o0
ITMSV(A)y = V1—|A12 Y A" |n)aln)g, (3.47)
n=0

with |A]| < 1. In the common choice ¢ = 0, which we consider in the remainder of this section,
A =tanhr is real, and this reduces to

ITMSV(A)) = V1-2A2) A" |n)slnys. (3.48)
n=0

This state displays perfect photon-number correlations between the two modes. It can be
understood as a continuous-variable analogue of a maximally entangled state, which would

be recovered only in the unphysical limit r — co.

With the quadrature ordering # = (X4, Ppa, X5, PB) T its Wigner function is [4]

Winsy (1) = ie— cosh(2r) (x4 +p?+x5+p3)+2sinh(2r) (xAxB—pApB)_ (3.49)
2
Its displacement vector is
drvsv =0, (3.50)
while its covariance matrix is
cosh(2r) 0 sinh(2r) 0
1 0 cosh(2r) 0 —sinh(2r)
YIMSV= 7| . (3.51)
2 | sinh(2r) 0 cosh(2r) 0

0 —sinh(2r) 0 cosh(2r)
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Using the hyperbolic identity cosh? a —sinh? a = 1, we find detypysy = 1/16, which means
that the (two-mode) uncertainty relation is saturated. Tracing out either mode gives a thermal
state. Indeed, the reduced state of mode A is

o0

cosh?r > (tanh® r)” |n)alnla, (3.52)
n=0

04 =Trp [ITMSV(r))(TMSV(r)|] =

and similarly for pg. This is a thermal state with mean photon number 7 = sinh?r, so that

Eq. (3.37) is recovered.

The entanglement of the TMSV state can be checked at the level of second moments using
Simon’s criterion (see Theorem 2.9). As discussed in the beginning of Section 2.4.2, partial
transposition with respect to mode B corresponds in phase space to the transformation

pB— —ps. In terms of the covariance matrix, this amounts to
Yk =ApymmsvAp,  Ap:=diag(l,1,1,-1). (3.53)

From Simon’s criterion, for a separable two-mode Gaussian state, the partially transposed

covariance matrix must satisfy
Tg I
v P+ EQ =0. (3.54)

Equivalently, the symplectic eigenvalues of Y5 must be at least 1/2. These quantities are the
positive numbers appearing in the Williamson normal form of y ', obtained by diagonaliza-
tion with a symplectic matrix; they will be discussed in more detail in Section 3.3.1.1. For the
TMSV state, one obtains

) (3.55)

which is smaller than 1/2 for every r > 0. Simon’s criterion is therefore violated, and the
TMSV state is entangled for every non-zero squeezing parameter. The same conclusion can
be obtained from the entropy-based separability criterion of Walborn (see Theorem 2.10).
Defining the EPR-like quadratures

f_:JACA—JACB, §+:]§A+ﬁ3, (3.56)
one finds, for the TMSV state,
0?_ =02 =e7 %, (3.57)
Since these variables are Gaussian, their differential entropies satisfy Eq. (2.82). Thus,
2r
h(R-)+ h(S;) =log(2me) — —. (3.58)
In2

This is smaller than log(2me) for every r > 0, and therefore violates the separability bound.
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3.2.3 Non-Gaussian states

Beyond the Gaussian regime, non-Gaussian states play an important role in several quantum
information tasks. We discuss some examples here, ranging from coherent-state superpo-
sitions (cat states) to Fock-basis entangled states (NOON states). Since these states are
non-Gaussian, their first and second moments do not fully characterize them. We also recall

that the Fock states discussed in Section 3.2.1 are non-Gaussian for photon numbers 7 € N.

3.2.3.1 Single-mode cat states

In analogy with Schrodinger’s thought experiment, one can define superpositions of two
coherent states, which intuitively become distinct for large |a|. The even |6; («)) and odd

|6_(a)) cat states are defined as [4]
€. (@) = N, (la) £]-a)), (3.59)

where we take @ € R (a # 0 for odd cats) for simplicity. The normalization constant is

1
N (3.60)
2(1+e20%)
Their Wigner functions are [4]
2N}
W (x,p) = — =~ ¥P° [e—ZaZ cosh (Zx/iax) + cos (Zx/éap)] : (3.61)
n

The first term corresponds to the two Gaussian peaks associated with |a) and |—a), while the
oscillating term is the interference contribution. These interference fringes are responsible
for the non-Gaussian character of cat states and for the negative regions of their Wigner

functions.

3.2.3.2 Two-mode cat states

Single-mode cat states can be generalized to two modes by considering coherent superposi-
tions of two-mode coherent states. A useful family is given by the partially dephased entangled
cat states [241,253]

_ 1
C Mi(2)

(3.62)
where |a, B) :==|a) 4 10) 5, a,€C, and z € [0, 1] is a dephasing parameter. The normalization

ﬁi(z)

constant is

Me(z) =214+ = z)e20al+1BD ] (3.63)
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For z = 0, the state reduces to a pure two-mode cat state of the form

ly+(0)) = (la, By £1-a,—B)), (3.64)

1
\/ A+ (0)

which is entangled provided that both a and  are non-zero. For z = 1, the coherences
between the two components vanish, and the state becomes an incoherent separable mixture

of two product coherent states, i.e.,

(|(X,ﬂ> <a)ﬁ|+|_a}_,6> <_a)_ﬁ|) (365)

N =

p+(1) =

3.2.3.3 NOON states

Another important family of non-Gaussian states is given by finite superpositions of Fock
states, known as NOON states [196]. A generalized NOON state with total photon number
N € N can be written as

lwn) =alN)410)p+B10)4|IN)p, (3.66)

where a, f € C, and la|? + Iﬁl2 = 1. The balanced case,

1 .
INOON) = —= (IN)410)5 + €100 41V, (3.67)

with a phase ¢, is usually referred to as a NOON state.

Two specific cases are particularly well known. For N =1 and a = = 1/v/2, one obtains

the single-photon path-entangled state

1
V2

For N =2 and a = —8 = 1/v/2, one obtains

(11>4100p +10)4|1)B). (3.68)

L
V2

which is the state associated with the Hong—Ou-Mandel effect [126].

(12) 410 —10) 412)B), (3.69)

When af # 0, NOON states are entangled. They are also non-Gaussian, since they involve

finite superpositions of Fock states (which are non-Gaussian for N € N).
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3.3 Quantum-optical operations

In quantum mechanics, closed-system evolutions are described by unitary operators. In
quantum optics, many important operations, especially in the continuous-variable setting,
are Gaussian, i.e., they map Gaussian states to Gaussian states and admit a simple description
in phase space [243]. These include displacements, phase shifts, squeezing operations, beam
splitters, and two-mode squeezing operations. Measurements, on the other hand, are not
unitary operations and must be treated separately. Some of them, such as homodyne and
heterodyne detection, are Gaussian measurements. Others, such as photon-number-resolving

detection, are non-Gaussian, since they project onto the Fock basis.

3.3.1 Gaussian unitaries

We first recall the definition of a Gaussian unitary operation [243]. In quantum mechanics,
the dynamics of a closed system is generated by a Hermitian Hamiltonian H. Since we set

h =1, the corresponding time-evolution operator is

U =e ', (3.70)
which is unitary, i.e., U'0 =1. In the following, we absorb the time dependence into the
parameters of the transformation.

For an N-mode system, a Gaussian unitary is generated by a Hamiltonian that is at most

quadratic in the annihilation and creation operators. We denote by

a=a,...,an)" (3.71)

the column vector of annihilation operators, and by a' its adjoint row vector. Thus, &'

denotes the corresponding column vector of creation operators. Such a Hamiltonian can be

written as

A

A= i(d*nm*Fam*Ga”) +H.c., (3.72)

where n € CV, F,G € CN*N, and H.c. denotes the Hermitian conjugate.
A Gaussian unitary operation is represented by a unitary operator Ug. At the level of states,

it acts as
p' =UcpUL. (3.73)

Equivalently, in the Heisenberg picture, it induces an affine Bogoliubov transformation of the

mode operators,
JlaUc = Aa+Ba' +n, (3.74)

where A, B e CN*N,
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Preservation of the canonical commutation relations of Eq. (3.17) imposes
ABT=BAT,  AAT=BB'+1Iy, (3.75)
where Iy is the N-dimensional identity matrix.

3.3.1.1 Symplectic formalism

In phase space, the same Gaussian unitary Uy is described by an affine symplectic transfor-

mation of the quadrature operators,

# = U UG = S6i +9, (3.76)
where 7 is the quadrature vector (see Eq. (3.18)), d € RN, and #; is a real symplectic matrix,

ie.,
FeQF ] =Q. (3.77)

Thus, .4; preserves the symplectic form Q defined in Eq. (3.20). At the level of the displace-
ment vector, one has
d = Fd+9, (3.78)

whereas the covariance matrix transforms as
Y =Sy Se . (3.79)

Williamson'’s theorem is a powerful tool in symplectic analysis, since it reduces the study

of a covariance matrix to the study of its so-called symplectic eigenvalues.

Theorem 3.1 (Williamson’s theorem [243, 246]). Lety be a real, positive-definite N -mode

covariance matrix. Then, there exists a symplectic matrix . such that

y=v*T, (3.80)
where
N
Y® =P vil. (3.81)
k=1

The positive numbers v are called the symplectic eigenvalues ofy.
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Equivalently, the eigenvalues of iQy come in pairs +v. Hence, the symplectic eigenvalues of
y are the N positive eigenvalues of iQ2y. In terms of these quantities, the uncertainty relation

of Eq. (2.66), namely .
y+%Qz 0, (3.82)

is equivalent to )
vizZ,  Vk=1..N. (3.83)

This decomposition has a direct physical interpretation. For an N-mode Gaussian state

with zero displacement vector pg y, we can write
poy=Uxpoy=Ul, (3.84)

where Uy is the Gaussian unitary operator implementing the symplectic transformation ..
In this case, ﬁo,y@ is a tensor product of N thermal states. Indeed, the covariance matrix y®
corresponds to the direct sum of covariance matrices of thermal states with mean photon

numbers 71 = v — 1/2, see Eq. (3.40). That is,

N N 1
y® = EBYth(ﬁk) = @ (ﬁk + 5) I, (3.85)
k=1 k=1

where Y, (77x) denotes the covariance matrix of a thermal state with mean photon number 7.

Equivalently, in state space,

N
po,ye = Q) P (7ix), (3.86)
k=1

where p, (77;) denotes a thermal state with mean photon number 71y, see Eq. (3.37) for its

Fock-basis expression.

In general, any N-mode Gaussian state with arbitrary displacement vector can be written
using displacement operators as

pay=D(d)Uspoy=UL,D'(d), (3.87)

where D(d) denotes the displacement operator associated with the phase-space displacement

vector d, see Eq. (3.93) for its mathematical expression.

3.3.1.2 Single-mode operations

We now discuss the main single-mode Gaussian unitary operations in state space and in

phase space.
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Phase shift As a first elementary single-mode Gaussian unitary operation, a phase shift
corresponds to a rotation in phase space and represents the free evolution of a harmonic
oscillator. It is passive in the sense that it preserves the number of photons. Its expression
is [4]

R(O) = ¢7104'2 = =107, (3.88)

where 0 € R, and we used the number operator introduced in Eq. (3.11). Since [R(8), /1] =0,
this operation indeed preserves the photon number. Its action on the annihilation and

creation operators is
R'®arO) =4,  R'©)a'RO) =e"a'. (3.89)
Hence, for the quadratures,
RY(@)%R©O) =cosOx+sin@p,  R'(O)pR©O) = —sinb %+ cosb p. (3.90)

Therefore, the corresponding symplectic matrix is

cosf sin6
SrO) = . (3.91)
—sinf cos6
This is indeed a phase-space rotation. There is no affine displacement term, so the first and

second moments transform as

d =0)d, Y =SR0O)7yFO. (3.92)

Displacement A displacement in phase space is implemented by the displacement opera-
tor [4]
D(a) = e®d'-2"2, (3.93)

where a € C. This operation is not photon-number preserving. Its inverse is another displace-
ment, namely
D' (@) =D (@) = D(-a). (3.94)

The coherent states described in Section 3.2.2.1 are generated by displacing the vacuum
state, i.e.,
@) = D(a)|0). (3.95)

In the Heisenberg picture, the annihilation and creation operators transform as

Diwaba =a+a, Di@waDa=a" +a”. (3.96)
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Equivalently, the quadratures transform as
D' @iD(@) =%+V2Re(@), D'(@)pD(a)=p+Vv2Im(a). (3.97)
Therefore, in phase space, a displacement is represented by the transformation
P =7+ 8q, (3.98)
with the affine displacement term d, and symplectic matrix .#p,
Og = V2 [Re(a),Im(a)) T, Ip = Dy. (3.99)
At the level of first and second moments, one obtains
d=d+6, 7y =7. (3.100)

Hence, displacements change only the first moments of the state and leave the covariance

matrix unchanged.

Squeezing Squeezing is an operation that reduces the fluctuations of one quadrature while
increasing those of the conjugate quadrature. It is represented by the squeezing operator [4]

$(&) = e2(¢7@*-¢a") (3.101)

where ¢ = re’?, with r = 0 and ¢ € R. This operation does not preserve the photon number. Its

inverse is also a squeezing operator, namely

§T(&) =871&) = 8(-9). (3.102)

The squeezed vacuum states described in Section 3.2.2.3 are obtained by applying this

operator to the vacuum state,
10, 7,¢) = S(re'?) |0y. (3.103)

Its action on the annihilation and creation operators reads
ST & asSE) = cosh(na-e'?sinh(r)a’,  ST&a's©) =cosh(ra — e ¥sinh(r)a. (3.104)
For ¢ = 0, this gives, for the quadratures,
S'mx8r=e"x,  STpSn=ep, (3.105)

showing that the X quadrature is squeezed, while the p quadrature is anti-squeezed.
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Therefore, for ¢ = 0, the corresponding symplectic matrix is

Fs(r) = ¢ 0 . (3.106)
0 e

There is no affine displacement term, so the first and second moments transform as

d =%nd, v =FnyH ). (3.107)

General single-mode Gaussian unitary A general single-mode Gaussian unitary can be
decomposed into a combination of displacements, squeezing operations, and phase shifts.

Up to a global phase, it can be written as [243]
Us = D(@)RO)S(R(y), (3.108)

where a € C and 1,60, ¢ € R. When this unitary acts on the vacuum, the rightmost rotation
leaves the vacuum unchanged, since I?((p) |0) = ]0). The remaining phase shift can be absorbed
into the squeezing phase, because with our conventions

R©)3(r)|0) = S(re‘z"") 10). (3.109)

Thus, a pure single-mode Gaussian state can be written as the following displaced squeezed

state

la, 1, ) = D(@)S(re'®)|0). (3.110)

3.3.1.3 Two-mode operations

We review here the two standard two-mode Gaussian unitary operations, namely the beam
splitter and the two-mode squeezing operation. The former conserves the total number of
photons, while the latter does not. Let b and b' denote the annihilation and creation operators
of the second mode B.

Beam splitter A beam splitter mixes the two modes A and B and is represented by the
unitary operator [243]

Ups(6) = (@' 0-ab"), (3.111)
where 0 € R is related to the transmissivity of the beam splitter by

T = cos®#. (3.112)

For T =1/2, equivalently 0 = /4, the beam splitter is called balanced.
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In the Heisenberg picture, the modes transform as
UL (0)aUps(0) =cosOa+sinfb, Ul (0)bUps(0) = —sind a+cos6 b. (3.113)

The corresponding transformation for the creation operators is obtained by taking the Her-
mitian conjugate. Hence, for the quadrature ordering 7 = (X4, pa, X, pp)’, the symplectic

matrix is

cos@ 0 sinf 0
S (0) = 0 cosf 0 sinf (3.114)
BT —sinf 0 cosfO o | ’

0 —sin@ 0 cos@

There is no affine displacement term. Therefore,
d =FsO)d, Y =FsO0)yFs0). (3.115)

When a balanced beam splitter is applied to the input state |1) 4|1), which contains
exactly one photon in each mode, the output is the well-known Hong-Ou-Mandel state [126]
(which is a NOON state, see Eq. (3.69)),

N 1
Uss (%) D all)p = 7 (12) 41005 = 10) 412)5). (3.116)

This entangled state expresses the fact that the two photons always leave through the same
output mode: They are detected either both in the first output mode or both in the second

one, while coincidence events are suppressed by two-photon interference.

Two-mode squeezer The two-mode squeezing operation couples the two modes, by ampli-
fying them with photons created in pairs. For ¢ = re’?, with r = 0 and ¢ € R, it is represented
by the unitary operator [4]

Uyis (§) = el6@'D'=¢"ab), (3.117)

In the Heisenberg picture, the mode operators transform as

U}MS (&) aUrps (&) = cosh(r) a+ e'?sinh(r) b, UltMS & BUTMS (&) = cosh(r) b+e'?sinh(r) a'.
(3.118)
The corresponding transformation for the creation operators is obtained by taking the Hermi-

tian conjugate.
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For ¢ = 0, and for the quadrature ordering # = (%4, pa, X5, pg)’, the symplectic matrix is

coshr 0 sinhr 0
Frngs (1) = 0 coshr 0 —sinhr . (3.119)
sinhr 0 coshr 0
0 —sinhr 0 coshr

There is no affine displacement term. Therefore,
d' =FAms(d, Y = Fous(r)yFps (). (3.120)

We can decompose the two-mode squeezing into a balanced beam splitter, two opposite

single-mode squeezers, and the inverse balanced beam splitter, i.e., at the symplectic level,
/4 /4
Frms (1) :S”BTS(Z) [ys(—r)éBys(r)]eS”Bs(Z). (3.121)

The two-mode squeezed vacuum state introduced in Section 3.2.2.4 is generated by
applying the two-mode squeezing unitary to the two-mode vacuum, that is,

. . 1 oo .\
_ ip _ ip n
(TMSV, 60) = Uras(re ) 004100 = o 3 () canhi )" m gl (3122)

3.3.1.4 General Gaussian unitary operation

The previous examples are the elementary building blocks of general Gaussian unitary opera-
tions. This is formalized by the Bloch-Messiah reduction.

Theorem 3.2 (Bloch-Messiah reduction [243]). Any N-mode Gaussian unitary operation
Ug can be decomposed, up to displacements and a global phase, as

U =Ux U, (3.123)

N A
& $¥ i)
k=1

where Uy and Uy are passive Gaussian unitaries, i.e., multiport interferometers composed
of phase shifts and beam splitters, and S® (1) is a single-mode squeezing operation
acting on mode k.

Equivalently, at the level of symplectic matrices, any N -mode symplectic matrix can be
decomposed as

Fo=K L (3.124)

N
D Fsr)
k=1

where K and L are orthogonal symplectic matrices, corresponding to passive linear-optical
transformations, and Fs(ry) is the symplectic matrix associated with a single-mode
squeezing operation on mode k.
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Thus, any N-mode Gaussian unitary can be realized using displacements, single-mode squeez-

ers, phase shifts, and beam splitters.

3.3.2 Measurements

We now discuss some central non-unitary operations, namely Gaussian measurements, such
as homodyne and heterodyne detection, and the non-Gaussian photon-number-resolving
detection. Since measurements are not described by unitary operations on the measured

system alone, they generally induce irreversible state changes on the measured system.

3.3.2.1 Homodyning and heterodyning

Homodyne and heterodyne detections are Gaussian measurements of continuous vari-
ables [243]. Homodyne detection gives access to one field quadrature, while heterodyne
detection gives simultaneous access to both quadratures, at the cost of adding noise due to
the impossibility of jointly measuring two conjugate quadratures without noise, since they

are non-commuting observables.

Homodyning In the ideal description, homodyne detection corresponds to a projective

measurement in the eigenbasis of a rotated quadrature [28, ]
Xp = cosf X +sinf p. (3.125)
The corresponding measurement projectors are
[(xg) = 1x9) (Xal, (3.126)

where |xp) denotes a generalized eigenstate of &g. For a state g, the probability density of
obtaining the outcome xg is
p(xg) = Tr [pTl(xp)]. (3.127)

Therefore, p(xp)dxg should be understood as the probability of obtaining an outcome within
an infinitesimal interval dxy. Equivalently, in phase space, this probability distribution is

obtained as the marginal of the Wigner function,

p(xg) = /dpa W (xg, po), (3.128)

where py is the quadrature conjugate to xp.
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In practice, homodyne detection is implemented by mixing the input signal with a strong
coherent field, called the local oscillator, on a balanced beam splitter. Two photodetectors
then measure the intensities at the output ports, and the difference between these intensities
gives access to the chosen quadrature. The measured quadrature is selected by controlling
the phase of the local oscillator.

Heterodyning In contrast to homodyne detection, heterodyne detection gives access to
both quadratures simultaneously. It is described by the coherent-state POVM [204]

M(a) = %m) (al, (3.129)
which satisfies, see Eq. (3.34),
/Cdzaf[(a) =1. (3.130)
For a state p, the probability density of obtaining the outcome a is
pla) =Tr[pTl(a)]. (3.131)

Equivalently, this distribution is the Husimi Q function,

1
Qa) = p (alplay, (3.132)

which is another well-known phase-space distribution, distinct from the Wigner function.

Experimentally, heterodyne detection can be implemented by combining the input signal
with an auxiliary vacuum mode on a balanced beam splitter. Homodyne measurements are
then performed on two conjugate quadratures of the output modes, giving simultaneous
estimates of the input quadratures X and p [243]. Because these quadratures are conjugate,
the joint measurement comes with an added vacuum noise contribution.

3.3.2.2 Photon-number-resolving detection

Photon-number-resolving detection measures the number of photons present in a given
mode [243]. Mathematically, an ideal photon-number measurement is described by projec-
tors onto the Fock basis,

I, =n)(nl, (3.133)
so that, for a state p, the probability of detecting n photons is

p(n) =Tr[p11,]. (3.134)

Since Fock states are non-Gaussian for n € N5, photon-number-resolving detection is gener-

ally a non-Gaussian measurement.
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Experimentally, photon-number resolution is challenging, especially for large photon
numbers, due to finite detection efficiency, dark counts, and limited number resolution [218],

although many advances in superconducting detectors have been made [40, 1.

In the remainder of this thesis, Gaussian and non-Gaussian states, as well as the corresponding
operations, will be used to benchmark the criteria discussed in Chapters 5 and 6. Homodyne
measurements will play a central role in Chapter 6, while photon-number-resolving detectors

will be important in Chapter 5.






Part 11

Entanglement detection
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Multicopy technique

Introduced as a method for estimating polynomial functions of density matrix elements [29],
the multicopy technique provides a way to access nonlinear functionals of a quantum state
without reconstructing the full density operator. This method relies on several independently
and identically prepared replicas of the state of interest obtained by repeating the same state-
preparation procedure, rather than on cloning a single unknown quantum system, which
would be forbidden by the no-cloning theorem [69, 248]. In practice, they may be generated
by identical sources operated in parallel or by repeated preparations that are subsequently
synchronized for the multicopy measurement [174].

The central idea is to turn a nonlinear function of p into a linear expectation value on a
larger Hilbert space by considering a n-copy state p®”. In quantum optics, this approach
has been used to design experimentally motivated witnesses of nonclassicality [9, 104] and
entanglement [105], thereby providing an alternative to full state tomography [50, 237] when
only a specific nonlinear quantity is required.

In this chapter, we review the fundamentals of the multicopy technique in Section 4.1. We
then discuss, in Section 4.2, examples relevant to this work, namely the purity, its extension
to higher-order moments, and matrices of mode operator moments involved in witnessing
nonclassicality or entanglement of quantum-optical states.

4.1 Description of the method

We now describe the multicopy method proposed in Ref. [29]. Let {|i)} be an orthonormal
basis of the Hilbert space /. The density operator can be decomposed as

p= pijlD(1,  with p;; = (ilplj). (4.1)
i,
The corresponding n-copy state is
P =p®--® P, (4.2)
\W._J
n copies

which acts on the enlarged Hilbert space

T = - T 4.3)
\—,._J
n copies
In the product basis
liy, . in) =111) ® -+ ® i), (4.4)
one has
ﬁ®n: Z lehPzn]n|ll»»ln><]1,;]n| (45)

il ----- inrjl ----- jn
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We now consider, for simplicity, a homogeneous polynomial functional of degree 7 in the

matrix elements of p,
F@ = > CijiinuaPivji Pinjur (4.6)

il ----- inyjl ~~~~~ ]n

where the coefficients c;, j, ..., j, are complex numbers. We introduce an operator 0) r acting
on #®", defined by

Of = Z Ciljl...injnul,...,jn>(i1,...,in|. 4.7)

ilv"rinrjlr-“vjn

Then, for each term in the expansion of p®”,

Te[Oflin, oo in 1o dnl] = Gtoee s Jnl Oflin, ..oy ind = Ciy jrovin jn- (4.8)

It follows that
Tr[0p6% )= X CivjieiniuPiryi " Pinju = F0)- (4.9)

i1 yeverlis J1yeeer Jin
Thus, a nonlinear polynomial functional of p can be obtained as the expectation value of a
linear operator acting on n independently prepared replicas of the state. Terms of degree
smaller than n can be treated similarly, since they can be embedded into the n-copy formalism

through multiplication by suitable powers of Trp = 1.

In general, the operator o) r need not be Hermitian. If it is not Hermitian, it does not
correspond directly to an observable. In that case, one may decompose it into its Hermitian

and anti-Hermitian parts,

0 Ft OT O f— OT
of———J o1 4.10
f 2 f 2i (.10
Both O(fR) and O(fn are Hermitian operators, and they give respectively the real and imaginary
parts of f(p),

Re f(p) =Tr [0 p®"

. Imf(p)="Tr [O}%@"] . 4.11)

Therefore, even when the formal operator O r is not itself an observable, the complex quantity
f(p) can be reconstructed from the expectation values of two Hermitian multicopy observ-

ables.

This whole construction extends straightforwardly to multipartite states, where each
replica is a copy of the full multipartite state. This extension will be useful when considering

entanglement detection.
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4.2 Applications of the method

Let us now consider two relevant examples where the multicopy method has been used, no-

tably in quantum optics, namely, the purity, as well as higher-order density matrix moments.

4.2.1 Purity of a quantum state

The purity of a quantum state p is defined as
P(p) =Tr[p?]. (4.12)
Using the decomposition of Eq. (4.1), it can be expressed as the polynomial

Pp) =) _pijpji- (4.13)
ij

This is a homogeneous polynomial of degree 2 in the matrix elements of p. Therefore, accord-
ing to the multicopy construction presented above, it can be obtained from two independently
prepared replicas of the state [29]. In the notation introduced above, the only non-zero coeffi-
cients are

Ciy jrinjs =01y pOinjy- (4.14)

The corresponding operator (see Eq. (4.7)) is then

Op=Y  Cijiisplit, j2)i1, 2

vz (4.15)
= 1j, i), jl.

ij

This operator is the swap operator S acting between the two replicas, i.e.,
S:=)"1j, i), jl, (4.16)
ij

which exchanges the two copies of the state. Hence,

2E)=Tr[S(pep)]. (4.17)

This identity shows that the purity, although nonlinear in p, is the expectation value of a linear

observable acting on two copies.
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In quantum optics, the expectation value of the swap operator can be accessed by interfer-
ing the two replicas on a balanced beam splitter [104, 135]; see Section 3.3.1.3 for its definition.

For two single-mode replicas, the beam splitter transforms the input modes as

A

/ Ez1+d2 N —ﬁ1+a2
alz :—-

NN

These output modes correspond respectively to the symmetric and antisymmetric combina-

(4.18)

tions of the two input modes. Indeed, in terms of the output modes,
Stat§=a,, S§'a,§=-a,. (4.19)

Thus, the symmetric output mode remains unchanged under the exchange of the two replicas,
whereas the antisymmetric output mode acquires a minus sign. The latter transformation
in Eq. (4.19) is precisely the action of the photon-number parity operator (which can also be
viewed as a phase-shift unitary with phase equal to 7, as introduced in Section 3.3.1.2). It is
defined as

M:=(-1)"= e (4.20)
and satisfies

fitafl = —a. (4.21)

An output state containing m; photons in the symmetric mode and m, photons in the

antisymmetric mode can be written as

A,_‘_ m A,_*_ my
[a7) " (a)

mllmg!

|m1>out sym ® |m2>out antisym = (|0>0ut sym ® |0>0ut antisym) . (4.22)

Since each creation operator &g acquires a minus sign under the swap, we obtain

S (|m1>out sym ® |m2>out antisym) = (_1)m2 (|m1>0ut sym ® |m2>out antisym) . (4.23)

The eigenvalue of the swap is therefore determined by the parity of the photon number in
the antisymmetric output mode. In this output basis, the swap operator is thus represented
by the operator (ﬂ ® fI). Equivalently, if Uééz denotes the balanced beam-splitter unitary,
transforming this output-basis operator back to the input basis gives

$= (012 (he ) 012, (4.24)

which means that measuring the parity of the second mode after the beam splitter is equal to

measuring the swap operator on the two input replicas.
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a) purity P, b) moments P,
pv %
Ib‘(l)
1/2
F, :
/3(2) N
ﬁ(nfl) | )’fi,,_l

Figure 4.1: a) Multicopy measurement of the purity %, = Tr[p?]. Two independently prepared
replicas of the state interfere on a balanced beam splitter. The particle number 7, is measured
in the second output mode, whereas the first output mode is not detected. b) Multicopy
measurement of the nth moment 22, = Tr[p"]. The n replicas are sent through an n-mode
Fourier interferometer Fj, after which particle-number measurements are performed on
output modes 2 to n (the first output mode does not need to be measured).

Consequently, using Eq. (4.17) and the cyclicity of the trace, one finds

A A (4.25)
=(IeIl) . ~ .
oz e og)
Thus, the purity is obtained by preparing many pairs of identical replicas, interfering each
pair on a balanced beam splitter, measuring the photon-number parity of the antisymmetric
output mode, and averaging the recorded parity values over all runs. This is illustrated in the

left panel of Figure 4.1.

For multimode states, the same idea applies by swapping the two full replicas, which can
be implemented by applying balanced beam splitters pairwise between corresponding modes

of the two copies, followed by suitable parity measurements.
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4.2.2 Higher-order moments

Let us now consider the higher-order moments of the density matrix,
P, (p)=Tr[p"], (4.26)

where n € N;. For n = 2, we recover the purity, 2% (p) = 2(p). These moments are, for

instance, involved in the definition of the Rényi entropies,

1 1

Sn(p) = log(Tr[p"]) = . log(22,(p)). (4.27)

l1-n -n

Thus, estimating 22,,(p) gives access to the Rényi entropy of integer order n = 2.

Using the decomposition of Eq. (4.1), one finds

Tr[ﬁn] = Z PivizPiziz """ Pipiy- (4.28)
i1yeenrlin
Equivalently, in the notation of the general multicopy construction, this corresponds to the
coefficients

Ciy ji-injn = 5j1i26j2i3 . '6jn—1in6jnil‘ (4.29)
The associated multicopy operator is therefore

O.@n: Z Ci1j1~~~injn|j1;---»jn)(ily---yinl

il ----- invjl yyyyy jn

= Z |i2’i3)---) in’i1><i1yi2;---;in|-
i1yeemin

(4.30)

This operator is the (left) cyclic-shift operator, which we denote here by V,,. It acts on basis

states as
Vilin, iz, ey in) = lizyenn,in, 1) (4.31)
Hence,
P () =Tr [V, p°"]. (4.32)

The case n = 2 reduces to the swap operator discussed above. For n > 2, however, V,, is unitary

but not Hermitian. Its adjoint is the cyclic shift in the opposite direction,
Valin iz, ooy ind = liny i1, o). (4.33)

Thus, Vn is not itself an observable.
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Since Tr[p"] is real due to p being Hermitian, the imaginary part of the expectation value of
the cyclic shift vanishes. We may therefore consider its Hermitian part,

. vV, + V!
pw - Intn (4.34)
2
so that
Pu(p) =Tr [VIB o] (4.35)

In quantum optics, the cyclic-shift operator V,, can be diagonalized using an n-mode

Fourier interferometer [53]. With the convention
PRI o P (4.36)
k— ’ :
Vn i3

the corresponding passive unitary Uy is defined by
Ul arUr = a;. (4.37)
Since the Fourier matrix is unitary, we find
n
Y ala =Y ala, (4.38)

that is, the total number of photons is conserved. It can therefore be implemented using only
beam splitters and phase shifters [243].

After the Fourier interferometer, the cyclic shift is mapped onto an operator diagonal in

the output photon-number basis,
A A 2ni yn A A
Vo =Ule n Zia =gy, (4.39)

where 71} denotes the photon-number operator of the kth output mode. Since the moment
22,(p) =Tr[p"] is real, it can be estimated by averaging the real part of this phase factor over

many experimental runs,

n

2
Y k-1
n =1

P.(p) = <cos > . (4.40)
Opp®n0},

Thus, 22,,(p) can be estimated by preparing n independent replicas of the state, sending them

through an n-mode Fourier interferometer, measuring the output photon numbers, and

averaging the corresponding cosine weights over sufficiently many runs. This is illustrated in

the right panel of Figure 4.1.
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4.2.3 Matrices of mode-operator moments

Let us now describe how the multicopy technique can be used to address experimentally

relevant questions for certifying nonclassicality and entanglement in quantum optics.

Nonclassicality In Ref. [210], Shchukin and Vogel proposed a hierarchy of necessary and
sufficient conditions for deciding whether a quantum state of light is classical or nonclassical.
Here, classicality is understood in the optical sense, i.e., a state is classical if its Glauber—
Sudarshan P-representation can be interpreted as a positive probability measure over coher-

ent states,
ﬁ:/dzaP(a)la)(al. (4.41)

If no such positive P-representation exists, the state is said to be nonclassical.
The Shchukin-Vogel classicality criterion is based on an infinite matrix of normally ordered

moments. Introducing a sequence of mode-operator monomials,

f=fofs )= (ﬁ,&, a',a?ata, @Tz,..-), (4.42)
one defines
M"(A)': .ATA,. :T .ATA,." (443)
ij(p): flf] r.fl.f].p, .
where : ---: denotes normal ordering, which means creation operators are placed to the left

of annihilation operators. A state is classical if and only if the full infinite matrix M(p) is
positive semidefinite. Therefore, by Sylvester’s criterion, the negativity of any principal minor
of M(p) certifies nonclassicality. Conversely, if none of the tested minors is negative, no
general conclusion can be drawn.

We denote by d;,...;, the principal minor obtained by keeping the rows and columns
indexed by iy, ..., i,

di..i, = det [My,z, ()] (4.44)

.
wv=1"
Since each entry M;;(p) is linear in p, the determinant dj;,...;, is a polynomial functional of
degree r. It can therefore be accessed, in principle, by a multicopy observable acting on r
independently prepared replicas of the state. In Ref. [9], it was shown that several such minors,
including dy2, dy4, do3, di5, d123, and d235, admit interferometric implementations based on

passive linear optics and photon-number-resolving detection.
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Let us focus on the minor d»3, which reads

=(a'ay? - |(a®)°. (4.45)

stay (at2
dgg = det(<a a> <a >)

@% «a'ay

This is a second-degree polynomial functional of p, and can therefore be written as a two-
copy expectation value. Introducing two replicas with annihilation operators d; and a,, one
obtains

doz = Tr [Oy,, p%?], (4.46)
with

(a3} + al?a3), (4.47)

N | —

Ogy, = M1 112 —
where 71 = d;dk.

This observable can be diagonalized by a simple two-mode linear-optical circuit. After
applying a /2 phase shift on the second replica, denoted by R, (7/2) and explicitly given in
Section 3.3.1.2, followed by a balanced beam splitter Uééz, explicitly given in Section 3.3.1.3,
one has

A N N t A A N
Oy, = R (12) (U37)' Bos Upd Ro(m12), (4.48)
where By is diagonal in the output photon-number basis,

A

By = (4.49)

2
ny—nyg| —\ng+nll.
(“1 “2) (“1 “2)

1
2
Thus, experimentally, one prepares two replicas, sends them through this circuit, measures the
output photon numbers Ny and N with photon-number-resolving detectors, and averages

the value

1 2
BZ?:(nair na’z) = E (na; — nafz) - (nai + nafz) , (4.50)

over many experimental runs.
This witness detects, for example, the nonclassicality of squeezed vacuum states, intro-

duced in Section 3.2.2.3. Consider two identical replicas of the squeezed vacuum

&0 . \ny/(2n)!

Vo )

0,7, ¢) = (tanhr)"|2n). (4.51)

After the /2 phase shift on the second replica and the balanced beam splitter, the two output
modes are in a two-mode squeezed vacuum state (see Section 3.2.2.4),

Wou) = V1=A%2) A"y In)g,  A=tanhr. (4.52)
n=0
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Hence, the output photon numbers are perfectly correlated, Ng = Ng, = n. For each outcome,
the measured value is therefore

1
Bys(n,m) =2 (n-n?-n+n)]=-n (4.53)
Since the probability of obtaining 7 photons in each output mode is
pn=1-2AHA%", (4.54)
the average value is
dp3 = (Ba3)
==Y n(1-A*A*"

n=0 (4.55)
/12

1-22
= —sinh?®r.

Thus, dy3 < 0 for any r > 0, which certifies the nonclassicality of the squeezed vacuum.

Entanglement Soon after proposing their nonclassicality witness, Shchukin and Vogel
introduced a similar hierarchy of moment conditions for bipartite continuous-variable en-
tanglement [209]. The idea is to apply the same positivity logic not to the state p itself, but to
its partial transpose p 5. Recall the Peres—Horodecki PPT criterion from Theorem 2.5: if g is
separable, then p’2 must be positive semidefinite. Therefore, any violation of this positivity
condition certifies entanglement.

Let a and b denote the annihilation operators of the two modes. Following Shchukin and
Vogel, we consider operators f admitting a normally ordered expansion in the two-mode

operators, and introduce a sequence of monomials
f = (fl)fZ)fS"") = (ﬁ) &) dT) l;) BT}) » (456)

where each f; is of the form a'”a”b**b!. For any finite linear combination f = ¥, ¢; f;,
positivity of p’# implies
Tr[ FTpT| > 0. (4.57)

This defines the partially transposed moment matrix

M (p)="Tr [ il fjpTB] . (4.58)
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The entries of this matrix can then be expressed in terms of experimentally accessible mo-
ments of the original state p. The Shchukin-Vogel criterion states that 5’ > 0 is equivalent
to the positivity of the full infinite moment matrix M5 (p). By Sylvester’s criterion, this is

equivalent to the nonnegativity of all its principal minors [105]. We denote these minors by

r

di.i, = det [ M]3 (5)]

1

. (4.59)
uv=1

Thus, if one finds d;,...;, <0, the partial transpose is not positive and the state is necessarily
entangled. As in the nonclassicality case, each entry of M5 (p) is linear in p, so d;,...;, is a
polynomial functional of degree r. It can therefore be associated with a multicopy observable

acting on r independently prepared replicas of the full two-mode state.

Following the ordering above, the minor d;»4 is obtained by keeping the monomials fl =1,
f>=a, and f, = b. After rewriting the partially transposed moments as ordinary moments of
0, this minor reads

1 (@ (bh
diza =det|(a")y (aa) (a'hh|. (4.60)
(by <(ab)y (b'b)
This determinant is a third-degree polynomial functional of p, and thus corresponds to
a three-copy multicopy observable. In quantum optics, Ref. [105] shows that this three-
copy observable can be accessed with passive linear optics and photon-number-resolving
detection. More precisely, the measurement can be decomposed into three passive six-mode
circuits, denoted by Up, jwith j =1,2,3, acting on the three replicas of Alice’s and Bob’s modes.
After each circuit, one measures the same photon-number observable
c=1 (ﬁa, Ay + Ty nb) (4.61)
2 2 3 3 P2
which is diagonal in the output photon-number basis. The determinant is then obtained as

the linear combination

di24 = (C)1 — (C)y +(C)3, (4.62)
where

A e le e 6230

(C)j=Tr|CUp,;p™Uy, ;| (4.63)

Thus, the experimental procedure consists of preparing three independent replicas of the
same two-mode state, applying the required passive interferometers, and averaging suitable

products of output photon numbers.
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For the two-mode squeezed vacuum introduced in Section 3.2.2.4, i.e.,

ITMSV(1)) =V 1— A2 Z At nyAln)g, (4.64)
n=0
with 0 <1 < 1, one has
A:b:o, a'a) =(b'b) = , 4.65
(a) =<(b) (a'ay=<b'b) =12 ( )
and
(aby = A (4.66)
T 1-A% '
The determinant therefore reduces to
dize = (@' a)(b' by - 1(ab)I?
A4 A2
= (1 _/12)2 - (1 _/12)2 (4-67)
AZ
RN P

Hence, d;24 <0 for any A > 0, which certifies the entanglement of the two-mode squeezed
vacuum.

In Ref. [105], various multicopy measurements of selected Shchukin-Vogel entanglement
witnesses were proposed. In particular, the minor d;»4 was shown to provide a stronger
test than the Duan et al. criterion [72] presented in Theorem 2.7. Other minors target
genuinely non-Gaussian features. Indeed, d;49 can certify entanglement in some odd two-
mode cat states (see Section 3.2.3.2 for their definition), while d 913 is useful for detecting

the entanglement of NOON states (see Section 3.2.3.3 for their definition).

In the remainder of this thesis, we focus on continuous-variable entanglement. The multicopy
technique is used in Chapter 5 to measure moments of the partially transposed state, and in

Chapter 6 to measure moments of the realigned state.



67

Detecting strongly non-Gaussian

entanglement

The content of this chapter is based on the following published work: Serge Deside, Tobias
Haas, and Nicolas J. Cerf. “Detecting strongly non-Gaussian entanglement”. Physical Review
Research 8, 033064, July 2026 [63].

In this chapter, we develop continuous-variable entanglement criteria based on moments of
the partially transposed state and establish their experimental accessibility through multicopy
interferometry. We benchmark the resulting criteria on Gaussian and non-Gaussian states
and show that they are particularly effective in the strongly non-Gaussian regime, which
includes the entire class of NOON states. We further assess their performance under realistic
experimental imperfections through analytical and numerical studies of losses, noise between

state copies, and finite statistics.

5.1 Introduction

As discussed in Chapter 2, efficiently certifying entanglement becomes particularly challeng-
ing in continuous-variable systems beyond the Gaussian regime. While covariance-matrix
criteria are particularly effective for Gaussian states, the detection of strongly non-Gaussian
entanglement' generally requires information beyond second moments. States involving
high-order Fock-space coherences, such as NOON states [71, ], therefore provide a de-
manding benchmark for experimentally accessible criteria.

In this context, criteria implied by the seminal positive partial transpose (PPT) crite-
rion (see Theorem 2.5) and based on partially transposed (PT) moments p,, := Tr[(p7#)"]
have recently been developed for discrete-variable systems [80, 169, 252], together with
randomized-measurement schemes for their estimation. Here, we address both their ex-
tension to continuous-variable systems and the development of an experimentally accessible
method for measuring the corresponding moments. The measurement schemes consid-
ered in this chapter rely on particle-number-resolving detection, which is available in both

photonic [40, , ] and ultracold-atom [14, , , | platforms.

'Here, the term strongly non-Gaussian refers qualitatively to (bipartite) states lying well outside the convex
hull of Gaussian states.
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The chapter is organized as follows. In Section 5.2, we extend the two sets of PT-moment-
based PPT criteria to continuous variables, with particular emphasis on experimentally
relevant third-order conditions. In Section 5.3, we derive their multicopy measurement
schemes and work out passive linear-optics implementations for the second- and third-order
moments. In Section 5.4, we compare the resulting criteria with standard approaches for
Gaussian states, coherent superpositions and mixtures of Gaussian states, and strongly non-
Gaussian states in Fock space. In Section 5.5, we investigate losses, imperfect copies, and
finite statistics, and perform a simulated experiment combining these imperfections. We

conclude in Section 5.6.

5.2 PT-moment-based criteria for continuous variables

We start with extending the p,,-PPT criteria reported in [80, 169, 252] to continuous variables,

with an emphasis on criteria involving the first two nontrivial PT moments.

5.2.1 Infinite hierarchies of criteria

5.2.1.1 From the Stieltjes moment problem

The first set of criteria is motivated by the question of whether a given set of PT moments
(p1,..., pn), defined via p, = Tr[(p"#)"], is compatible with a positive semidefinite partially
transposed state [)TB [169, ]. Corresponding to a quantum version of the classical Stieltjes
moment problem, compatibility can be certified upon inspecting positivity conditions formu-
lated in terms of Hankel matrices. Given the Hankel matrix over PT moments of increasing

order along rows and columns

pr p2 P v Pan
P2 p3 P4
P,=| pP3 Ppa ps - , n=13,5,..., (5.1)
P Pn
the p,-PPT criterion states [169,252]
p separable = p’#>0 < P,>0, Voddn, (5.2)

such that violation of the latter inequality for some 7 flags entanglement. Note that the
necessary and sufficient part for PPT when considering all moments is discussed in Lemma 4
from Ref. [252].
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Since p; = 1 and p, equals the state’s purity Tr[$?], we need to exploit at least the third-order
PT moment pj3 to flag entanglement. Sylvester’s criterion implies

Pyip=0 = P, =0, (5.3)

showing that higher-order criteria are stronger (and larger) sets of conditions on the positivity
of p75. Although the set of criteria from Eq. (5.2) has been benchmarked and refined solely
for discrete-variable systems, it readily extends to continuous variables since the Stieltjes-
type moment problem is generally defined over non-negative numbers and, thus, does not
constrain the dimension of the spectrum of the state.

5.2.1.2 From Descartes’ rule of signs

The second set of criteria tests for PPT by linking the eigenvalues of 6%, more precisely, their

elementary symmetric polynomials, to PT moments via Newton’s identities [169], i.e.,
n .
ne,=)Y (-1 e,jpj, n=12,..., (5.4)
j=1

where e,, denotes the nth elementary symmetric polynomial evaluated at the eigenvalues
{A1,...} off)TB, defined as
enMi,..)i= Y AjeAg, (5.5)
l=sji<<jn

with eg(A1,...) =e1(11,...) =1. Then,
p separable = e, =0, VneN, (5.6)

from which conditions on the PT moments can be obtained via Eq. (5.4). Analogously to the
criteria from Eq. (5.2), as a consequence of Descartes’ rule of signs [169], the set of conditions
of Eq. (5.6) becomes equivalent to the non-negativity of 9’5 when n — oo (see Ref. [51]).
While the criteria from Eq. (5.6) have been formulated only for finite-dimensional Hilbert
spaces, their extension to continuous variables is straightforward: Newton’s identities hold
equally for elementary symmetric functions, which formally generalize elementary symmetric
polynomials in the limit of (countably) infinitely many eigenvalues, and so does Descartes’

rule of signs when applied to the characteristic polynomial of an infinite-dimensional matrix.

5.2.2 Third-order criteria

Albeit the apparent outperformance of higher-order criteria, PT moments decrease expo-
nentially when increasing n, thereby complicating entanglement detection in practice. This
follows from |p,| < ( pz)mz for n = 2, which shows that higher-order PT moments are expo-

nentially suppressed, especially if the considered state is highly mixed.
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On top of that, our proposed measurement scheme for p,, requires n replica states, which
further increases the experimental burden for large n (see Section 5.3).

Hence, PT-moment-based entanglement criteria limited to third order, that is, conditions
involving only the purity p, and moment pj3, are of particular relevance for experimental
applications. They are obtained from Egs. (5.2) and (5.6) by setting n = 3, leading to what we

refer to as the quadratic [80] and linear [169] (in p») p3-PPT criteria,
3pr—1
p separable = p3 — p% =0, p3-— PZ =0, (5.7)

respectively. Here, we have used (for the quadratic criterion) that the positivity of a 2 x 2 matrix
with positive elements is equivalent to the positivity of its determinant, and (for the linear
criterion) the relations 3e; = e» — p» + p3 and 2e, = 1 — p,. Interestingly, the two conditions
in Eq. (5.7) coincide for pure states (p2 = 1), giving p3 = 1, but also for mixed states with
purity p, = 1/2, giving p3 = 1/4. In between, the quadratic criterion is stronger than the linear
criterion for p, < 1/2, and vice versa when 1/2 < p, < 1.

This observation suggests the existence of an optimal criterion of third order, in the
sense that given only the two lowest-order moments p, and ps, no stronger condition on the
separability of a state can be found. This is achieved by minimizing p3 with respect to p, over
PPT states, which results in the optimal p3-PPT criterion [169, 252]

p separable = p3—au’®—(1—au)® =0, (5.8)

a+y/ a[p2(a+1)-1]

ala+1)
number. It is instructive to evaluate Eq. (5.8) when 1/2 < p» <1, in which case a = 1,u =

(1++/2p2 —1)/2, such that Eq. (5.8) reduces to the linear criterion. Thus, the linear criterion
is optimal for states of purity 1/2 < p, < 1. In contrast, both the quadratic and linear criteria

where a = |1/ p2] denotes the floor function of 1/p, and u =

is anon-negative

in Eq. (56.7) are outperformed by Eq. (5.8) for mixed states with p, < 1/2 (see Figure 2 in
Ref. [169]). As already noted in Ref. [252], the optimal p3-PPT criterion of Eq. (5.8) is inherently
independent of the Hilbert space dimension, so it also constitutes a valid entanglement
criterion in the CV regime.

Remarkably, the third-order criteria are both necessary and sufficient conditions for
pure-state entanglement — also in the CV case. This follows directly from the Schmidt decom-
|2

position |w) =} ; c; i, i), where c; € C are the Schmidt coefficients such that 1; = |c;|* defines

a probability distribution over a countably infinite set. In this case, PT moments reduce to
LP-norms, i.e., pp = IAI} (pn = II)\IIZ/Z) for odd (even) n, which implies p,, < 1. Equality for
n = 3 holds if and only if all but one Schmidt coefficients vanish. Hence, pure product states
are characterized by all PT moments being unity, while for pure entangled states, we have

pn<lfornz=3.
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5.3 Implementation

We now devise measurement schemes to access PT moments in CV systems. In particular, we
provide passive linear optical circuits to be applied on replicas of the state, from which the two

lowest-order moments, p» and ps, can be extracted using particle-number measurements.

5.3.1 Multicopy method

On discrete-variable platforms like spin lattices, the PT moments are conveniently estimated
from randomized measurements [30, 169]. However, the efficiency of this ansatz — in terms of
the required measurements to extract a given PT moment with high accuracy - relies heavily
on the Hilbert space dimension of a qubit being small. More precisely, the required number
of measurements to ensure € accuracy for an estimate of p,, is on the order of d48!/¢? [80],
where d denotes the single-spin Hilbert space dimension and | AB| the total number of spins
of the bipartite system. Therefore, the randomized measurement toolbox breaks down in the
CVregime.

To overcome this limitation, we propose a readout scheme using the multicopy method [29]
already introduced in Chapter 4 (see also [3,79]). This technique has been successfully applied
to entanglement witnessing in various bosonic systems [53, , , , ], as sketched at
the end of Section 4.2.3. Let us briefly recall it hereafter.

The multicopy method relies on the central observation that any homogeneous polyno-
mial functional of degree n in p can be written as

fn(0) =Tr[0,0°"], (5.9)

where O, is a multicopy operator acting on n independently prepared replicas of the state.
For the multicopy operators considered below, their expectation value can be accessed using
passive linear-optical transformations followed by particle-number measurements, as was
done in Refs. [9, 104, 105, 122]. Counting particles is well established experimentally and
is a standard requirement for photonic quantum computing [147, 148,191, 218], integrated
circuits [166], quantum gas microscopes [14, , , |, and when the system under

scrutiny lacks a phase-stable local oscillator, e.g., in High Harmonic Generation [88].
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Given a multicopy observable O,,, the remaining task is to find a passive unitary transfor-
mation U appropriate for measuring O,, by counting particles at the output,
(dl)---)an)T'_’U(al)---)an)T) (510)

which can be efficiently decomposed into beam splitters (notice that we use a different

convention than in Section 3.3.1.3)

T V1i-1
By (1) = Ve ) (5.11)
Vi-1 =T
of transmissivity 7 € [0, 1], and phase shifts
Ru(p)=e"?, (5.12)

with phase ¢ € [0,2), acting on modes y,v=1,...,n.

5.3.2 Measuring PT moments

The required multicopy observable for accessing the nth PT moment p,, on the n-copy state

%" reads [80]

(5.13)

~A o B

where I1,, and II,, are normal, unitary (but not Hermitian for n > 2) operators corresponding
to cyclic shifts, i.e., permutations, of the Fock basis elements to the right on Alice’s side and to
the left on Bob’s side, that is,

~A

Hn|i1;---;in>A: |in;---;in—1>A,
(5.14)

o B

Hnlil,---,in>B:|i2,---,in,i1>B,

respectively. Importantly, to evaluate the PT moment p,,, it suffices that Alice and Bob mea-

A
Py

sure ﬁn and IT,, separately on their respective subsystems of the n-copy state, then evaluate
the product of their outcomes (by communicating classically), and finally average over suffi-
ciently many experimental runs. Strictly speaking, the non-Hermitian shift operators are not
measured directly. Rather, as shown below, they are diagonalized by a Fourier transform, after
which their eigenvalues are inferred from measurements of the Hermitian particle-number

operators appearing in their spectral decomposition.
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a) Measurement routine b) Purity ¢) Third PT-moment
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Figure 5.1: a) Measurement routine for detecting the nth PT moment p,,. After preparing n
replicas, that is, independent and identical copies, of the bipartite state of interest, Alice and
Bob separately assess their subsystems A (blue) and B (red), respectively. Both use a Fourier
interferometer of order n, denoted by F(n), see Eq. (5.15), and then measure the particle
numbers on their output modes 2 to n. They obtain p,, from the multicopy observable D4 ®
(f);l)B , see Eq. (5.18). b) Readout of the purity p,. The second-order Fourier interferometer
F(2) is realized by a balanced beam splitter, upon which both Alice and Bob just measure
particle numbers. ¢) Measurement of the third PT moment p3. The third-order Fourier
interferometer F(3) is implemented by a sequence of three beam splitters and three phase
shifts (only the first is needed in practice), upon which incident particles are counted in the
output modes 2 and 3. Here, Bob’s multicopy observable corresponds to the inverse of Alice’s,
which is reflected in the particle numbers corresponding to the output modes 2 and 3 being
interchanged for Bob.

To devise a suitable multicopy measurement scheme, let us first consider Alice’s side. We
introduce the discrete Fourier transform (DFT)

1 1 1
e ) LI (5.15)
n=— , 5.15
val: o e :
- -1(n-1
1 wZ 1. wgln )(n—1)
—-2miln

with complex phases w, = e and rank n. The matrix F(n) describes the transformation
of the mode operators. We denote by U l(;”) the corresponding passive Fock-space unitary,
defined through

R n
(U;”)) a0 = 3 [F(n)liy dg. (5.16)
/=1

The Fourier transformation diagonalizes the right cyclic shift,

= A T A A

i, =(0%) DO, (5.17)
where

Z}1=1(]'_1)Nj
n .

D,=w (5.18)
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The operator D,, is diagonal in the output particle-number basis. Since the coefficient associ-
ated with N; vanishes, only the particle numbers in output modes 2 to 7 need to be recorded.

The corresponding state transformation is

R Ao\ T
pon U}")ﬁw(l’ém) , (5.19)
and therefore
—)A A A A T
Tr | p®" 11, :Tr[D,,U;”’ﬁ@”(U;”)) . (5.20)

This procedure can easily be extended to the bipartite case, where Bob measures the
left-shift operator I1,. Using the fact that the latter is the inverse of the right-shift operator
together with the unitarity of the Fourier transform, we find

A
Piaiy

A t A qA
i, =(0%) ;0. (5.21)

Therefore, for the readout of the nth PT moment, Alice and Bob need to perform the same nth-

order Fourier interferometer on their respective sides. This results in the state transformation

A A A t A t
pon— |0 e U] oo (0] ® (0%) (5.22)
and the subsequent measurements [see Figure 5.1a)]
pn=((DpeD;HF)-). (5.23)

We note here that this implementation is reminiscent of the method put forward in Ref. [53]
to access Rényi entropies, i.e., moments of the state p itself. The key difference in our case —

the partial transpose p’® — results in Bob having to measure the inverse of Alice’s observable.

Alternatively, one may use the identity I n=U I(:")Dn (U I(D"))T, showing that the left shift
operator can also be diagonalized by applying an inverse Fourier transform. In this case,
Alice and Bob would have to measure precisely the same observables, but Bob would have to
reverse the optical circuit Alice used.

5.3.3 Optical circuits for low-order moments

It is left to decompose the DFT of Eq. (5.15) into passive optical elements. In general, any
n-mode passive linear-optical unitary can be decomposed into at most n(n —1)/2 beam
splitters (each possibly followed by a phase shift), which stems from the decomposition of
the n-dimensional unitary group U(n) into U(2) subgroups [37,47, 187]. In the following, we
explicitly devise optical circuits implementing F(2) and F(3), enabling the measurements of
p2 and ps, respectively.
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5.3.3.1 Purity p,

The protocol for obtaining the state’s purity using two copies is arguably the most prominent
application of the multicopy method [9,29,53, 104] (see Section 4.2.1) and has been success-
fully implemented in cold-atom systems [135, ] and integrated photonic devices [101]. It is

well known that the two-mode DFT is nothing but a 50:50 beam splitter operation, i.e.,

F(2) = Lit ! (5.24)
- \/z 1 _ 1 . .
Note that in this case, the DFT matrix is involutory; i.e., F~}(2) = F(2) since a shift in any
direction corresponds to the swap operation, which is another way of seeing that p» equals

the purity. Hence, a single beam splitter on each side suffices for Alice and Bob to access p».

The multicopy observable after the beam splitter has been applied reads

p2= <<wf? ®w§v§>> = (i) (5.25)

and relates to a parity measurement of the total particle number across the second modes,
specifically, the output modes displaying destructive interference. Thus, the experimental
procedure consists of Alice and Bob counting the number of particles in these modes, sharing
their information via classical communication, and assigning the values +1 or —1 for an even
or odd total number of particles, respectively, and thereupon averaging over sufficiently many

experimental runs [see Figure 5.1b)].

5.3.3.2 Third-order PT moment p;

Following Eq. (5.15), the third-order DFT evaluates to

o 1
F@) =—|1 % €7 |, (5.26)
\/§ i _jin
1 e'3 e s

whose implementation requires a combination of three beam splitters and three phase shifts,

F(3) =Rs3 (%) R, (—%) Bas (%) R3 (2)313 (%) B2 (%) (5.27)

[see Figure 5.1c)]. However, as we conduct particle-number measurements at the output, the

namely,

two last phase shifts of +7/6 (light gray) can be left out.
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Then, the third-order PT moment ps3 is encoded in the multicopy observable

P <<<wN2A+2N§“ ®w21§/§+1§l§>>>
3= 3 3

A oA B (5.28)
<(e_2ni/3)N2A+2N3A+2NZB+NSB> .

Importantly, the prefactors of Alice’s number operators appearing in the exponent are now
interchanged for Bob’s. Although each experimental outcome is assigned a generally complex

phase, their statistical average equals ps, which is real because p’# is Hermitian.

5.4 Benchmarks

Next, we benchmark the detection capabilities of the various third-order criteria discussed
in Section 5.2.2. We discuss their performance in the form of a general comparison to other
strong criteria, upon which we explore a variety of typical state families. This includes Gaus-
sian states and strongly (also referred to as quantum [241]) non-Gaussian states — divided into
superpositions of coherent or Fock states — including, e.g., NOON states, whose entanglement
is known to be hard to certitfy.

5.4.1 Comparison

5.4.1.1 Shchukin—Vogel criteria

As already discussed in Section 4.2.3, the well-known Shchukin-Vogel hierarchy constitutes
another complete set of criteria testing for PPT [163, , ]. In contrast to PT-moment-
based criteria, they involve moments of mode operators. The central idea is that the partially
transposed state 5’2 is non-negative if and only if Tr [(97#) f' f] = 0 for all normally ordered f.
It is convenient to expand f =i,k Cijkl at'al bt*p! for some complex-valued c, leading to

a reformulation in terms of the matrix D,k = Tr[p a'" a9a" @/ b'* b*b*b!], namely [105],

. -
Z qustcijleqrst,ijkl =0, (5.29)
q,1,5,t

ij,k,1
for all complex c. This is, in fact, equivalent to all principal minors of D being non-negative,
as implied by Sylvester’s criterion. A specific criterion is then obtained by choosing a certain
f (or equivalently c), which corresponds to selecting some submatrix of D. For instance,
setting f =c+ca+ 035 leads to a second-order criterion that is necessary and sufficient for

Gaussian entanglement.
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It is natural to ask how Eq. (5.29) relates to PT-moment-based criteria. When considered
over all c, the three infinite hierarchies from Egs. (5.29), (5.2), and (5.6) are all equivalent
to PPT. Still, their main conceptual difference is that while practically useful criteria of the
Shchukin-Vogel hierarchy comprise only a few low-order mode-operator moments, PT mo-
ments can involve mode-operator moments of arbitrarily high order, depending on the state.

To make a more precise statement, we derive a relation between the linear p3-PPT cri-
terion of Eq. (5.7) and Eq. (5.29). Starting from the state’s normally ordered expansion
0 =2ijkiPi jkldﬂ&f b™*b! for complex-valued p, normally ordering its powers allows to
write any PT moment as

pn= 2 [Pu1(0)]; 5 dijik, (5.30)

ijik,l

where d denotes the matrix of mode-operator moments d; jx; = Tr [ 0 atial btkp! ] Note here
that d; jik = djjr1, and hence moments of the partially transposed state correspond to re-
ordered moments of the state itself. Further, p,’s, as defined in (5.30), are polynomials in p
of order n that arise by repeatedly applying the bosonic commutation relations to ensure
normal order in the trace. For the two lowest-order polynomials p; and p,, which are required
for p, and ps, respectively, we obtain

[pl(x)]ijkl =X,

min(q,s) min(r,) g\(s\(r\[¢ (5.31)
[pZ(x)]ijkl: Z Z Z ulv! Xi—s+ugri-t+vXsj—qg+uk-r+vt-

q,1,5t u=0 v=0 uf\uj\vj\v

We find a similar decomposition for the Shchukin-Vogel criteria after normally ordering

f T f , namely,
Tr[(ﬁTB)Jﬁf] = > [f200ijxs dijik 20, (5.32)

ijik,1

where §, is defined in analogy to p,, with the main difference being that indices are slightly
reordered since f, stems from fT f, whereas p, stems from (o7 )3. In general, the map ¢ — f2(c)
is not surjective for complex-valued c. However, when identifying linear combinations of
Eq. (5.30) with Eq. (5.32), f2(c) must be Hermitian, in which case it can always be expressed as

a bilinear form of some complex-valued c.

Therefore, the linear p3-PPT criterion of Eq. (5.7) equals the Shchukin-Vogel criterion of
Eq. (5.32), with the matrix ¢ being defined implicitly via [f2(c)]; jx; = [p2(p)] ik~ B12)pijr+
(1/2)6i06 job6 k00 10- This shows that the set of mode-operator moments constrained by a
PT-moment-based criterion depends solely on the state and can, in principle, range up to
arbitrarily high orders — a crucial property for capturing higher-order correlations (we provide
a worked-out example for NOON states in Appendix A.4.1). Given that the efficient readout of
low-order Shchukin—-Vogel criteria also requires multiple copies [105], the herein proposed
scheme is expected to outrange the Shchukin-Vogel method for strongly non-Gaussian states

in terms of both detection capability and experimental resources (see, e.g., Section 5.4.4.1).
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5.4.1.2 Criteria based on non-local variables

In another common approach, PPT is assessed via the non-local quadrature operators
X =XatXpand pr = pa+ pp from the EPR argument [76]. By noting that taking the partial
transpose in subsystem B translates into pp — —pp in phase space [216], physicality (meaning
non-negativity) of p’# implies that uncertainty relations must be fulfilled by the mixed com-
muting variable pairs (%, ps) for all separable states. More generally, uncertainty relations
provide another way to construct separability criteria and entanglement witnesses [57].
Many entanglement criteria have been formulated in terms of the outcome distributions of
a homodyne measurement f. (x4) = (x+|p|x+), gx(ps) = (pz|p|p+). This includes constraints

on their second moments, such as Uii + 0%; > 2 [72] (see Theorem 2.7, and also [99, ,
, 216, 244]), and entropies, like h(f.) + h(gs) = log(2me) [239] (see Theorem 2.10, and
also [195,200,228,238]). Recently, entanglement criteria were introduced for the Husimi-Q

distribution Q. (x4, ps) associated with a heterodyne measurement, ranging from entropic
variants h(Q) = log(2e) [84] (see also [85]) to majorization relations Qx < Q4 vacuum [92, 93].

While all these methods fully characterize Gaussian entanglement, the entropic criteria
also witness some forms of non-Gaussian entanglement, such as superpositions of Gaussian
states, e.g., the entangled cat state (see Section 5.4.3.1) and close-to-Gaussian states, e.g.,
the Hermite-Gauss state [see Eq. (5.50)]. However, entanglement cannot be certified over
the whole parameter range in both cases. Additionally, strongly non-Gaussian entanglement
arising from finite superpositions in Fock space is entirely overlooked. Thus, such methods are
efficient when dealing with Gaussian and Gaussian-like entanglement, but remain insensitive
beyond.

Intuitively, this is rooted in how (quantum) correlations are analyzed: The non-local
variables (x., ps) are linear and hence capture mostly linear correlations between the two
subsystems, while lacking information about higher-order correlations. Therefore, we expect
our method to outrange all criteria based on EPR-type variables in the strongly non-Gaussian

regime (see, e.g., Section 5.4.4).

5.4.2 Gaussian entanglement

5.4.2.1 Symplectic formalism and Simon’s criterion

It is convenient to group the two pairs of canonical operators into a single vector in phase
space as
X = (&1, p1, %2, p2) 7. (5.33)

Then, the canonical commutation relations take the form [)2 X j/] =iQ; j/T], where QO denotes

« ”»

the symplectic metric. We denote with the “~” symbol partially transposed-state quantities.
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A partially transposed Gaussian state is fully characterized by its mean vector and covariance

matrix

xX=Tr[(p"™)x], 7j=Te[(6") {%) %] - 2%;% (5.34)

respectively. While the former is irrelevant for separability, the latter is non-negative for all
states but fulfills the stronger condition y + iQ = 0 if and only if p is Gaussian and separable,
which is known as Simon’s criterion [216], see Theorem 2.9 (other well-known criteria have
been introduced by Duan et al. [72], see Theorem 2.7, and Mancini et al. [99, ], see Theo-
rem 2.8). It can be recast into a simple form in terms of the so-called symplectic eigenvalues
of y. To this end, we employ Williamson’s theorem [246] introduced in Section 3.3.1.1, which
ensures the existence of a symplectic matrix . that diagonalizes the covariance matrix such
that . )h?T = diag(v1, V1, V2, V2), where ¥, and v, denote the symplectic eigenvalues. Hence,
a Gaussian state is separable if and only if

Vi,v2 =1 (5.35)

[see the straight black curves in Figures 5.2a) and 5.2b)].

5.4.2.2 p,-PPT criteria for Gaussian states

A closed formula for the nth moment of a Gaussian state in terms of its symplectic eigenvalues

has been derived in [204, 206]. For the partially transposed state, it reads
2 on
p”:}:[l(vjﬂ)n—(vj—nn' (536
For n = 2 and n = 3, the formula evaluates to
ppo L o1 _ 16 5.37)

v, Jderp 0T (14370 (1+372)
respectively. Hence, a Gaussian state is pure if and only if the product of symplectic eigen-
values equals unity, i.e., ¥; v, = 1. This implies that all states have to respect the physicality
condition vV, = 1 (see dashed black curves) Notice that V1V, = vy v, is ensured by symplectic
matrices having unit determinant.
With Eq. (5.37) at hand, we can express the p3-PPT criteria in terms of the symplectic
eigenvalues (v, V,) only. The quadratic ps-PPT criterion reads (blue curves)

TVAVE -3 (VA +75) 120, (5.38)
while the linear criterion evaluates to (green curves)

(V] +3V4V5 + ¥5) (V172 — 3) + 11717, — 1 2 0. (5.39)
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It is straightforward to check that both conditions and the optimal criterion (red curves)
are implied by Simon’s criterion of Eq. (5.35), showing that all three are necessary but not
sufficient conditions for Gaussian separability. Sufficiency is retained in the limit n — oo, see
Appendix A.1.2, in accordance with PPT being equivalent to separability for 1 x 1 Gaussian

states [244].

5.4.2.3 Optimal PT-moment-based criterion for Gaussian entanglement

When expressing Simon’s criterion of Eq. (5.35) through the two lowest-order PT moments p,

and ps, we find that a Gaussian state is separable if and only if

4p3
3+p§’

p3 = (5.40)
which is the optimal p3-PPT criterion for Gaussian entanglement (see straight black curves).
However, note that this criterion is biased in the sense that it only holds under the assumption
that the underlying state is of Gaussian form. Translating also the physicality condition
Vv1V2 = 1 to PT moments by using v, = 1/(¥ p2) for p3 and maximizing over ¥; yields an upper
bound constraining all Gaussian states (see dashed black curves)
4p2 )2
3+ p2 '

p3 = ( (5.41)

Of course, one might argue that requiring copies of an entangled Gaussian state to witness its
entanglement is unnecessarily demanding; however, the method becomes powerful in the

non-Gaussian regime.

5.4.3 Strongly non-Gaussian entanglement from coherent states

5.4.3.1 Mixed entangled cat states

Non-Gaussianity naturally arises from mixtures of Gaussian states, while coherent superposi-
tions are required to generate strongly non-Gaussian states, for which Schrédinger cat states
display an important example [241,253]. In the following, we consider the dephased [even (+)

or odd (—)] entangled Schrédinger cat states

1
p=c [, B (a, Bl +|~a,—B) (~a,— Bl £ (1 - 2) (|, B) (~a, = Bl + |-, ) (a, Bl)],  (5.42)

-2(|al?

with normalization C = 2[1 +(1-2)e +Ip '2)], displacements «, § € C, and mixing (dephas-

ing) parameter” z € [0,1].

2Centering both cats (a = f = 0), i.e., reducing the state to the vacuum, requires z > 0 for a well-defined state.
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The state’s purity decreases monotonically® for increasing z, with p, = 1 if and only if z =0,
and p, =1/2for z=1 and |a|,|f| — co. When z =1, a =0, or 8 = 0, the state of Eq. (5.42)
is separable, but entanglement is challenging to reveal for odd cat states: Second-moment-
based criteria fail to witness entanglement, while entropic criteria flag entanglement only if
the two cats are well separated, i.e., beyond |a| = |B]| = 3/2 [84, , 1.

We provide expressions for the second and third PT moments in Appendix A.2. Since
p2 = 1/2 over the full parameter range, the linear criterion is optimal. Entanglement is always
witnessed for even cat states (as in Ref. [95]). For odd cat states, we obtain the separability

condition
1
la|® +|BI% < —5In(1-2) (5.43)

[see Figure 5.2¢)]. For given z, entanglement is certified in the complement of a disk of radius
v—(1/2)In(1 - z) in the (||, |B])-plane. For |a| = |B], this amounts to |a| = v/—In(1 — z)/2 (see
inset), which is smaller than 3/2uptoz=1- e~ 9 ~0.99988. Hence, all entropic criteria are

outperformed by the p3-PPT criteria. Note also that entanglement is certified for all |a|, | 5] > 0
when the state is pure (z = 0).

5.4.3.2 High Harmonic Generation (HHG)

Assessing entanglement by counting photons is particularly relevant for applications where
other standard readout methods are inapplicable. A prime example of recent interest is the
process of High Harmonic Generation (HHG), in which intense laser fields are directed at
atomic media to generate high-order harmonics of the driving field [86]. In the strongly inter-
acting regime, i.e., when the generated light lies in the extreme ultraviolet (XUV) spectrum, a
phase-stable reference beam is often lacking, thereby preventing quadrature measurements
via both the homodyne and heterodyne detection protocols [38].

In a recently proposed multimode quantum description of HHG, the initial coherent-state
driving field @ (mode 1) is depleted by 6a > 0, which causes displacements y; in the N -1
harmonic modes j = 2,..., N, leading to entanglement between the driving laser and the
higher harmonics, as well as among the harmonics themselves [222]. The corresponding

global state reads

1
ly) = NG (la—éa) ®§.V:2 lxj)—(ala-da)|a) ®§-V:2 Ojlx» |0j>), (5.44)

_ 2_vN 2
with normalization C=1-¢ a1 7! .

In the following, we consider all harmonic modes to be displaced equally, i.e., y = xj, in
which case |y| < |6 a| by energy conservation and only odd harmonics are populated.

3The only exception being when |a/,|8| < 1 for the odd cat state.
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We analyze entanglement across the bipartition of the driving field and one harmonic de-
scribed by the mixed state

p=Trjso [lw) (wl]; (5.45)

see Appendix A.3 for an explicit expression and the corresponding PT moments.

Entanglement is detected by the linear p3-PPT criterion (optimal because p = 1/2 in the
considered regime), also for many harmonic modes [see Figure 5.2d)]. Note that the purity p,
is monotonically increasing with da, and that p, = 1 for N = 1, while p, = 4/5 for all N > 1.
The amount of entanglement behaves very similarly when considered as a function of § & with
a pure product state being attained in the limit a — oo, see also Figure 3 in Ref. [222], and
hence entanglement is harder to certify for more pure states. Further, we observe a decrease
in absolute violation for increasing N, as the entanglement is split among more modes.

It was proposed in Ref. [222] that entanglement can be enhanced by using conditioning
measurements on complementary modes instead of the partial trace. In this case, the re-
maining bipartition is always pure, and thus entanglement is fully witnessed by any p3-PPT
criterion.

5.4.4 Strongly non-Gaussian entanglement from Fock states

5.4.4.1 NOON states

Entanglement detection is hardest when considering finite superpositions in Fock space. Of

particular importance is the class of bosonic NOON states [196]
ly) = a|N,0)+ B10,N), (5.46)

with mode population N € N* and phases a, § € C constrained by |a|* + | 8|> = 1 due to state
normalization. This class comprises the first two Bell states for N =1 and a = 1/v2, B =
+1/+/2, and the Hong-Ou-Mandel state for N = 2 and a = —§ = 1/+/2. States of the form of
Eq. (5.46) have successfully been prepared deterministically for N < 2, e.g., using Hong-Ou-
Mandel interferometry. In contrast, higher-order NOON states with N > 2 were generated
probabilistically by additionally invoking post-selection (see Refs. [3, 136, 165, 168,189,219,

). Although NOON states are evidently entangled whenever neither of the complex
phases is zero, detecting their entanglement is notoriously difficult — both theoretically and
experimentally. Non-local EPR-type criteria — whether based on second moments or entropies
—never flag entanglement [72,84,85,92,93,99,160,195,200,228,238,239], while mode-operator-
based criteria require moments up to order 2N [35], for which no practical readouts exist
when N becomes large. For instance, a recent criterion formulated for a spin-like multicopy

observable encoding fourth-order moments witnesses entanglement only up to N =2 [105].
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Figure 5.2: a) Detected Gaussian entanglement by PT-moment-based criteria of order 3
(shaded regions) in terms of the symplectic eigenvalues V1, V. The set of physical Gaussian
states constrained by v; v, = 1 (above and to the right of the black dashed line) is divided by
Simon’s criterion (5.35) (black straight line) into separable (v; = 1 and v, = 1) and entangled
(v1 <1 or vy < 1) regions. The performance across the criteria is governed by the purity p»,
with the tipping point at p, = 1/2 (yellow dashed line). This purity is realized, for instance,
by a two-mode squeezed state at finite temperature, see Appendix A.1.1, with 2 = (v2 —1)/2
particles per mode. No third-order criterion detects entanglement when v; < 1,v2 > 1 (or
vice versa). b) Complementary analysis in terms of the PT moments p, and ps. c) Certified
entanglement for the odd Schrodinger cat state (5.42) by the optimal (= linear since p, = 1/2)
p3-PPT criterion for various mixing parameters z = 0,0.5,0.9,0.99 (blue, green, red, and yellow,
respectively) and (without loss of generality real) phases «a, 8. Entanglement is flagged well
below a = f = 3/2 (see inset), thereby outperforming all entropic methods. d) Absolute
violation of the linear p3-PPT criterion for the entanglement between the driving field and
the first harmonic mode in High Harmonic Generation (HHG), see Eq. (5.45), as a function of
the (without loss of generality real) depletion § a of the laser field for various total numbers
of excited harmonics N. Entanglement is witnessed over the full parameter range. e) The
same as in panel d) for the family of NOON states (5.46) as a function of the (without loss
of generality real) phase a. Entanglement is detected for all mode numbers N and a # 0,1,
with the strongest violation —3/4 occurring at a = 1/v/2 = 0.707, independent of N. All other
standard methods are significantly outperformed.
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Since NOON states are pure (p2 = 1), their entanglement is certified by all third-order

criteria. More precisely, after a straightforward calculation, we find for p3

p3 =Tr ||al®|N,0) (N,0] + aB*|al*|BI*|N, N) (0,0
+a* Blal?|B10,0) (N, N|+81°10, N) (0, N| (5.47)

=|al®+Bl°.

Remarkably, this result is independent of the mode population N (which generalizes to all
PT moments) and pj is strictly less than unity if and only if @ or  # 0 [see Figure 5.2¢)]. This
demonstrates that PT-moment-based criteria significantly outperform all other approaches
in the strongly non-Gaussian regime (see Appendix A.4.1 for an in-depth analysis of which
mode-operator-moments appear in the PT moments). These findings also persist under
realistic experimental constraints, which effectively render the underlying state mixed (see
Section 5.5.2).

5.4.4.2 Other pure-state families

In the following, we list a few important pure entangled states that belong to the class of
strongly non-Gaussian states, which are all automatically witnessed by any p3-PPT criterion.
Some of them are typical benchmarks for entanglement criteria, while others are of particular

experimental relevance.

* Entangled Fock-state superpositions

NN/
lwy= Y ¢jilii", (5.48)
Jj'=0
which includes, e.g., the photonic qutrit state [190,239] [y) = (v2]0,0) +12,0) +0,2)) /2,

whose entanglement remains undetected by entropic methods [84,85,92,93, , ,

,238,239].

e Photon-added and photon-subtracted states, which are obtained by adding or subtract-

ing photons from a pure Gaussian state, i.e.,

) o (dT)] |¥Gauss) » ly_) x (51)] |WGauss? » (5.49)

respectively [241]. Both processes enhance the entanglement in the initial Gaussian
state. Therefore, entanglement is typically witnessed also by second-moment criteria

as long as j remains small [72,99, 151, 160,216, 244].
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* The Hermite-Gauss state described by the wavefunction [190, 239]

2 2
+ _
(x1+x2) (x1—x2)

X1+ X2 e_( 102 402 )’ (5.50)

/ 3
no_0Y

whose generation involves the non-Gaussian input |0, 1) fed into a Gaussian circuit [121].

W(xy,x2) =

No entropic criterion detects entanglement over the full parameter range, i.e., when

0-+)0-—>0[ ) ) ’ ) ) ’ ) ) ]

5.5 Application

Robustness to experimental imperfections is an essential requirement of any practically
useful entanglement criterion. First, we discuss typical sources of errors encountered in our
detection schemes and how to model them. Then, we explore their influence in detail for
NOON states.

5.5.1 Imperfections

We are interested in the three main types of imperfections: the inherent losses that occur in
state preparation, the optical circuit and detection; the noise-induced discrepancies between

different state copies; and the limitations of finite measurement statistics.

5.5.1.1 Losses

Particle losses are inevitable in the preparation process of a given input state p, the optical cir-
cuit, and the detection of single particles. With advances in superconducting photon-number-
resolving detectors, efficiencies in photonic setups are now on the order of ~95% [162, ]
and single photons can be resolved up to 100 photons [40] (see also [218] and references
therein). In ultracold atom experiments, quantum gas microscopes enable single-particle
resolution up to ~ 1000 particles [14, , ] (see [106] for a review). Therefore, losses are
most detrimental during state preparation and optical processing.

The effect of losses is conveniently characterized by a lossy quantum channel Z;, where
7 is the loss parameter, being unity in the lossless case [243]. Since losses can primarily be
attributed to the optical circuit, we assume equal losses for both subsystems A and B, as well

as among the copies of p (on average, see below), which results in the input-state modification

p— (L@ L)(P). (5.51)
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This quantum channel can be represented via its Stinespring dilation as the interference of
the state of interest with a vacuum state |0) (0| on a beam splitter with transmissivity 7 € [0, 1],

after which the environmental mode E is traced out, that is,
Z:(pa) =Trg | Bag(r) (p4 ©10) O1z) Bl p(7)| (5.52)

for subsystem A, and analogously for B.

5.5.1.2 Noisy copies

In real-world experiments, input-state and circuit parameters can vary from one experimental
realization to another. The resulting variations among the state copies and subsequent
experimental runs are commonly referred to as noise. We account for both effects by drawing
any continuous parameter x, such as the complex phase « of the input state or the loss
parameter 7, from a narrow Gaussian distribution with standard deviation 6 x < x/10 centered

around the corresponding expected value x.

We note that noise is sometimes accounted for by replacing the environmental vacuum
state in Eq. (5.52) with a thermal state, where the mean particle number acts as the noise
parameter, corresponding to a noisy and lossy channel [243]. Although we expect the resulting
effects to be very similar, this modeling presents two practical drawbacks. First, mixing the
input with a thermal state leads to (exponentially suppressed) excitations of arbitrarily high
Fock states. Therefore, any reasonable numerical simulation of our method would require
truncating the Fock spectrum above a specific threshold. Second, while this approach handles
the noise during state preparation and within the optical circuit, it does not take into account

fluctuations between different experimental realizations.

5.5.1.3 Finite statistics

In every experiment, an observable of interest is ultimately estimated from a finite number
of repetitions of the experiment, which can greatly influence the statistical significance
of the expected outcome. In the context of entanglement detection, where the standard
smoking-gun signal is the negativity of some witness function, finite statistics can significantly
deteriorate detection capabilities by resulting in small confidence intervals.

We analyze the statistical behavior of the PT moments and the third-order criteria in
terms of the means and variances of their estimators when sampled from k independent and

identically distributed (i.i.d.) experimental runs.



Chapter 5. Detecting strongly non-Gaussian entanglement 87
We define the estimate of p,, based on k samples as

1 k
pP = = 2 Py (5.53)
i=1

X5 G- N4 —NB .
Where pn,(i) = wn/ [ @ J,@

] , with N f}(i) representing the number of particles in Alice’s
jthmode during experiment i (analogously for Bob) and p,, (;) being ani.i.d. complex random
variable.

By linearity of the expectation value, we have

(k)

E|p,

=E[pnu)] = Pn- (5.54)

2 2 : :
Further, Var [pp,,;)] =E [|pn,(,-)| ] —|E[pnw]|” =1- p%, where |py ;)| = 1 since pp,(;) is one of
the n roots of unity. Then, the variance of pglk) is simply
1-p;

= % (5.55)

Var [p;k)

Upon defining the estimators for the linear and quadratic criteria given in Eq. (5.7) as

3p(k) 1 k|p(k)|2_1
(k) (k) 2 (k) ._ (k) 2
w, P 5 , Wg"=pg" — ISR (5.56)
which ensures unbiased estimators
3p,—1
EIW;) = ps - pzz . EWP1=ps-ps, (5.57)
we obtain the variances
1-p2 91-p? 1-p2 2(1-p2)[1+2k-3)p?]
Var(Wh|=—24+-——2 var|w{P|=—2+ 2 2. (558
[ l ] k 4 k [ q ] k ]C(k -1) ( )

5.5.2 NOON states — a case study

5.5.2.1 Analysis of individual errors

We analyze the influence of all considered experimental imperfections on the prospects of
witnessing higher-order NOON-state entanglement with our proposed method. To this end,
we first incorporate losses following Eq. (5.52), which renders the underlying state mixed,
thereby impeding entanglement detection. Expressions for the resulting state and its PT

moments can be found in Appendix A.4.2.
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We show the absolute violation of the optimal p3-PPT criterion as a function of the loss
parameter 7 for balanced (@ = 1/1/2) NOON states up to N = 10 in Figure 5.3a). As N increases,
fewer losses are tolerable for the state’s entanglement to remain certified (see colored rings
for the zero crossings). However, even for high occupations (/N = 10), our method detects
entanglement up to ~ 20% loss (note that entanglement is never certified when losses exceed
50% — regardless of N —although the states remain entangled).

To investigate noise effects (and to be able to sample the PT moments), we have to
calculate the photon-number distributions at the outputs of the two circuits required for
measuring p» and ps, see Figures 5.1b) and 5.1c¢), respectively — with generally different state
and loss parameters for both subsystems and all copies. Note that this task resembles boson
sampling [1], which becomes inefficient on a classical computer rapidly with increasing N.
Therefore, we restrict to N = 1 for the analysis of noise and also for a full simulation of the
experiment. We provide explicit expressions for the case where all parameters are equal and
show the resulting output distributions for various loss parameters 7 in Appendix A.4.3.

We depict the impact of imperfect state copies on entanglement detection for N =1 in
Figure 5.3b). In both panels, the first copy remains unaltered (a; = 1/v/2and 7; =0.9,0.75,0.6
corresponding to the blue, red, and green regions, respectively), while the second and third
copies are described by arbitrary (a2, 72) and (a3, 73), respectively. We examine noisy phases
in the left panel and noisy losses in the right panel. In all cases, entanglement is certified
substantially beyond the perfect-copy scenario (see points). We observe a maximum of
=~ 30% allowed variations for 7 = 0.6 (green). This marks the minimum tolerance among the
considered cases, thereby demonstrating strong robustness against noisy state copies.

At last, we study statistical effects. Using Eq. (5.58), we compute the least amount of
samples needed to witness entanglement with the quadratic criterion within one standard
deviation [see Figure 5.3¢)]. For the Bell state (N = 1), only = 10 samples are required at 10%
losses (blue point), while = 103 samples are still sufficient in the very lossy regime 7 = 0.6
(green point). Remarkably, our method certifies higher-order NOON entanglement up to
N = 10 at = 15% losses for a reasonable measurement budget of 10° experimental runs,
showcasing its efficiency also in the strongly non-Gaussian regime.

5.5.2.2 Full simulation

To complete the picture, we combine all sources of imperfections by sampling from the
photon-number-output distribution of the lossy and noisy Bell state (N = 1,a = 1/v/2). For
each individual copy and each experimental run, we draw the phases a and the losses ©
from Gaussian distributions centered around @ = 1/v/2 and 7 = 0.9,0.75, 0.6 (blue, red, green),
respectively, and with standard deviations 5% and 0.05, respectively, to represent the overall
noisiness of a real-world experiment. Then, we compute the optimal p3-PPT criterion for a
given number of samples, which we repeat 500 times to gather statistics on the mean and its
error.
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Figure 5.4: Simulated experiment for detecting the entanglement of the first NOON state
(N =1), including the effects of losses, noisy copies, and finite statistics. We plot the absolute
violation of the optimal p3-PPT criterion over the number of samples. The data points and
their error bars representing one standard deviation are obtained after averaging over 500
repetitions. The dashed horizontal lines depict the perfect-copy (but still lossy) case. At
the same time, the surrounding shaded areas indicate the one standard deviation intervals
from the analytical error model for the linear criterion [see Eq. (5.58)]. Given that all curves
fall below zero for less than 10% samples, our method is capable of detecting strongly non-
Gaussian entanglement in a close-to-experimental setting.

We showcase the performance of the optimal criterion as a function of the sample size
in Figure 5.4. The simulated data points fluctuate around the analytical predictions (dashed
lines, with losses taken into account), and their one-standard-deviation intervals fall within
the analytical error bounds of the linear witness [cf. Eq. (5.58)]. For a detailed comparison of
the three third-order criteria and the error models without additional noise effects, we refer
to Appendix A.4.4. We observe that entanglement is witnessed within one standard deviation
up to 40% loss using 103 samples only (green points and curves), which is well within the
capabilities of current experimental technologies. To conclude, our method remains robust

against the typical errors occurring in a realistic experimental setting for the studied cases.

5.6 Discussion

In summary, we generalized entanglement criteria based on moments of the density operator’s
partial transpose to continuous variables and exploited the multicopy approach in order to

access low-order PT moments.
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Our measurement schemes use linear interferometers and a few replicas of the state, together
with particle-number-resolving detectors. Compared to standard approaches, our method
exhibits strong advantages regarding both detection capability — especially in the strongly
non-Gaussian regime — and robustness against experimental imperfections, including losses,
noise, and finite statistics. In particular, we demonstrated that our criteria can witness higher-
order NOON-type entanglement under realistic experimental conditions, highlighting their
usefulness in practical applications such as photonic quantum processors.

In comparison, in Ref. [95], a metrological witness is proposed. It relies on local variances
and provides a necessary and sufficient criterion for pure-state entanglement, but does not
address the role of imperfections or the regime of strongly non-Gaussian entanglement.
More recently, in Ref. [90], neural networks are employed to certify non-Gaussian-state
entanglement using homodyning. They also account for losses, using the same model as in
this work, in the context of single-photon-subtracted and entangled coherent states, whereas
our focus is on NOON-state entanglement. A more detailed comparative study of these
different approaches would be an interesting direction for future work.

The need for interferometric stability over several state copies — though not necessarily
perfect — is arguably the most significant experimental burden of our method. Hence, we
believe that it is of particular interest to extend our criteria, and more generally the multicopy
method, to arbitrary auxiliary states, which would further reduce this experimental hurdle.
We refer to Ref. [35] for a recently introduced entanglement detection scheme where higher-
order correlations of a given bipartite state are accessed via its interference with an arbitrary
two-mode auxiliary state.

A remaining challenge lies in generating non-Gaussian states. While probabilistic prepara-
tion makes producing several copies more demanding, not all schemes are probabilistic [176],
and the success rate depends on the specific state [226]. Moreover, probabilistic preparation
is effectively equivalent to reduced statistics, and our results show that only about 103 samples
are sufficient to witness NOON-state entanglement within realistic experimental conditions.

We consider several other directions to be interesting for future work. First, since we
have exclusively discussed a two-mode bipartition, one may generalize our setup to both
multimode and multipartite cases to analyze many-body and/or multipartite entanglement.
The extension to a multimode bipartition is straightforward: The optical circuits for measuring
PT moments have to be applied to each mode individually, upon which the particle numbers
within one subsystem are summed up. As the number of copies remains constant, the total
system size still scales linearly with the number of target state modes. Further, a possible
generalization that would allow one to certify multipartite entanglement could be based on

the corresponding variant of the PPT criterion [145].
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Second, in a somewhat different direction, one may ask whether the preferred readout
scheme in the discrete-variable case, that is, randomized measurements in spin bases, can be
transferred directly to the CV regime via the Jordan-Schwinger map [73] (see also Refs. [17,89]
for CV shadow tomography). This would not only constitute another way of accessing PT
moments, but could be a general alternative to the multicopy method. Since the required
number of randomized measurements diverges for an infinite-dimensional Hilbert space, one
would have to impose a finite energy (or particle-number) cutoff, which is fairly reasonable

from an experimental perspective and a standard procedure in CV quantum information [243].
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Measurable realignment criteria for
entanglement in continuous-variable

quantum systems

The content of this chapter is based on the following work: Serge Deside, Vojtéch Kala, and
Nicolas J. Cerf. “Measurable realignment criteria for entanglement in continuous-variable

quantum systems” [65].

As discussed in previous chapters, certifying entanglement is a central problem in quantum
information theory, especially in continuous-variable systems where full state tomography is
experimentally demanding. Here, we introduce separability criteria based on the realignment
map and show how the corresponding quantities can be accessed within a quantum-optical
measurement scheme. We illustrate the method on Gaussian and non-Gaussian states,

including two-mode entangled cats and lossy NOON states.

6.1 Preliminaries

Similar to the Schmidt decomposition for pure states, bipartite mixed states can be expanded
using the operator Schmidt decomposition [120,254], which is essentially a singular value

decomposition of the bipartite density operator p, namely,
ﬁZZﬂiAiQJB,‘, (6.1)
i

where A; = 0 for all 7, and the operators A; and B, form orthonormal sets with respect to the

Hilbert-Schmidt inner product, i.e.,
ital=Tc B8] =65
Tr|AA;| =T | B]B)| = 515, (6.2)

We refer to the subsystem associated with the operators A; as Alice’s side and to the one
associated with the operators B; as Bob’s side. The singular values A; are unique, whereas the
associated operators are not. Since p is Hermitian, the operators can be chosen Hermitian

too, although this choice is not necessary.
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Using this notation, the realignment criterion (i.e., Theorem 2.6), also known as the

computable cross-norm criterion [194], states that every separable state satisfies
Y AisL. (6.3)
i

Therefore, if ) ; A; > 1, the state is necessarily entangled.
In the realignment picture, this translates as follows. We introduce the realignment map

R, defined by its action on product operators as
R(liy<kl@ ) (1) := 10) (jl@ k) (I (6.4)

Then, using the following vectorization [44, ]
X:ZXij”)(ﬂ — 1Xy=) Xijliyel)), (6.5)
ij ij
which associates vectors | A) and | B) with the corresponding operators A and B, we find [120]

R(P) =) _AilA)B]]. (6.6)
i

Here, |B;) denotes the vectorization of the complex conjugate of B;. Since the vectorized
operators satisfy
(AilAj) =(BilBj) =bij, (6.7)

we see that Eq. (6.6) is a singular-value decomposition of R(p). Hence, the singular values of

R(p) are precisely the coefficients A;. Defining the trace norm of an operator X as

A

1X],:=TrvVXTX, (6.8)

we obtain

IR@), =X A (6.9)

The realignment criterion can therefore be written in the equivalent form
p separable = |R(P)|,=1. (6.10)

Although the trace norm of the realigned operator gives a powerful separability criterion,
it is generally not directly accessible experimentally in continuous-variable systems. This
motivates the weak realignment criterion, which is based instead on the trace of the realigned

operator and can be measured [120].
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In the following, whenever Tr[R(p)] is used, we assume that the Hilbert spaces of Alice and
Bob satisfy
SOp = S = AC. (6.11)

Consequently,
TN ® Sop = A ® Hp, (6.12)

so that the vectorized operators | A;) and IBlfk ) belong to the same Hilbert-Schmidt space and
R(p) can be regarded as a square operator.

For every trace-class operator X, Holder’s inequality gives [215]

|Tr[X]| = |Te[XT| < | X

o = 1X1- (6.13)

Applying this inequality to X = R(p), together with Eq. (6.10), gives the weak realignment

criterion in the following form [120]
p separable = |Tr[R(p)]|=1. (6.14)

Thus, a violation of Eq. (6.14) certifies entanglement.

Using Eq. (6.6), the weak quantity can be written as
Tr [R(p)] :Z/li(B;"lAi>. (6.15)
i
The weak and full realignment criteria coincide for Schmidt-symmetric states [120], for which
(B/|Ajy =06, Vi,j. (6.16)

In that case,
Tr[R(p)] =) Ai =R ];- (6.17)

Outside this Schmidt-symmetric case, however, the weak criterion may be strictly weaker
than the full realignment criterion. The aim of the criteria introduced below is to partially

bridge this gap while keeping the required quantities experimentally measurable.
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6.2 Beyond the weak realignment criterion

Here, we present a criterion that improves upon the weak realignment criterion and is based
on easily measurable quantum-optical quantities. The measurement schemes are provided
in Section 6.3. Under the same identification of the local spaces as in the previous section, we

introduce the two families of moments

rn:=Tr

/2
(rR@)R))" ] . wp=Te[RE)"], (6.18)

which satisty w,, =0, r, 20, and w, < r,, aswellas r,, = 11, for all n € N5 (see Appendix B.1
for the different proofs). With these new notations, the cross-norm and weak realignment
criteria are simply rephrased, for all separable states, as r; <1 and w; < 1, respectively.

Using the vectorized expression of Eq. (6.6), we can rewrite w, as
wi =) Ai(B]1A). (6.19)
i

To simplify the discussion, we define the matrix M as
M;;=(BIA;) =Tr[B] A;]. (6.20)

Therefore,
wi :ZAiMii- (6.21)
i

Similarly, the trace norm of the realigned state reads

=R, =3 A (6.22)
l

Generally, the coefficients of the operator Schmidt decomposition and their sum are not

directly accessible from w, since w; also depends on the overlaps
M;; =Tr [B] A;]. (6.23)

This can be illustrated by the example of a balanced NOON state

1

N,0) +10,N}), 6.24
\/E(l ) +10,N)) (6.24)

lyn) =

with N € N5 the photon number.
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This state has the following vector of operator Schmidt coefficients,

A= (1,1,1,1), (6.25)
2222
together with the operator sets
{A;}1_, =1{10)(01,10) (N1, |N){Ol, INY{NI}, (6.26)
and
{Bi}1_, = INY(NI,IN){0I, 0)(N1,10)¢0[}. (6.27)

While r = 2, thereby certifying inseparability, w; = 0 since
M;; =Tr[Bl Aj1=0 (6.28)

fori =1,...,4. The weak realignment criterion is therefore inconclusive. Unlike Schmidt-
symmetric states, for which M = I (see Eq. (6.16)), the NOON state in Eq. (6.24) has a corre-
sponding matrix M whose diagonal terms all vanish.

This motivates us to call an operator Schmidt decomposition Schmidt-asymmetric when
M;; =0 for all i. For such a decomposition, the first moment of the realigned density matrix
satisfies w; = 0. Thus, the weak realignment criterion cannot certify entanglement for these
states. This Schmidt asymmetry can be circumvented by considering the trace of the second

power of the realigned density matrix,
wy =Tr[R(H)?]. (6.29)
Using the vectorized expression of Eq. (6.6), it can be expressed as

szZ/li/leiiji- (6.30)
ij

Information on the Schmidt coefficients is then accessible through the off-diagonal elements
of M, providing information not contained in w;. To make use of the moment w», we need a
criterion involving products of Schmidt coefficients, which can be obtained from r12. Note

that the realignment criterion can equivalently be written as r# < 1 for all separable states.
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Let us now prove the following two inequalities, valid for all states,
rtw,<ryx w%. (6.31)
Using Egs. (6.21) and (6.30), together with the fact that r, = }; 17, we obtain

rlzi LU%— (roxwy) = Zﬂi/lj [1i (Miiij_Miiji)]- (6.32)
i#]

In Appendix B.3, we prove that
|Miiij—Miiji|Sl. (6.33)

The quantities d; j := M;; M j — M; ;M ;; need not be real. Since the left-hand side of Eq. (6.32)

is real (because w;, =0 and r, = 0, see Appendix B.1), we take the real part of d;; and obtain

rE+wi—(rpxwy) =Y Aidj[1+Re(d;))]. (6.34)
i#]
The bound |d; | < 1 implies |[Re(d; ;)| < 1, so every term in the last sum is non-negative. This
proves Eq. (6.31).
From the realignment criterion, separable states satisfy r; < 1, and thus rl2 < 1. Therefore,

the inequalities in Eq. (6.31) imply the following separability criteria
0 separable = r, + (w; — wf) <1. (6.35)
Equivalently, entanglement is certified whenever
ro+lwy — wi| > 1. (6.36)

Moreover, since w» < r, (see Appendix B.1), any violation of the weak criterion, w; > 1, also
implies

ro— Wy + wf > 1. (6.37)

In this sense, the order-2 criterion contains the weak realignment criterion. Also, r» is simply
the purity of p, as can be checked straightforwardly. The development for the order-2 criteria
can be extended to higher orders (see Appendix B.4). However, these criteria have not been
proven to lead to better entanglement certification, since only even moments ry; can be

measured using the multicopy method (see Appendix B.6).
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Let us now reexamine the NOON state case. Since the state is pure, r» = 1, and since it is
Schmidt-asymmetric, w; = 0. Further, r, = w, since R(p) is Hermitian in this case. Hence,

ra+lwy — w?| =2, (6.38)

and entanglement is certified. In Section 6.4, we pursue this analysis for lossy NOON states.
Let us now examine the behavior of the criteria for states interpolating between a Schmidt-
asymmetric case and a Schmidt-symmetric one. In addition to the asymmetric state from

Eq. (6.24) with N =1, which we denote by |y ,;), we consider the Schmidt-symmetric state

1
=—(/0,0) +11,1)). (6.39)
lvs) 7z I 11,1)
The density operator |y ) (| has the following operator Schmidt decomposition:
A=[LAL) 60
2222
with
(A2, = 110401, 1011, 1101, [1)¢113, (6.41)
and
{BiYi_, = {10)¢01,10)(1, 1540l 11)(11}. (6.42)

Thus, it is Schmidt-symmetric, with M = I. We then consider the superposition

1 1
|Wa> = E_a“pa)"‘ E"'a“ﬂs); (6.43)

where a ranges from —%, corresponding to the asymmetric case, to %, corresponding to the
symmetric case. We have

rn=1+2al, wi1=1+2a, wy=r,=1. (6.44)

and the dependence of the criteria on « is displayed in Figure 6.1.
Similarly, we can evaluate the criteria for the mixture of the symmetric and asymmetric

states

1 1
pa=(3-a|wartwal+ (5+a o) W, (6.45)

Here again, a € [-1/2,1/2] so that the coefficients define a valid convex mixture. We have
1 2
rn=1+2al, w;=1+2a, w2:r2:§+2a, (6.46)

and the results are shown in Figure 6.2.
The Werner state of two qubits, a typical discrete-variable entangled state, is considered

in Appendix B.5.
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— 1y (W) — w3)

3 r ry — (wy — wf)
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|
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DO | =
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Figure 6.1: Different criteria for the state |y ,) from Eq. (6.43). As soon as a criterion attains
a value greater than 1, entanglement is certified. We observe that the original realignment
criterion, based solely on ry, flags entanglement for all @ # 0, whereas the weak realignment
criterion, based solely on w;, flags entanglement only in the region @ > 0 (notice that in the
range « € [0,1/2], the blue and red curves coincide). The order-2 criteria, based on ry, w», and
w, certify entanglement for the whole entangled parameter range.

— ]
— '!H]

e 1o 4 Wy — W3 )
3t ra— (wy— w})
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N
=
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Figure 6.2: Different criteria for the state g, from Eq. (6.45). As soon as a criterion attains
a value greater than 1, entanglement is certified. We observe that the original realignment
criterion, based solely on rp, flags entanglement for all @ # 0, whereas the weak realignment
criterion, based solely on wy, flags entanglement only in the region a > 0 (notice that in the
range « € [0,1/2], the blue and red curves coincide). The order-2 criteria, based on ry, w», and
w1, certify entanglement for « € [-1/2,-1/4) U (0,1/2].
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6.3 Implementation

In this section, we describe measurement schemes for the quantities r,, w;, and w-, using
multicopy [29] and interferometric techniques (see Appendix B.6 for the multicopy operators
associated with w, and r;,, with n € N5, as well as the corresponding quantum-optical
measurement schemes). For the optical implementation, we assume that subsystems A and
B are encoded in bosonic modes with annihilation operators @4 and dg.

We first consider the purity of the bipartite state p, namely,
ry =Tr[p%]. (6.47)

Let pa,B, ® 4,8, denote two identical copies of the state. The swap operator between two

copies of a system a is denoted by S, 4, and is defined as
Saaz 100y 81 /)az) = /e, ® 1) (6.48)
Using the following identity, valid for all operators X, ¥ acting on system a,
Tr[Saya, (X ® V)| = Tr[X Y], (6.49)

one obtains

ra=Tr[(Sa,4, ® SBB,) (P48, ® Pa,8,)] - (6.50)

Thus, r» can be measured by applying local swap measurements between the two copies of
Alice’s and Bob’s modes.

For bosonic modes, the swap measurement can be implemented by interfering the two
copies on balanced beam splitters followed by parity detection [104, 135]. We define the parity
operator on mode X as

My = (-1, (6.51)

where 71y = &}&X. The balanced beam splitter between modes X and Y (see Section 3.3.1.3)

is defined as

. 2(at ay—ayal
Byy = o (@xar-axdy) (6.52)
such that A A A
A~ ~ ax + ay A A oA —ax+ay
ByyaxByy ===, 1 ayBxy = — 5 (6.53)

With this convention, the swap operator is mapped onto the parity operator of the second
output mode, namely,
SXY = B;(Y(ﬂx®ﬁy)1§xy. (6.54)
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Therefore, the purity can be written as

A

ro="Tr [(ﬁAz ®ﬁ32) (BAIAZ ®B3132) (ﬁAlBl ®;6A2B2) (Bj:llAz ®é;;132)] . (6.55)

Equivalently, r, is obtained from the expectation value of the product of the parities measured
in the output modes A, and B; after locally interfering the two copies on balanced beam
splitters. For the measurement, only the photon-number parity of each antisymmetric output
mode is required. Thus, the detectors need only discriminate between even and odd photon

numbers (resolving the exact photon number is unnecessary).

We now introduce the maximally correlated vector that will be used in the measurement

of both w; and wy. It is given by
Q) ag=)_li)a®|i)s. (6.56)
i

In the continuous-variable optical setting, |2) 45 is understood as the corresponding unnor-

malizable EPR-type vector. With the quadrature convention

goaxd o, acd [%,pl=1i (6.57)
\/5 ) P l\/z ) )P ) .
and with generalized eigenstates normalized as

(xlxy=6(x~x),  (plp)y=6(p-p), (6.58)

one has [120]
Q) ap=vaBl,(Ilp=048|x=0)p). (6.59)

Equivalently,
1)(Qlap=7Bl, (Ip=0)(p=0l48|x=0)(x=0lg) Bup. (6.60)

The projectors onto |x = 0) and |p = 0) are understood in the usual distributional sense.
Experimentally, the corresponding probability density is estimated from finite-resolution

homodyne data.

The measurement of w; follows directly from this representation [120]. By definition,
un :Tr[ﬁIQMQlAB]. (6.61)
Using the optical expression for [Q2)(Q2| 45, this becomes

w = nTr[(|p = 0)(p=0/®|x=0)(x=0|) BappBh,|. (6.62)
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Thus, after applying a balanced beam splitter B,p to the two modes A and B, one performs
homodyne detection of the p quadrature in the symmetric output mode and of the x quadra-
ture in the antisymmetric output mode. If P, ,(0,0) denotes the joint probability density at
the origin,

P, x5 (0,0) = Tr[(|p = 0)(p=0/®|x=0)(x=0|) BappBl,|, (6.63)

then
LU] - anA!xB (0,0). (6.64)

The measurement of w, can also be implemented using two copies of the bipartite state.

We write

Wy = Tr [(ﬁA]Bl ® ﬁAng)OZ] ’ (6.65)

where O, is a two-copy observable. This observable can be expressed using two copies of

|Q2)(Q| and a swap between Bob’s two modes:
Oz = 8p, 8, (19)(Q 4,5, ® 1 Q 4,8,) S, B,- (6.66)
Hence, using the cyclicity of the trace,
wy =Tr [Sp,5, (04,8, ® P A,8,) S5 B, (1 (QUa, B, ® 1(Q 4,8,)] - (6.67)
For compactness, define
Qa8 =Ip=00(p=0l4,®|x=0)(x=0lp, j=12. (6.68)
Substituting the optical representation of |Q2)(Q2] into the above expression gives

wy =7 Tr [(QAlBl ® Qu,5,) (Ba,B, ® Bay,) Sp18, (04,8, ® par,) Sy, (BLB1 ® BZZBZ)] :
(6.69)
Thus, w, can be obtained by swapping Bob’s two copies, applying balanced beam splitters to
the pairs A; B; and A, By, and measuring the joint homodyne probability density at

pa, = 0, XB, = 0, pa, = 0, XB, = 0. (6.70)

Equivalently, one may avoid a physical swap by routing the modes so that the two beam
splitters mix the pairs A; B, and A, B; instead of A; By and A, B». The quantum-optical devices

required for measuring the purity r», w; and w, are illustrated in Figure 6.3.



104 6.3. Implementation

a) purity n, b) w, c) w

Py ‘ } /)‘t“

AY

\UJ
)
A,

Figure 6.3: Quantum-optical measurement schemes for the three quantities entering the
criterion in Eq. (6.36). Vertical bars represent balanced beam splitters. Half ellipses denote
photon-number-parity detectors in panel a) and homodyne detectors in panels b) and c). a)
The purity r, is measured by locally interfering two copies on balanced beam splitters and
measuring the photon-number parity of each antisymmetric output mode. Only even—odd
discrimination is required. The product of the two parity outcomes is averaged over the
experimental runs. b) The quantity w is accessed using a balanced beam splitter followed
by homodyne detection of two conjugate quadratures. ¢) The quantity w, is accessed by
extending the scheme of panel b) to two copies, up to an exchange of Bob’s two modes.

A useful consequence of the homodyne protocol is that, for a certain class of states, it also

provides an indirect determination of the purity. Since, for every bipartite state,
a :Tr[R(ﬁ)*R(p)] =Tr[p?], 6.71)

if, in the fixed local bases used to define the realignment map, the realigned operator is
Hermitian, i.e.,
R(p) = R(p)", (6.72)

then
ra = Tr[R(9)?] = wo. (6.73)

In this case, one may estimate w, with the two-copy homodyne protocol described above
and then infer the purity r, = Tr(6%), without performing the photon-number-parity mea-
surement that would directly access r,. This is an indirect determination of the purity, that
is, the homodyne experiment estimates wy, while the identification with r, relies on the

independently established Hermiticity of R(p).
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6.4 Benchmarks

In this section, we investigate whether the order-2 criteria we proposed can be used to certify
entanglement for several typical quantum-optical states. We begin by looking at Gaussian
states (that were introduced in Section 3.2.2). Then, we look at two important families of
non-Gaussian states, namely the two-mode entangled cats (introduced in Section 3.2.3.2)
and the lossy NOON states.

6.4.1 Gaussian states

We consider an n x n continuous-variable system, where Alice and Bob each hold n bosonic

modes. We collect the quadrature operators in the vector

7= R4y DAy r Xy DAy XB1> PByo--r X8, PB,) - (6.74)
The covariance matrix y of a state p is defined by
1
yij= 5T (6 {AF;, A7}, AFii= 7 =Tr[p#], (6.75)
where {-, -} denotes the anti-commutator. The displacement vector is
d:=Tr[p7]. (6.76)

A Gaussian state is fully characterized by its first and second moments, d and y. Its Wigner
function is
_ 1 ~Lr-d)Ty r-d)
Wj(r) = ——————¢2 : 6.77)

(2m)2n\/dety

Since first moments can be removed by local displacement operations, which do not affect
separability, we focus below on centered Gaussian states, namely states with d = 0.
The purity of a Gaussian state is directly obtained from its covariance matrix. For a total of

2n modes, one has

1
rp=Tr[p%] = ———. (6.78)
221, /dety
We now turn to w;, whose expression for Gaussian states was already given in Ref. [120].
Let
1 (1 I
Sps=—| " 2") 6.79)
\/5 _IZn IZn

be the symplectic matrix describing n balanced beam splitters, each mixing Alice’s jth mode
with Bob’s jth mode.
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After this beam-splitter transformation, the covariance matrix becomes
YW = Spsy S (6.80)

The measurement of w,; consists, for each balanced beam splitter, in measuring the p quadra-
ture of the first, symmetric output mode and the x quadrature of the second, antisymmetric
output mode. We therefore introduce the restricted covariance matrix
DT
Yun =y vV TG, 6.81)

where I1,,, is the projection matrix that keeps only the measured quadratures

(PAyseeor PA,» XByyenr XB) . (6.82)

at the output of the beam splitters. The joint probability density of obtaining zero outcomes

for all these quadratures is

Py, (0) = (6.83)

1
(Zn)”\/detywl'

Using the relation between the maximally correlated vector |[Q2) and the homodyne projection

discussed above, we obtain

wy =n"Py, (0) = (6.84)

1
2ny/detyy, '
The same reasoning applies to w», but now two copies of the Gaussian state are used. The
covariance matrix of the two-copy state is

yory. (6.85)

Let Pl(glz) denote the permutation matrix that exchanges Bob’s modes between the two copies.
This is the covariance-matrix representation of the swap $ B, B, appearing in the operator
expression of w,. After this swap, we apply balanced beam splitters to the pairs A; B; and

A2 B,. At the covariance-matrix level, this gives
@ _ g@ pl2) pu2)" (g@)" 6.86
Y ~“YBS" B YEBY) B BS ’ ( . )

where
S\ := Sps & Sgs. (6.87)
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For both copies, the measured quadratures are the p quadratures of the symmetric output
modes and the x quadratures of the antisymmetric output modes. We define the correspond-

ing restricted covariance matrix as

Y = M,y @, (6.88)
where I1,,, keeps the quadratures
T
1 y a1 y @2 2) @ 2
(pfql),...,pfq’)q,xél),...,xgz,pih),...,p;i,xél),...,xg:) . (6.89)
The corresponding zero-outcome probability density is
Py, 0) = ! (6.90)
e @2m)2ny/dety,, '
and hence
2n 1
wo =7"" Py, (0) = (6.91)

22n, [dety,,
Let us restrict the following discussion to a 1 x 1 Gaussian state. The covariance matrix

can be brought by local Gaussian unitaries to the standard form [243]

a 0 ¢c O
|0 a 0 d (6.92)
T=le o b of '
0 d 0 b
In this case, the above expressions reduce to simple closed formulas. The purity is
1
ry = ) (6.93)
4v/(ab - c?)(ab - d?)
For w;, the restricted covariance matrix is
_1[|a+b+2d 0 (6.94)
V=3 0 a+b-2c) '
so that )
(6.95)

wy = .
Via+b+2d)(a+b-2c)
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For w,, after swapping Bob’s two copies and applying the two balanced beam splitters, the
restricted covariance martrix is

a+b 0 2d 0

1] 0 a+b O —2c
Twe=312a 0 a+b 0 (699
0 -2c 0 a+b
Therefore,
1
w (6.97)

2= .
V0@+b?-ac] [(a+ b2 -4a?]

Let us now consider a locally phase-flipped noisy two-mode squeezed vacuum (TMSV)
state (see Eq. (3.51) for the covariance matrix of a noiseless TMSV state with no phase-flip).
It is related to the noisy TMSV by a local phase shift of 7 on Bob’s mode and therefore has
the same entanglement (in the entropy of entanglement sense, see Eq. (2.19)). Its covariance
matrix is of the form of Eq. (6.92), with

_ vcosh(2r) . _vsinh(2r) J- vsinh(2r)

- , 6.98
2 2 2 (6.98)

’ ’

where r > 0 and v = 1. It is pure when v = 1, and mixed otherwise. Its entanglement is
not detected by the weak realignment criterion of Eq. (6.14), but it can be detected by the
improved criterion of Eq. (6.35). Indeed, using Eq. (6.95), we obtain

e—2r

Wy = (6.99)

vt
Since r >0 and v = 1, one has w; < 1. Hence, the weak realignment criterion does not certify
entanglement for this family of states. Let us now evaluate the improved criterion. From

Eq. (6.93), the purity is r, = 1/v2. Similarly, using Eq. (6.97), we obtain w» = 1/v2. Therefore,

2_ e—4l’

> (6.100)

ro+ (wp — w?) =
The improved criterion detects entanglement whenever
v<V2-et, (6.101)
Thus, for all parameters satisfying

Isv<V2-—e™, (6.102)

the state is detected as entangled by the improved criterion, while remaining undetected by

the weak realignment criterion.
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In particular, for pure TMSV states, corresponding to v = 1, the improved criterion gives
r2+ (w2 — wf) =2—¢ %, (6.103)

Since r > 0, one has
2—e Y >1, (6.104)

so every pure TMSV state with nonzero squeezing is certified as entangled.

6.4.2 Non-Gaussian states

6.4.2.1 Schrodinger cat states

We next consider a partially dephased two-mode Schrédinger cat state,

1

ﬁi = [|a) ﬁ><arﬂ| + |_a)_ﬁ><_a) _ﬁl + (1 - Z) (|a) ﬁ><_a:_ﬂ| + |_a’_ﬁ><a»ﬂ|)] ) (6105)

x|

where
Ne=2]1+(1-2) exp_2(|“|2+|'3|2)] (6.106)

ensures normalization. Here, a, € C, and the parameter z € [0, 1] controls the coherence
between the two product states |a, ) and |—a, —f3). For z = 0, the coherence is maximal. By
contrast, for z = 1, the coherence is minimal (equal to zero). The + and — signs correspond to

the even and odd cat states, respectively.

The first realignment moment of the state in Eq. (6.105) evaluates to

20U =2 jap-ip+2Re@p)

_ 6.107
w1 A ( )

The second realignment moment is expressed as

4e-2(al+IBP)
wo = B — {[1+ 1 -2)?] cosh[4Re(apB)] +2(1 - z) cos[4Im(ap)]}. (6.108)
+
Finally, the purity, r, = Tr[p3], is given by
_ 1 ~aflaZ+152] 2 ~2(lal2+1pP)

rg—ﬁ{2[1+e |1+ a-2%x80-2)e b (6.109)

+

These moments allow us to evaluate the measurable order-two realignment criterion of

Eq. (6.35) as displayed in Figure 6.4.
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Figure 6.4: Detection boundary for odd cat states with positive and real parameters a = S.

The order-two criterion detects entanglement above the curve a(z) = % —In(1-2z), with

0<sz< % No violation occurs for z = 1/2. For the even cats, the weak criterion detects all
states with a = >0 and z < 1; the cases ¢ = f =0 or z =1 are separable.

6.4.2.2 Lossy NOON states

We now consider the experimentally motivated case of lossy NOON states. We start from the
pure two-mode state (often simply called generalized NOON state)

lwn) = aIN,0)+ BIO,N), lal*+IBI* =1, (6.110)

and assume that the two modes undergo independent pure-loss channels £ with transmis-

sivities 7 4 and 7. The resulting state is

P9 = (£, 0 Lry) (lwnd (wnl). 6.111)

Explicitly, this gives

N N

ﬁl]?]SS = (p0+ q0)|010><0)0| + Z pk|k’0)<k)0| + Z Qk|0; k><0) kl +K|N)O><O)N| +'K*|0,N)<N,O|,
k=1 k=1

(6.112)

where the different terms introduced are defined as

N N
pk::|a|2(k)r§(1—rA)N—k, qk::|ﬁ|2(k)r§(1—rB)N"‘, k=af*(Tarp)V?  (6.113)
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Applying the realignment map gives

N N
R('%) = (po+G0)10,0)¢0,01+ Y prlk, k){0,01+ Y qil0,0)(k, k|+x|N,0)(0, N|+x*|0, N)(N,0|.

k=1 k=1
(6.114)
Therefore,
w = Tr [R(ﬁlfv’SS) = po+ Go. (6.115)
Equivalently,
wi =lalPA-1)N+ 18P0 -15)". (6.116)

Since 0 <74,7g5<1and |a|®+ I,BI2 =1, one has w; < 1. Hence, the weak realignment criterion

never certifies entanglement for this family.

Let us now compute the quantities entering the improved criterion. The purity is

N
ra=(po+qo)’+ Y, (pi+qz)+2xl>. 6.117)
k=1
Similarly, the w, term is
N
wa = (po+qo)*+2 Y prqr +2IxI*. (6.118)
k=1
For this family,
N
wr—w?=2Y prqi+2ix* = 0. (6.119)
k=1

Hence, the absolute-value criterion of Eq. (6.36) reduces here to the plus branch,
ra+lwo — Wi = ra+ (wr — wy). (6.120)

Combining the above expressions for w;, w,, and r,, we obtain

N
o+ (w2 —wi) = Y (pi+ qr)? +4lx 1% 6.121)
k=0

Therefore, the improved criterion detects entanglement whenever

N
> (P qu)* +4lx* > 1. (6.122)
k=0

In Figure 6.5, we plot the value of the improved criterion as a function of the transmissivity

7 =14 = 75 for balanced NOON states, i.e., & = 8 = 1/v/2, and for photon numbers N = 1,...,5.

For these states, the realigned operator is Hermitian, and hence r, = w,. The purity can

therefore be inferred from the homodyne data used to estimate ws.
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Ty + (wy — wi)

Figure 6.5: Value of the realignment criterion r, + (w, — wf) for balanced NOON states sub-
jected to symmetric losses, T4 = 7p = 7, for photon numbers N =1,...,5. The horizontal
dashed line indicates the separability bound equal to 1. Entanglement is certified whenever a
curve lies above this line. For each N, the criterion is therefore violated when the transmissiv-
ity exceeds a critical value, increasing with N.

In the lossless limit, when 74 = 75 = 1, one has
w =0, 1r=1, w=4lal’|Bl% (6.123)

Thus,
ro+ (w2 — w?) = 1+4lal?| B (6.124)

Hence, every entangled NOON state (every state with af # 0) is detected by the improved

criterion in the lossless case, whereas it remains undetected by the weak realignment criterion.

6.5 Discussion

We have introduced experimentally accessible continuous-variable separability criteria based
on the realignment criterion. In particular, our approach improves upon the weak realignment
criterion proposed in Ref. [120], which can be interpreted as the first-order member of a
hierarchy (see Appendix B.4). Although higher-order criteria may also be useful in certain
situations, we have shown that the second-order criteria already certify entanglement for
several classes of states that are not detected by the weak realignment criterion, including

Gaussian states, two-mode entangled cat states, and NOON states.
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So far, however, we have not demonstrated that these detection capabilities outperform
the separability criteria based on partial transposition presented in Chapter 5. A potential
advantage of the present approach is instead experimental. The moments of the realigned
operator can be accessed using homodyne detection together with photon-number-parity
measurements when the realigned operator is not known to be Hermitian'. If R(p) = R(p)",
the purity satisfies r» = w» and can therefore be inferred from the homodyne measurement of
w-, without requiring parity detection.

The total number of copies required by the realignment-based second-order criteria and
the partial-transpose-based third-order criteria schemes is the same, namely five. Their
optical implementations are nevertheless different. In the realignment-based protocol, the
measurements involving one and two copies can be performed separately. The corresponding
interferometric networks therefore require coherence between fewer copies at a time. By
contrast, the third-order criteria based on partial transposition require all three copies to be
processed within a single interferometric network, hence it requires a higher interferometric
stability.

An important direction for future work is to determine whether there exist physically
relevant states that are not detected by the partial-transpose-based criteria considered here
but are detected by one or more realignment-based criteria. It would also be worthwhile to
identify specific regimes in which higher-order realignment moments provide a significant
advantage over the second-order criteria, and to investigate the robustness of the resulting

protocols against realistic experimental imperfections.

!n specific settings, photon-number parity can be measured more easily than the exact photon number [184].
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Lattice structure of majorization

Introduced and developed independently in the early twentieth century by mathematicians
and economists’ [161], the theory of majorization gives a means to compare vectors in terms
of their intrinsic disorder. It has seen applications, e.g., in econometrics to measure the
distribution of income within a given population [167], in information theory to bound
entropic quantities to estimate the capacity of communication channels [109], or in quantum
information theory to characterize the allowed transformations between bipartite pure states
under physically meaningful constraints [171].

In lattice theory, non-increasingly arranged probability vectors can be ordered by majoriza-
tion, yielding the so-called majorization lattice introduced in the early twenty-first century
in the context of (classical) information theory [46]. This nontrivial structure unveils two
essential operations: the greatest lower bound, called the meet, and the least upper bound,
called the join. The majorization lattice has recently been used in quantum information
theory [26, , , ]. In particular, in Chapter 8, based on Ref. [62], we use this structure
to propose new conversion protocols between bipartite pure states.

In this chapter, we first review the basic notions of majorization theory in Section 7.1. We
then recall the relevant lattice-theoretic terminology in Section 7.2, before presenting the

majorization lattice in Section 7.3.

7.1 Theory of majorization

When two vectors are related by majorization, this relation can be understood from several
equivalent viewpoints. Informally, if u is majorized by v, denoted u < v, then w is spread out
more evenly than v, conversely v is more concentrated than w. This can be expressed in terms
of inequalities between partial sums of ordered entries of w and v or, equivalently, by the
existence of a random mixing of the entries of v to obtain u, or also, by an inequality relation

satisfied for every convex function. These formulations are made precise in this section.

7.1.1 Definition with inequalities

We work with finite-dimensional vectors. Although majorization can be defined for arbitrary
real vectors with the same total sum, this manuscript considers only non-negative vectors,

and in particular, probability vectors.

lNotably, Lorenz (1905), Dalton (1920), Schur (1923), and Hardy, Littlewood and Pélya (1929).
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We therefore restrict ourselves to the finite-dimensional, discrete setting; see, e.g., Refs. [161,
] for extensions to infinite-dimensional vectors, vectors with negative entries, and den-
sities. Throughout this section, we primarily rely on the broad overview of inequalities and
majorization that is Ref. [161].
Given a vector u € R%, let u! denote the vector obtained by arranging the entries of u
in non-increasing order, and let ! denote the vector obtained by arranging them in non-
decreasing order.

Definition 7.1 (Cumulative sums). For u € R?, we define the decreasing and increasing
cumulative sums by

k k
ssw:=Yu,  slw=Yul, k=1..4d (7.1)
i=1 i=1

We also fix s(l) (u) = s(T) (u) =0.

Definition 7.2 (Majorization [116]). For u,v € R?, we say that u is majorized by v, and
write u < v, if

sswssi(w), Vk=1..,d-1, and s)(u)=s}@). (7.2)

Equivalently, the same relation can be expressed in terms of increasing cumulative sums

as

siawz=zslw), Vk=1..,d-1 and sl =slw. (7.3)

The equivalence between Eqgs. (7.2) and (7.3) follows, for k =1,...,d, from the identity
S,lc(u) = sq(u) - s;_ (W), (7.4)

together with the equality s;(u) = s4(v). Since s(lj (w) = s; (u), we simply write s;(u) for the
total sum of the entries of u. In the remainder of this thesis, we usually make use of Eq. (7.2)
rather than Eq. (7.3).

Two vectors u and v are said to be comparable under majorization if either u < v or v < u.
If both relations hold, then v and v have the same decreasing rearrangement, i.e., they differ
at most by a permutation of their entries. In this case, we write u = v and say that v and
v are equivalent under majorization. If neither © < v nor v < v holds, then v and v are

incomparable®.

2For d = 2, any two vectors with the same total sum are comparable under majorization. Incomparability can
occur only from dimension d = 3 onward.
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The vectors considered in this manuscript are often probability vectors. We denote the
probability simplex in dimension d by

d
P, ::{ueRd |u; =0foralli=1,...,d, and Zui: 1}. (7.5)
i=1

If u,v € &, the equality condition in the definition of majorization is automatically satisfied,
since sz(u) = sg(v) =1.

Importantly, for all u € £2;, we have

(1 1)T< <(1,0,...,00T (7.6)
— ey, — u ,0,..., . .
d’d

That is, within 22, the uniform vector is the least concentrated element, whereas the peaked
vector is the most concentrated one. For instance, in dimension 3, let

11 1\7 11 1\7
Uu=\-,-rz ’ V=7 o3 . (77)
3'3'3 2°3'6
Then, u < v, since
| 1 1 ! ! 2 5 !
sp(u) = 3 < 3 = s, (v), s, (u) = 3 < P =s,(v), s3(u) =1 =s3(v). (7.8)

Thus, v is more concentrated than w. By contrast, the vectors
11 1\7 22 1\7
Uu=\=-,—- - ’ V=T (7‘9)
244 555
are incomparabl luwy=1>2=4! ileslu)y=3<4=¢l
parable. Indeed, s;(u) = 5 > £ = 5, (v), while s;(u) = 3 < z = 55 (v).

When the equality condition in majorization is removed, two variants of majorization can
prove useful.

Definition 7.3 (Submajorization [161]). For u,v € R%, we say that u is submajorized by
v, and write u <, v, if

sswssi(), Vk=1...d. (7.10)
Definition 7.4 (Supermajorization [161]). Foru,v € R4 , we say that w is supermajorized
by v, and write u <% v, if

siwzslw), Vvk=1...4d. (7.11)

If both u <, v and u <% v hold, then the inequalities at k = d imply s;(u) = s;(v). Hence,
the usual majorization relation u < v is recovered.
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7.1.2 Equivalent formulations

Depending on the context, several equivalent formulations of majorization are useful. We
now review some of them. We first introduce doubly stochastic matrices, namely square

matrices with non-negative entries whose rows and columns each sum to 1.

Definition 7.5 (Doubly stochastic matrix). We say that D € R** is doubly stochastic if

d d
D;j=0,Yi,j=1,...,d, ) D;jj=1VYj=1,....d, Y D;j=1Vi=1,...,d.
i=1 j=1
(7.12)

Majorization has the following characterization in terms of doubly stochastic matrices [117].

Theorem 7.1. Foru,v € R%, we havew < v if and only if there exists a doubly stochastic

matrix D such that
u = Dv. (7.13)

Notice that such a doubly stochastic matrix is not unique in general.
Birkhoff’s theorem [161] states that the extreme points of the set of doubly stochastic
matrices are the permutation matrices. Hence, any doubly stochastic matrix can be written

as a convex combination of permutation matrices, i.e.,
D=) p;P;, (7.14)
i

where p is a probability vector and the P; are permutation matrices. Combining this decom-
position with Eq. (7.13), the relation u < v can be interpreted as obtaining v by randomly
permuting the entries of v and averaging the result.

We can adopt a similar view by introducing T-transforms, which are elementary averaging
operations that act on two coordinates. When applied to a larger and a smaller coordinate,
such an operation transfers weight from the larger to the smaller, making the vector more

evenly distributed. For this reason, T-transforms are also called Robin-Hood transformations.
Definition 7.6 (T-transform). A T-transform is a matrix of the form
T=AI+1-2A)P;j, (7.15)

where0< A <1, I € R4 is the identity matrix, and P;; € R4*4 is the permutation matrix

that swaps coordinates i and j, with i # j.
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Given u € R, we have
Tu = (uy,...,Au; + 1= Nuj,...,Auj+ 1= Vu;,..., ug), (7.16)

with 1 <i < j<d. Thus, applying T to u leaves all coordinates unchanged except the ith and
jth ones, which are replaced by convex combinations of each other. The following theorem

makes the link with majorization [116].

Theorem 7.2. Foru,v € R%, we haveu < v if and only ifu can be obtained fromv by a

finite sequence of T -transforms; that is, there exist T -transforms Ty,..., Tp, such that

u="Ty - -Tiv. (7.17)

When working with decreasing rearrangements, one may choose m < d — 1.
Finally, majorization can also be characterized by inequalities involving convex (or con-

cave) functions [116].

Theorem 7.3. For u,v € R?, we have u < v if and only if, for every convex function
O:R—R,

d d
Z <) o). (7.18)

i=1

Equivalently, u < v if and only if, for every concave functiony : R — R,

d
Dy =) y). (7.19)

There exist order-preserving functions under majorization, which we introduce now.

Definition 7.7 (Schur-convexity and Schur-concavity [203]). Let o < R? be a set on
which majorization is defined. A function f : o — R s said to be Schur-convex if, for all
uU,VE A,

u<v = f(u) < f). (7.20)

Similarly, a function g : o/ — R is said to be Schur-concave if, for all u,v € «,

u<v = gu)=g). (7.21)
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Obviously, if f is Schur-convex, then — f is Schur-concave. If ¢p : R — R is a convex function,
the function

d
fpRI=Riu— fpu) =Y dpup), (7.22)
i=1

is Schur-convex by Theorem 7.3. For instance, choosing ¢(x) = x? shows that u — ¥ i ”12 is

Schur-convex.

7.1.3 Lorenz curves

In order to get a visual representation of majorization, we introduce the notion of a (concave)
Lorenz curve. For vectors with the same total sum, v < v if and only if the Lorenz curve of u
lies below that of v.

Definition 7.8 (Lorenz curve [157]). Given u € IRd, its (concave) Lorenz curve is the
concave polygonal curve passing through points (k, s,lc(u)), for k=0,...,d. This curve
is concave because its successive slopes are ui, o) u(li, which form a non-increasing

sequence.

A similar definition could be given using the increasing cumulative sums S]TC(’U,), which would
yield a convex polygonal curve. Since majorization is formulated throughout this manuscript
in terms of Eq. (7.2), we work with concave Lorenz curves in what follows. Figure 7.1 illustrates

Lorenz curves for both comparable and incomparable vectors.

7.1.4 The Shannon entropy: a weaker notion of disorder

A standard real-valued measure of disorder on probability vectors is the Shannon entropy,
often simply called entropy. As such, it quantifies the uncertainty associated with a probability

distribution and can be interpreted as a measure of how spread out the distribution is.

Definition 7.9 (Shannon entropy [208]). Given u € &4, we define its Shannon entropy
H(u) as
d
H(u):=-)_ u;logu;, (7.23)
i=1

with the convention 0log0 = 0.
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Figure 7.1: Lorenz curves for different choices of probability vectors in &24. At each integer
k=0,...,d =4, the curve takes the value s,lC (u), and consecutive points are joined by straight
line segments. For vectors with the same total sum, if one Lorenz curve lies everywhere above
another, then the associated vector majorizes the other (as can be deduced from Eq. (7.2)). On
the left, we exemplify the general relation of Eq. (7.6), i.e., the comparable case, with the choice
u = (0.5,0.25,0.2,0.05) 7, the peaked vector (1,0,0,0)” in light dashed line (majorizing every
other vector in 2,), and the uniform vector (0.25,0.25,0.25,0.25)7 in solid line (majorized
by every other vector in 224). On the right, we depict the case of two incomparable vectors
in 2,, as illustrated by the crossing of the curves. Indeed, if u = (0.5,0.25,0.2,0.05)” and
v = (0.6,0.15,0.15,0.1)7, we have s} (w) < s} (v) together with s} (w) > s}(v), which shows that
neither vector majorizes the other.

It is straightforward to check that H is minimal on the peaked vectors, namely on the permu-
tations of (1,0,...,0)T, for which H vanishes. Its maximum is attained at the uniform vector,

for which

H((l l)T)—l d (7.24)
o] |7 ogd. )

Since the function 7 : [0,00) — R defined by n(x) = —xlogx, with n(0) = 0, is concave, the
Shannon entropy is Schur-concave (see the development surrounding Eq. (7.22)), i.e., if
u,v € P4, then

u<v = H(u)= H©). (7.25)

Thus, majorization implies an ordering by entropy. The converse implication is false in
general: knowing only that H(u) = H(v) does not imply u < v. In this sense, entropy provides

a weaker, scalar notion of disorder, whereas majorization gives a preorder on &?;. For example,

111\7 22 1\!
Uu=\=,-,- ’ V=== . (7-26)
2'4’4 5’55

consider

These vectors are incomparable under majorization, since

st > stw),  shw) < shw). (7.27)
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Nevertheless, one has H(u) < H(v). Thus, entropy ranks these two distributions, although
majorization does not.
Interestingly, an improvement over Schur-concavity of entropy [see Eq. (7.25)] has been

proven, and reads as follows.

Theorem 7.4 (Ho and Verdu [124]). Letu,v € &;, and assume that,Vi=1,...,d, ull =0

implies v} =0. Ifu<wv, then
H(u)— Hw) = D@'||ub), (7.28)

where D' |u') denotes the Kullback-Leibler divergence

v
i=1 u

d !
D@'|ub) = > v} log—ll. (7.29)
l

The Kullback-Leibler divergence [49] D(v|u) (also called relative entropy), defined in Eq. (7.29),
can be understood as a measure of “how far” the probability vector u is from the probability
vector v. As can be immediately deduced from its expression, this measure is not a true
distance since it does not satisfy the symmetry property, nor the triangle inequality. However,

it can be made symmetric with the notion of Jensen—-Shannon entropy [154].

7.2 A brief look at the theory of lattices

Before studying the majorization lattice, we recall a few basic notions from order and lattice
theory. The goal is not to give a complete account of lattice theory, but only to introduce the
terminology needed to discuss partial order, meet, join, down-sets, up-sets, and a lattice in
the context of majorization. This section is based on the following introduction to lattices
and order [56].

Definition 7.10 (Partially ordered set). Let S be a set. A partial order on S is a binary
relation < on S that is reflexive, antisymmetric, and transitive. That is, for all x,y,z € S,

X=X, (7.30)
x<yandy<sx = x=}, (7.31)

and
x<yandy<sz = x=<z (7.32)

The pair (S, <) is called a partially ordered set, or poset.
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If the binary relation is reflexive and transitive but not necessarily antisymmetric, it is called
a preorder. This distinction is important for majorization: On arbitrary probability vectors,
majorization is only a preorder, because two vectors that differ by a permutation majorize
each other. After restricting to non-increasingly arranged probability vectors, this ambiguity
disappears, and majorization becomes a partial order.

Definition 7.11 (Down-set and up-set). Let (S, <) be a partially ordered set. A subset
D c Sis called a down-set if, whenever x € D and y < x, one also has y € D. Similarly, a

subset U < S is called an up-set if, whenever x € U and x < y, one also has y € U.

For any x € S, the set of all elements below x is a down-set, while the set of all elements above
X is an up-set.

Before defining the so-called meet and join operations, it is useful to recall the notions of
lower and upper bounds. Let (S, <) be a partially ordered set and let x, y € S. An element z € S

is a lower bound of x and y if
Z=< X, and zZ< Y. (7.33)

Similarly, z is an upper bound of x and y if
X<z, and Y=<z (7.34)

There may be many lower or upper bounds, or none at all. When a greatest lower bound or a
least upper bound exists, it is unique.

Definition 7.12 (Meet). Let (S, <) be a partially ordered set and let x, y € S. The meet of
x and y, denoted x A y, is the greatest lower bound of x and y, if it exists. Thus,

XANY =X, XANY=<Y, (7.35)
and for every lower bound z of x and y, one has
Z<XAY. (7.36)
Definition 7.13 (Join). Let (S, <) be a partially ordered set and let x, y € S. The join of x
and y, denoted x V y, is the least upper bound of x and y, if it exists. Thus,
X=xXVY, Y=XVY, (7.37)
and for every upper bound z of x and y, one has

XVy<z. (7.38)
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The definition of a lattice then follows naturally.

Definition 7.14 (Lattice). Let (S, <) be a non-empty partially ordered set. If, for all
x,y € S, a greatest lower bound x A y and a least upper bound x Vv y exist, then (S, <, A, V)

is a lattice.

Thus, a lattice is a partially ordered set in which any two elements can be combined in two
ways: their meet is the best approximation from below, and their join is the best approximation

from above.

The greatest lower bound and the least upper bound can be straightforwardly generalized
to sets of more than two elements. Given P < S, we write /\ P the greatest lower bound (that is,
the meet) of all elements of P, and \/ P the least upper bound (that is, the join) of all elements
of P.

Definition 7.15 (Complete lattice). Let (S, <) be a non-empty partially ordered set. If,
for every subset P < S, both A P and V P exist, then (S, <, A, V) is a complete lattice.

In particular, taking P = S shows that a complete lattice has both a least element, namely A S,

and a greatest element, namely \/ S.

The meet and join operations are not arbitrary binary operations; they satisfy several

algebraic identities.

Theorem 7.5. Let (S, <, A, V) be a lattice. The operations A and Vv satisfy, forall a,b,c€ S,

the associative, commutative, idempotency, and absorption laws, i.e.,
e (avb)vc=av(bvc),(anb)Ac=an(bAc).
e avb=bva,anb=bAa.
*ava=a,ana=a.

e av(anb)=a;an(aVvb)=a.

Conversely, these identities can be used to define lattices algebraically.

Some lattices satisfy additional compatibility properties between meet and join. Two
important such properties are distributivity and modularity. Distributivity is stronger than

modularity, and both properties can fail in general lattices.
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Definition 7.16 (Distributive lattice). A lattice (S, <, A, V) is distributive if, for all a, b, c €
S,
an(bvc)=(anb)Vv(anc). (7.39)

Definition 7.17 (Modular lattice). A lattice (S, <, A, V) is modular if, for all a, b, c € S such
that ¢ < a,
anbvc)=(anb)Vec. (7.40)

Since every distributive lattice is modular (which is easily deduced from Eqgs. (7.39) and (7.40)),

showing that a lattice is not modular immediately implies that it is not distributive.

7.3 Theory of the majorization lattice

The preceding section explains why we restrict the majorization order to non-increasingly
arranged probability vectors. Indeed, on this set, majorization is antisymmetric and hence
defines a genuine partial order. Studying the lattice structure of non-increasingly arranged
probability vectors, ordered by majorization, actually reveals some of the complexity hidden

by this order and helps clarify the structure of majorization.

7.3.1 General definitions

First, we denote by &2 é the set of non-increasingly ordered probability vectors, i.e.,
Pl=twePyluizup, i=1..,d-1}. (7.41)

Thus, according to Definition 7.10, (9?’l ,<) is a partially ordered set. Second, we define two

sets of interest in the majorization lattice:

* The majorized set of u in & cll is

P = {we@;|w<u}; (7.42)

u

* The majorizing set of u in &2 jl is

L= {'wee@élu<w}. (7.43)

u

In the terminology of Definition 7.11, ., is a down-set of 22 cll, while ., is an up-set of & cli.
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Definition 7.18 (Majorization lattice [46]). The lattice (@}, <, A, V) is called the ma-

jorization lattice, and the operations A and Vv are defined as follows. For u,v € &2 all:

e The meet u A v is the greatest lower bound of w and v with respect to majorization.
That is,
UuNv<u, UANV <D, (7.44)

and for every w € (@gll such that w < v and w < v, one has

w<uAv; (7.45)

e The join u v v is the least upper bound of v and v with respect to majorization.
That is,

u<uvo, v<uVvo, (7.46)

and for every w € 97’;3 such that u < w and v < w, one has

uVvVu<uw. (7.47)

It follows from these definitions that we can write the majorized set of the meet u A v as the
intersection between the majorized sets of u and v, i.e., F;n,, = S NS, . Similarly, we can
write the majorizing set of the join u v v as the intersection between the majorizing sets of u
and v, i.e., F,,,,, = S5 NS, . Notice that the majorization lattice is complete in the sense of
Definition 7.15.

If w and v are comparable, e.g., if u < v, we find u Av =w and u vV v = v. When v and v
are incomparable, the lattice becomes nontrivial; see Figure 7.2 for a graphical depiction of

the majorization lattice for two incomparable vectors u,v € 22 611 to grasp some intuition.

7.3.2 Constructing the meet and the join

Let us now present how knowing the components of © and v enables finding the components
of the meet u A v and the join v v v [46]. The idea is simple: the meet is obtained directly
by taking the lower envelope of the Lorenz curves of w and v. The join is subtler: taking
the upper envelope of the Lorenz curves of © and v yields the correct cumulative sums
only if the corresponding components are in non-increasing order. Otherwise, the resulting

pseudo-Lorenz curve must be “concavified”.
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Figure 7.2: Schematic representation of the majorization lattice. Let w and v in & il. The blue
cone up from u contains all vectors in &2 é that are majorized by w (i.e., the majorized set of u,

denoted by .#,;"), while the blue cone down from w contains all vectors in e@é that majorize u
(i.e., the majorizing set of u, denoted by .%,;). Similarly, the orange cone up from v contains
all vectors in &2 é that are majorized by v, while the orange cone down from v contains all

vectors in & [i that majorize v. Note as an important caveat that, in order to match the usual
schematic representation of the majorization lattice having the thermodynamic arrow of
time pointing upwards [149], we call an “up cone” the actual down-set, whereas we call a
“down-cone” the actual up-set. The meet u A v is located at the intersection of the two up
cones, whereas the join u v v is located at the intersection of the two down cones. Since the
up cones contain more disordered (in the sense of majorization) elements, the meet u A v
stands for the most ordered element among those that are more disordered than both uw and
v. Conversely, since the down cones contain more ordered elements, the join v v v stands
for the most disordered element among those that are more ordered than both w and v. The
majorization diamond #; .,, ,,v+» iINtroduced in Section 9.3, corresponds to the intersection
of the cone down from u A v and the cone up from u v v (see Eq. (9.8)).
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More precisely, for the meet, since u A v <u and u A v < v, we write, using Eq. (7.2),
stwAv) smin(st(w),st(@), Vk=1,..,d-1, (7.48)

and saturate it for all k =1,...,d — 1, giving its components when subtracting the (k — 1)th

cumulative sum from the kth, that is,
(u/\fv)k:min[s,lc(u),s,lc(v))—min(s,lc_l(u),s,lc_l(v)), k=1,...,d, (7.49)

which is a vector belonging to ?}’Lli by construction. Remember that s;(u) = sz(v) =1, and

So(u) = so(v) = 0. The left panel of Figure 7.3 illustrates the Lorenz curve of the meet.

For the join, the reasoning follows the same path but with an important caveat; since

u <uVwvand v <u Vv, we write similarly, using Eq. (7.2),
max(s,t(u),sllc(v)) SS}C(’U,V’U), Vk=1,...,d-1. (7.50)

If we formally saturate these inequalities for all k = 1,...,d — 1, we obtain the intermediate
vector f(u,v). However, doing so leads to a vector that does not always belong to 9’011 (since it
is not always in non-increasing order, see the left panel of Figure 7.3 for an illustration), which
implies that it cannot always be the join © v v. Nonetheless, because this intermediate vector
is useful in the development for finding the join, we write it explicitly, subtracting its (k — 1)th

cumulative sum from its kth, that is
B, v); = max(sk(w), st (v)) ~max(s,_ (w),s._ (@), k=1,....d. (7.51)

As mentioned, two situations occur: either f(u, v) is a non-increasingly ordered vector® and
u Vv = f(u,v), or B(u,v) is not an ordered vector and an algorithm is used to obtain u v v
from f(u,v). At first, one might try to reorder f(u,v) non-increasingly and take f(u,v)! as
the join. However, this generally gives an upper bound that is too large in majorization order.

More precisely, the true join satisfies
uv o< fu,v), (7.52)

so B(u,v)! is more concentrated than necessary. To find the actual least upper bound, we use
the following algorithm to correct “just enough” where concavity breaks in Lorenz coordinates,
that is, we use a linear correction where needed. This gives a non-increasingly ordered vector,
which is the least upper bound. The right panel of Figure 7.3 illustrates the discrepancies
between the different curves in Lorenz coordinates. We now detail the complete construction
of the join.

3This is always the case for d = 2, which is a trivial lattice since all vectors are comparable in this situation,
and also for d = 3.
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Letu,ve? oli. We start by introducing singleton blocks I; = {i} with i =1,...,d, and attach
to each block a value h; = B(u,v);. Hence, we begin with h = f(u,v). After the first step,
we use Greek indices a to label the current blocks, since these blocks may contain multiple
coordinates. At every step, h, denotes the constant slope assigned to the current block I,.
Now, we scan the list of blocks from left to right and, as soon as hy < hy+1, we merge the two
blocks I, and I,+;. The value of the new block is the weighted average of the two block values,
i.e.,

alhg + g1 hat1

A . (7.53)
new [ Ia |+ Tg11l

We then relabel the current blocks consecutively. After merging, we still need to check with
the previous block because the new value may have created a violation with the left block. We
continue until

hy=---=h,, (7.54)

for all blocks (we suppose there are r < d at the end of the process). Then, the join is obtained
by setting
(uvv)i=hy, Viel,. (7.55)

This is the pool-adjacent-violators algorithm [58] applied to the slopes of the pseudo-Lorenz
curve. Equivalently, it constructs the least concave majorant of the pseudo-Lorenz curve of

B(u,v). Notice that Ref. [46] proposes an alternative way of constructing v v v from f(u, v).

7.3.3 Properties

We now present some structural properties of the majorization lattice. In particular, although
it has well-defined meet and join operations, it does not satisfy some of the stronger identities
that hold in special classes of lattices.

There exist different pairs (u,v) and (u’,v’) such that
unv=u Av and uvv=u'vv'. (7.56)

This occurs, for example, by choosing u = u’ = (0.6,0.15,0.15,0.1) T v =1(0.5,0.25,0.2,0.05)7,
and v’ = (0.5,0.275,0.175,0.05) L. These vectors also provide a counterexample to modularity,

and therefore to distributivity, of the majorization lattice [118].
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Figure 7.3: Lorenz curves associated with the meet and join constructions for the incom-
parable vectors u = (0.5,0.25,0.2,0.05)" and v = (0.6,0.15,0.15,0.1)". In the left panel, we
depict the Lorenz curves of the original vectors (in dotted and dashed black lines) together
with that of their meet u A v = (0.5,0.25,0.15,0.1)T in green, and the pseudo-Lorenz curve
of the intermediate vector B(u,v) = (0.6,0.15,0.2,0.05) in blue. We observe that, while the
Lorenz curve of the meet is concave, the pseudo-Lorenz curve of the intermediate vector is
not concave, and hence it is not its actual Lorenz curve. To resolve this issue, the intermediate
vector is reordered (its actual Lorenz curve is in a dotted blue line in the right panel). In the
right panel, we zoom on the region where concavity fails for f(u,v) (see the dotted rectangle
in the left panel) and compare the pseudo-Lorenz curve of f(u,v) in solid blue line, the
Lorenz curve of its reordered version B(u,v)! = (0.6,0.2,0.15,0.05)” in dotted blue line, and
that of the join © v v = (0.6,0.175,0.175,0.05) T in solid red line, obtained by “concavifying”
the pseudo-Lorenz curve of B(u,v). Since the Lorenz curve of f(u,v)' lies above that of the
join, we have u v v < f(u, v)!. Thus, ,B(u,'v)l is an upper bound, but it is not the least one.

Proposition 7.1. The majorization lattice is non-modular and, thus, non-distributive.

Proof. Choose

u=u'=(06,0.15,0.150.1)", »=(0.5,0.25,0.2,0.05)7, v’ =(0.5,0.275,0.175,0.05) .

(7.57)
Since v < v, we require that (see Definition 7.17)
vA(uvY)=@wAu) v (7.58)
However, in this example,
vAuvr)=v£v =@wAu)vo'. (7.59)

Thus, the lattice is not modular, and therefore it is not distributive. O
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When the majorization lattice was introduced in information theory, two entropic proper-

ties were proposed [46].

Proposition 7.2 (Subadditivity of entropy on the majorization lattice). Foru,v € P! we
have
H(uAv)<H(u)+ H(v). (7.60)

Proof. We present an alternative, shorter proof than the original from Ref. [46]. When com-
paring probability vectors of different lengths, we pad the shorter ones with zeros. This does
not affect either majorization relations or Shannon entropy. Let (U, V) be any coupling of
the distributions w and v, and let pyv be its joint distribution. Its marginals are py = v and

pv =v. Since pyy is a refinement of each marginal distribution, we have
pbv <pu=u, pbv <pv=v. (7.61)

Hence, pyv is alower bound of both v and v in majorization order. By the definition of the
meet, we can thus write

Phy <uAw. (7.62)

Using Schur-concavity of entropy (see Eq. (7.25)), we get
H(pyv) =2 Hu Av). (7.63)
On the other hand, by the subadditivity of Shannon entropy [49],
H(pyy)=HWU,V)=HU)+ H(V) = H(u) + H(v). (7.64)
Combining the last two inequalities gives
H(uAv) = Hu)+ H(v), (7.65)
as desired. O

Proposition 7.3 (Supermodularity of entropy on the majorization lattice). Forwu,v € & ;Z'
we have
Hu)+Hv)<HuAv)+ HuVv). (7.66)
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In Ref. [223], Proposition 7.3 is obtained from the stronger majorization relation
(unv)e(uvov)<uds, (7.67)

where & denotes the direct sum. By Schur-concavity of entropy,

H((UAU)GBWVU))EH(U@U). (7.68)
2
Using the following entropy identity, valid for every a,b € P,
asb) 1 1
H(T = EH(a) + EH(b) +log2, (7.69)

we recover Eq. (7.66). The majorization lattice also admits a distance defined in terms of the
Shannon entropy H and the join operation.

Definition 7.19 (Entropic distance in the majorization lattice [45]). For u,v € ?}’l, the

entropic distance between u and v in the majorization lattice is defined as

dy(u,v) = Hu)+ H(v)—-2H(u Vv v). (7.70)

If u and v are comparable, e.g., if u < v, we get dy(u,v) = H(u) — H(v) since u Vv = v. Notice
that we could think of defining an analogous distance using the meet instead of the join, such
as

JH(u,v) =2H(uAnv)— H(u)— H(v). (7.71)

Similarly, if w and v are comparable, e.g., if u < v, then d H(u,v) = Hu)— H(v), since uAv = u.
However, dp(u,v) does not satisfy all the requirements of a distance measure; in particular, it
can fail the triangle inequality. Indeed,

dp(u,v) £ dg(u,uvv) +dguvv,v), (7.72)
since it can be rewritten as
Hu)+ Hv)=HuAv)+ HuVvwv), (7.73)

which is forbidden for incomparable u,v € ,@:l in general, due to Proposition 7.3. In con-
trast, dy defines a proper distance on the majorization lattice, as shown in Ref. [45]. The

supermodularity of entropy can also be rephrased using the entropic distance dp as

dgunv,u) =dgv,u V). (7.74)
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In Chapter 8, we make use of the majorization lattice notions of meet and join to propose
two new optimal protocols for converting bipartite pure states, whereas in Chapter 9, we

investigate new geometric aspects of the majorization lattice in order to strengthen entropic
inequalities.
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Probabilistic pure-state conversion on

the majorization lattice

The content of this chapter is based on the following published work: Serge Deside, Matthieu
Arnhem, Célia Griffet, and Nicolas J. Cerf. “Probabilistic pure state conversion on the ma-
jorization lattice”. Physical Review Research 6, 023156, May 2024 [62].

In this chapter, we show that the majorization lattice provides an efficient framework for
characterizing the allowed transformations of pure entangled states under local operations
and classical communication (LOCC). The underlying notions of meet A and join Vv in the
majorization lattice lead us to define, respectively, the optimal common resource and optimal
common product states. Based on these two states, we introduce two optimal probabilistic
protocols for the (single-copy) conversion of incomparable bipartite pure states, which we
name greedy and thrifty. Both protocols reduce to Vidal’s protocol [233] when the initial and
final states are comparable. When they are incomparable, however, the thrifty protocol is
superior to the greedy protocol in the sense that it yields a more entangled residual state upon
failure, while both protocols yield the target state with the same optimal success probability
upon success. Finally, we consider the generalization of these protocols to entanglement

transformations involving multiple initial or final states.

8.1 Introduction

As discussed in Chapter 2, quantum entanglement has long been recognized as a necessary
resource in many quantum information protocols [21,22, 133] and is often regarded as the
paramount quantum resource [42]. In this context, separable states are defined as resource-
free states and LOCC are viewed as free operations, that is, operations that map separable
states onto separable states (hence, do not create any resource). An important aspect of such a
resource theory of entanglement concerns the study of allowed entanglement transformations,
i.e., the conversions between entangled states of a system shared between several parties
that can be achieved using LOCC only. Note that the conversions of bipartite pure states are
asymptotically (in the limit of many copies) always allowed with some yield [19]. Instead,
here, we focus on the case of single-copy transformations between bipartite pure states. The
most notable result on this subject, due to Nielsen [171], consists in a simple characterization
of deterministic bipartite pure state conversions using LOCC by means of majorization theory.
A related result, due to Vidal [233], further extends this characterization to probabilistic

transformations.
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As presented in Chapter 7, the theory of majorization allows one to compare probability
distributions in terms of intrinsic disorder. These majorization relations play a central role in
entanglement theory, as implied by Nielsen’s theorem (see Theorem 2.1), i.e., if Alice and Bob

share a bipartite pure state |y) 45,

d .
W) ap =2 /Ay 1 ali)p. (8.1)
i=1

It is convertible into another pure state

d .
D) ap = 2/ Ay D) alids (8.2)
i=1

if and only if the two Schmidt vectors Ay, Ay obey the following majorization relation,
Ay < Ay (8.3)

Notice that, by an abuse of language, we write |y) o5 < |$) 45, and say that |y) 45 is majorized
by |¢) 45, whenever Ay, < Ay. Protocols achieving such a transformation have been discussed,
for example, in Refs. [141,230]. The characterization of entanglement transformations via
majorization relations has been generalized to probabilistic LOCC transformations by Vidal
(see Theorem 2.2), and an optimal protocol achieving the desired probabilistic transformation
was also provided (it will be detailed in Section 8.3). Optimality refers here to a protocol that
reaches the exact state |¢) 4z with the highest possible success probability.

In this chapter, we exploit the majorization lattice (presented in Section 7.3) in order to
revisit the probabilistic entanglement transformations between bipartite pure states. Our
analysis builds upon the two central elements of a lattice theory, the so-called meet and join
(see Figure 7.2), and yields two corresponding optimal protocols (see Figure 8.1). Considering
an entanglement lattice, where each node is a bipartite pure state and the lattice structure
emerges from majorization relations, we associate the meet and the join with two specific
states that we call, respectively, the optimal common resource (OCR)! and optimal common
product (OCP) states. We first build a protocol using the OCP state and show that it is akin
to Vidal’s optimal protocol. More interestingly, we then build a second protocol making
use of the OCR state and prove that, while being again optimal, it better preserves average
entanglement. Both protocols trivially reduce to Vidal’s in the special case where |¢) and |¢)
are comparable states in the sense of majorization theory, so we focus on the interesting case

of incomparable states.

1This term was first coined in Ref. [110] but with no reference to the majorization lattice.
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The protocol based on the OCP state can be viewed as a greedy protocol. In the context of
optimization, a greedy algorithm evolves towards the solution by choosing the local optimal
move at each stage. In analogy, our greedy protocol favors the immediate gain of a determin-
istic move and postpones the probabilistic move (see red arrows in Figure 8.1). Our second
protocol based on the OCR state can be understood, in contrast, as a thrifty protocol. A thrifty
optimization algorithm prefers not to choose immediate gain at each stage. Here, our thrifty
protocol indeed tolerates starting with a probabilistic move (see green arrows in Figure 8.1).
The main results of this chapter consist in Theorems 8.1 and 8.2, which prove, respectively,
the optimality and better average entanglement preservation of the thrifty protocol.

This chapter is organized as follows. In Section 8.2, we first introduce the majorization lat-
tice and, specifically for bipartite entanglement, the OCR and OCP states. Then, in Section 8.3,
we present Vidal’s theorem for the probabilistic conversion of bipartite pure states as well as
the corresponding optimal protocol. This provides us with the tools for introducing the greedy
and thrifty protocols in Section 8.4. We further establish in Section 8.5 the generalization of
the greedy and thrifty protocols to an arbitrary number of initial or final states. Finally, we

give our conclusions in Section 8.6.

8.2 From the majorization lattice to the entanglement

lattice

Let us briefly recall the majorization lattice introduced in Definition 7.18, that is, (Ql L=<, A\, V).
The meet of two vectors u,v € & oli, denoted u A v, is the sole element of 22 Cli such that, for
every w € e@é with w <u and w < v, we have w < u A v. Analogously, the join of two vectors
U,V € (@é, denoted u Vv v, is the sole element of 9’}1 such that, for every w € 9’611 with u < w
and v < w, we have u Vv < w. Thus, itimpliesu Av<u<uvvanduArv<v<uVo.

In the following, we will consider an entanglement lattice whose elements are bipartite
pure states (see Figure 8.1). Since the entanglement of a bipartite pure state is uniquely
characterized by its Schmidt vector, we may equivalently view the elements of the lattice as
probability vectors® in ji. Hence, according to Nielsen’s theorem, a state can be obtained
from any state belonging to its majorized set by using only deterministic LOCC. Conversely, a
state can be converted into any state of its majorizing set by using only deterministic LOCC.

In other words, the lattice structure translates the allowed entanglement transformations.

2In what follows, when we say that one bipartite pure state majorizes another, we mean that the corresponding
relation holds between their Schmidt vectors.
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Accordingly, the meet of two (or more) states denotes the least entangled state that can still
be deterministically converted into any one of them. We refer to it as the optimal common re-
source (OCR)' state. Reciprocally, the join of two (or more) states denotes the most entangled
state that can still be deterministically produced from any one of them. We refer to it as the
optimal common product (OCP) state, where “product” refers to an output of the conversion
process. The OCP and OCR states will be used in Section 8.4 in order to construct the greedy
and thrifty protocols, respectively, as pictured in Figure 8.1.

Instructively, the optimality of the OCP and OCR states can be rephrased as follows. For
ease of notation, from now on, we drop the subscript AB for bipartite states (all pure states
are bipartite in the following). Considering two bipartite pure states |i) and |¢), any state
|T) that is majorized by both |y) and |¢) (i.e., any state |7) lying inside the intersection of the
two up cones emerging from |¢) and |¢) in Figure 8.1) must also be majorized by the OCR
state |w A ¢). Thus, according to Nielsen’s theorem, all “resource states” (i.e., states |7) that
are convertible into either |y) or |¢) via a deterministic LOCC) can also produce the OCR
state [y A ¢). Since the latter is itself convertible into either |¥) or |¢), it is the resource state
that requires the lowest amount of resource. Conversely, any state |o) that majorizes both
ly) and |¢) (i.e., any state |o) lying inside the intersection of the two down cones emerging
from |y) and |¢) in Figure 8.1) must necessarily also majorize the OCP state |y V ¢b). This
means that all “producible states” (i.e., states |o) that can be deterministically produced with
LOCC either from |y) or from |¢)) can also be produced from the OCP state |y Vv ¢). Since the
latter is itself obtainable either from |y) or from |¢), it is the producible state that contains

the highest amount of resource.

8.3 Probabilistic state-conversion protocol

When a deterministic state conversion is impossible according to Nielsen’s theorem, the same
transformation may sometimes be achieved probabilistically. This is the content of Vidal’s
theorem (see Theorem 2.2), which we now recall, before giving its associated protocol.

Let |y) be the initial state of a bipartite system shared between Alice and Bob, and let
|y be the target state they wish to obtain using only LOCC. We suppose that it is possible to
perform the desired transformation from |y) to |¢p) with non-vanishing probability, i.e., the
number of non-zero coefficients of Ay must be at least as large as that of A (in the following,
we consider, without loss of generality, that they are equal)®. Vidal’s theorem states that there
exists a probabilistic protocol converting |¥) into |¢) with probability p if and only if

Ew)=pE($), Vi=1,....d, (8.4)

where E;(y) = Z?:l )Lf;”, as defined in Section 2.2.2.

3If the number of Schmidt coefficients of the initial state is strictly smaller than the number of Schmidt
coefficients of the target state, the optimal conversion probability is equal to zero by Theorem 2.2.



Chapter 8. Probabilistic pure-state conversion 141

OCR\
[ A @)

Figure 8.1: Schematic representation of the majorization lattice applied to bipartite entangle-
ment. Let |y) and |¢) be two bipartite pure states that are assumed to be incomparable. Any
state lying in the up cone of |y) is convertible into |y) via deterministic LOCC, while any state
in the down cone of |y) is reachable from |y) via deterministic LOCC (this is pictured with a
collection of grey arrows pointing downwards). The same holds true, of course, for the cones
associated with |¢). The OCR state |¢ A ¢) is located at the intersection of the two up cones
and can be understood as the least entangled state capable of deterministically producing
either |y) or |¢). In contrast, the OCP state |y Vv ¢) is located at the intersection of the two
down cones and can be viewed as the most entangled state that both |y) and |¢) are capable
to produce deterministically. We highlight the greedy (red) and thrifty (green) protocols as
discussed in Section 8.4 for converting |y) into |¢) (bold arrows correspond to deterministic
LOCC transformations and dashed arrows to probabilistic LOCC transformations). The greedy
protocol (in red) starts with a deterministic LOCC towards the OCP state and postpones the
probabilistic LOCC. In contrast, the thrifty protocol (in green) starts with a probabilistic LOCC
towards the OCR state before making the deterministic LOCC.

Thus, the optimal (maximum) probability with which Alice and Bob can perform the desired

transformation is given by

E
Pmax = min 1) (8.5)

le(l,...d} By ()
Note that pmax < 1 because when [ = 1, we have E; (¢) = E;(¢p) = 1. Vidal described a protocol

achieving this optimal probability in Ref. [233], which we review hereafter.
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First, Alice and Bob apply a deterministic LOCC in order to transform |y) into an inter-
mediate state | y) which maximizes the fidelity with respect to the target state |¢p) while being

deterministically reachable from |y) using only LOCC [235], namely,
lx)= argmax [alp). (8.6)
@) : 1) 2

Second, Alice performs a two-outcome measurement on her share of the system, leading,
with some probability pmax, to the target state |¢) (in which case we say that the protocol
has succeeded) or, with probability 1 — pmax, to a state denoted as [¢) (in which case we say
that the protocol has failed). We show below that this residual state |{) always possesses a
strictly smaller number of non-vanishing Schmidt coefficients than |¢), hence the conversion
from [¢) to |¢) is fully impossible, even probabilistically. Note that Vidal’s conversion protocol,
which we simply refer to as a probabilistic LOCC transformation in the following, involves

both a deterministic step and a probabilistic step.

The construction of the intermediate state |y) works as follows. We make use of the d
entanglement monotones defined in Eq. (8.4) in order to define a sequence of ratios r;’s. First,

we define r;, which corresponds to the maximum conversion probability from |y) to |¢), as

_ . Ei(y) o Ey, (y)
r = min = )
lel,..dy E;(¢p)  Ep(¢P)

(8.7)

where [; is the value of [ that reaches the minimum (it is chosen as the smallest value of /
in case of several minima). Then, we define the next ratios r;’s with j =2,3,...,d as follows
(each r;j is associated with a corresponding /;)

Eiy)-E;,_(v) E;(w)-E;_ (y)
rf:le{lmi W) =Ly () By () =Ly, (@ 8.8)

-1 @)~ B, @) @) —Ei (@)

until we find some value of j, which we call k, satisfying [, = 1. Finally, we define [y = d + 1.
On a side note, it can easily be shown that the sequences of r;’s and [;’s satisfy 0 < r; <--- <7y
and [p>1;>---> 1, =1[233].

From the ratios r;’s, we define the Schmidt coefficients of the intermediate state
AP =rjAy), ifie ., i =1, with je (L. k), 8.9)

which, by construction, satisfies Ay, < A,. Hence, |y) is convertible to |y) by using a deter-
ministic LOCC.
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The generalized measurement performed by Alice is described by the two Kraus operators

M
M = , (8.10)
M
\/ T y-1 _M]%
N= ) (8.11)
1][lo—ll] _M%
with
~ r .
M] = r—jﬂ[lj_l_lj], fOI'] € {1,...,]6}, (812)

where T][ 111 is the identity operator in a (/;—; — [;)-dimensional Hilbert space. We have,
of course, the completeness relation MM + NN = 4. If Alice obtains the measurement
outcome linked to M, she obtains the target state |¢). This happens with probability r; since

we have

(MeT4)1x)=Vrile). (8.13)

Otherwise, if she obtains the outcome linked to N, she gets the residual state |¢) such that

(N@’ﬂ[d])lx) =V1-r11é). (8.14)

It is clear from Eq. (8.11) that N possesses at least one vanishing diagonal element, hence
|€) has strictly less non-vanishing Schmidt coefficients than |¢). Therefore, it is impossible for
Alice and Bob to obtain state |¢) from |¢) by using (even probabilistic) LOCC transformations.

Note that in the special case where Ay < Ay, Vidal’s protocol reduces to a deterministic
(Pmax = 1) protocol for converting |w) into |¢), which exists as a consequence of Nielsen’s

theorem.

8.4 Greedy and thrifty protocols on the majorization lat-
tice

We now introduce the two optimal probabilistic state conversion protocols which take ad-
vantage of the notions of OCP and OCR states in the majorization lattice (see Figure 8.2 for
a diagrammatic representation of both protocols). As usual, Alice and Bob initially share a
pure bipartite state |y) that they wish to transform into a target state |¢) by using only LOCC

operations. Further, we assume that |y) and |¢) are incomparable.
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The protocol passing through the OCP state works as follows. First, Alice and Bob transform
|y) into the OCP of the initial and target states, denoted as |¥ Vv ¢), via a deterministic LOCC
transformation. This conversion is possible as a consequence of Nielsen’s theorem since,
by definition, Ay < Ayve. Then, Alice and Bob apply to |y Vv ¢) the probabilistic LOCC
transformation” presented in Section 8.3 in order to obtain the target state |¢). This clearly
cannot be done deterministically since Ayvp A Ap (actually, Ayvgp > Agp). We name this
protocol greedy because the deterministic (rewarding) LOCC transformation is given priority

and precedes the probabilistic (less rewarding) LOCC transformation.

Following a similar logic, we define another protocol using the OCR state instead. In
this protocol, Alice and Bob first transform |y) into the OCR of the initial and target states,
denoted as |y A ¢b), using the probabilistic LOCC transformation® presented in Section 8.3.
This transformation can only be made probabilistically because Ay, £ Ayngp (actually, Ay >
Ayng). Then, the second phase consists in Alice and Bob transforming [y A ¢b) into |¢) via a
deterministic LOCC operation, which is obviously possible because Ay sy < Ap. We name this
protocol thrifty because the deterministic (rewarding) LOCC transformation is postponed
after the probabilistic (less rewarding) LOCC transformation.

Interestingly, we will prove that the greedy and thrifty protocols both reach the optimal
conversion probability [the same as that of Vidal’s protocol, see Eq. (8.5)]. Furthermore, we
will show that the thrifty protocol better preserves entanglement, on average, than the greedy
protocol. More precisely, if the thrifty protocol fails, the residual state, which we call |v), is
more entangled than the residual state of the greedy protocol, called |¢), in the sense that
Ay < Ag, or equivalently |v) LocL |€).

Note that if |y) and |¢) were comparable instead of incomparable states, then the greedy
and thrifty protocols would be equal and would coincide with Vidal’s conversion protocol
from |y) to |¢p) (which is probabilistic when Ay < Ay, or even deterministic when Ay < Ayp).
Hence, we will only be interested in the case of incomparable Schmidt vectors Ay, and Ay, i.e.,
situations where a deterministic LOCC conversion is impossible in both directions, from |y)
to |¢p) and from |¢p) to |y).

Let us first consider the easiest case of the greedy protocol, which can be brought to Vidal’s
protocol simply by merging the sequence of two deterministic steps |y) — [y V ¢) — |y) into
a single deterministic step @) — |y). Indeed, in the second phase of the greedy protocol (i.e.,
the probabilistic LOCC transformation from [y Vv ¢b) to |¢)), the intermediate state happens
to be the same as the intermediate state |y) of the transformation from |y) to |¢) in Vidal’s
protocol, defined in Eq. (8.9).

41t consists of a deterministic step from | Vv ¢) to the intermediate state |y), followed by a probabilistic step
from |y) to |¢p).

51t consists of a deterministic step from |1) to the intermediate state |{), followed by a probabilistic step from

I0) to [y A ).
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Figure 8.2: Diagrammatic representation of the greedy (red) and thrifty (green) protocols
converting |y) into |¢) on the majorization lattice. The probabilistic LOCC transformation
of both protocols is itself split into two steps: a deterministic step (represented by a bold
arrow) towards an intermediate state (either |y) or |{)) followed by a purely probabilistic
step (represented by a dashed arrow) involving a local two-outcome measurement. If the
conversion is successful, the resulting state is majorized by (is more entangled than) the
initial state (|¢) < |y Vv ¢p) and |w A @) < |y)). The left inset represents the residual states if
the conversion has failed, emphasizing that the residual state |v) of the thrifty protocol is
majorized by (hence, is more entangled than) the residual state |{) of the greedy protocol.
Note also that () < |}).
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This is true because this intermediate state |y) has been shown to belong to the down cone of
lw v ¢) in Ref. [26], and is thus deterministically reachable from |y). Since, by definition, the
intermediate state is the closest state to |¢) that is deterministically attainable from |y) [see
Eq. (8.6)], both intermediate states coincide. Hence, the greedy protocol is also optimal.

The rest of this section is devoted to the analysis of the thrifty protocol, which is more
involved. Before proving the optimality of the thrifty protocol, let us prove the following rather
intuitive lemma.

Lemma 8.1. The entanglement monotone for the OCR of two bipartite pure states |v)
and |p), E;(w A @), is equal to the maximum between the entanglement monotones of the
initial state E;(y) and target state E;(¢), i.e.,

Ei(w A ¢) = max{E;(y),E;($)}, VIefl,...,d). (8.15)

Proof. We start from the definition of the /th entanglement monotone for the OCR state,

d
EwAd) =) Aj;)w, (8.16)
i=l

which can be rewritten, by means of the expression of the meet in Eq. (7.49), as

d i L1 . i-1 . i-1 .
Eyng) =Y (min{ YAy YA } —min{ Y ALY A }) (8.17)

i=1 j=1 j=1 j=1 j=1

Since all terms cancel out two by two, except for the first and last terms, we obtain

-1 =1
El(wmp):1—min{ZAf;),ZAg)}, (8.18)
j=1 j=1
or equivalently,

d (@] d ()

El(wmp):max{ZAu{,ZAdj } (8.19)
j=1 j=1

= max{E;(y), E;(¢)}, (8.20)
hence completing the proof, which holds for every l € {1,..., d}. O

We can now move to our first main result, namely the optimality of the thrifty protocol.
Since the second phase of the thrifty protocol, converting [y A ¢) into |¢) (i.e., the third green
arrow in Figure 8.2), is deterministic, all we need to consider is the first phase, namely the
probabilistic LOCC transformation from [y) to |y A ¢) (i.e., the two first green arrows in

Figure 8.2).
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In the following theorem, we prove that the maximum probability of achieving such a trans-
formation from |¥) to [y A ¢) is equivalent to that of realizing the transformation from |y)
to |¢). In some sense, with this specific probability, one may as well stop the thrifty protocol

halfway in order to produce the more entangled state | A ¢) rather than |¢).

Theorem 8.1. Let |y) and |¢p) be two bipartite pure states. The optimal probability
of conversion from |y) to | A ¢), which we name vy, is equal to that of the optimal
conversion from |y) to |¢p), denoted as ry in Eq. (8.7).

Proof. We need to show that v; = r;, where r; is given by Eq. (8.7) and t; is the optimal
probability of conversion from [y) to [ A ¢). We know that this probabilistic transformation
can be performed optimally using Vidal’s protocol, so t; can be calculated with Eq. (8.7),
namely,
. Ei(y)  E (y)
t; = min = ,
lel,..ay Ei(w Np)  E (W AP)

where [; is defined as the smallest [ € {1, ..., d} minimizing the ratio E;(y)/E;(w A ¢). With the

use of Lemma 8.1, we can write

(8.21)

E;(y)

= mi , 8.22
7 el max{E (w), Ei(@)] (8.22)
which is to be compared with r;. We obviously have
Eiy) B yien, (8.23)
max{E;(y), E/($)} ~ Ei(@)
For any value of [ such that E;(¢) < E;(y), we have
E1) < Ew) (8.24)

T max{E,y), i@} Ei¢)’

implying that such a value of / can be disregarded in the minimization over / that yields
r1 in Eq. (8.7) or t; in Eq. (8.22) since, when [ = 1, E;(y) = E;(¢) = 1 so the minimum is
guaranteed not to exceed 1. Thus, we may restrict the minimization over the values of [ such
that E;(¢) = E;(y), for which

E E
1) _Llw). (8.25)
max{E;(y),E;(p)} Ei(¢)
This implies that we have equal conversion probabilities,
t1=n, (8.26)

hence we have proven that the thrifty protocol is also an optimal probabilistic protocol. [
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We now turn to our second main result, namely that entanglement is better preserved, on
average, by the thrifty protocol rather than the greedy protocol. Let us first prove the following

lemma.

Lemma 8.2. Forallx andy € 9’; such that x <y, and for all non-increasingly ordered

vectors a € Rﬁf such thathzl a;x; = Z?zl a;y; =1, we have
aor<aoy, (8.27)

where © denotes the Hadamard (element-wise) product.

Proof. The equality [see Eq. (7.2)] in the majorization relation of Eq. (8.27) is trivially fulfilled

by hypothesis, so it remains to prove the following d — 1 inequalities [see Eq. (7.2)],
k
Y ai(yi-xi) =0, Vkefl,...,d-1} (8.28)
i=1
given the majorization hypothesis « < y, which reads as
k
Y (yi—x)=0, Vkell,..d-1}. (8.29)
i=1
The non-increasing rearrangement of vector a allows us to write its components in the form
d
ai=) pj, Viefl,...d, (8.30)
j=i

where u; =0, forall j €{1,...,d}. By plugging Eq. (8.30) into Eq. (8.28), we have to prove
k d
Y (yi—xi)) pj=0, VYkefl,..,d-1} (8.31)
i=1 j=i

which can be rewritten by interchanging the two summation signs as

min(k, j)
(yi—xi)=0, Vke{l,...,d-1}. (8.32)
1

1=

d
> Hj
j=1

These inequalities are clearly satisfied given u; = 0 and the majorization hypothesis, Eq. (8.29),

thereby completing the proof. O
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With this in mind, we can prove our second main result, namely that the residual state |v)
of the thrifty protocol is majorized by the residual state |¢) of the greedy protocol. This is the

content of the following theorem.

Theorem 8.2. Let |y) and |}) be two bipartite pure states and let |) be the residual state
if the two-outcome probabilistic protocol for converting |y) into |¢) fails and |v) be the
residual state if the two-outcome probabilistic protocol for converting |v) into |¢ A ¢)

fails. Both residual states are related via the majorization relation

Ay < Ac. (8.33)

Proof. To show this, we proceed in three steps. First, using the definitions from Eq. (8.8), we
characterize the sequence of ratios t;’s (and corresponding values [;’s) associated with the
probabilistic conversion from |y) to |y A ¢) and prove thatt; = rj and [; = [}, for all j. Then,
we express the intermediate state |{) of this conversion and show that it satisfies A; < A,
where |y) corresponds to the intermediate state of the probabilistic conversion from |y) (or
from |y v ¢)) to |¢), as shown in Figure 8.2. Finally, we use A; < Ay in order to prove the
desired majorization relation A, < A¢.

From Theorem 8.1, we already know that for j =1, v; = r; and [} = /;. In order to prove the
same relations for higher values of j, we proceed by iteration. We can write t,, by means of
Eq. (8.8), as

. Ei(y) - Ey, (y)
ty = min )
lefl,m -1V By (@ A ) — Ey, (@ A )
. E[z (y) - E[l ()
- B, (WA - E,(wAp)

(8.34)

which can be reexpressed, using /; = [; and E, (y A ¢) = max{E;, (y), E;, (P)} = Ey, (¢), as

E; (W) - Eh (W)

to = min . (8.35)
le(l,..,h-1ymax{E;(y), E(p)} — Ey, ()
We choose to rewrite this last expression as
to= min ty;. (8.36)

lefl,...,., -1}

We now divide the values of / in two categories. Either / € £* when max{E; (), E;(¢)} = E;(),
or [ € ¥~ when max{E;(y), E;(p)} = E;(¢). It is possible to prove that there always exists one
value Imin € £~ such thatvy; . <ty forevery l € £*u%~. Hence,

T2 =To. (8.37)
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Proceeding equivalently for each j, we show that
vi=rjand[j=1;, Vje{l,..., k} (8.38)
This allows us to write the vector of Schmidt coefficients of the intermediate state |{) between
ly) and |y A ¢) as
A =AY i€l i1y, with je (1., k), (8.39)

Thus, this vector can be expressed as a Hadamard product of two vectors, namely,

where (r); =rj,ifi €{l,...,lj-1 — 1}, forevery i € {1,..., d}. Similarly, in view of Eq. (8.9), the
vector of Schmidt coefficients of the intermediate state |y) between |y) (or |w V ¢)) and |¢)
can be rewritten using this notation as

Ay =70 X (8.41)
Now, we simply make use of Lemma 8.2. Since Ayap < Ay, the majorization relation

holds true provided the vector r is non-increasingly ordered (by increasing index i). This can

be easily checked from the structure of this vector, namely,

r=g...7¢|...... |r2...r2|r1...r1)T, (8.43)
lTk lrz lTl
where each [; variable points to the index of the corresponding element in 7. Hence, AL <Ay,
which means that the intermediate state |{) of the thrifty protocol is more entangled than the
intermediate state |y) of the greedy protocol, as can also be seen in Figure 8.2.
Finally, we deduce from Eq. (8.42) the fact that A, < A¢, i.e., that if the protocol fails, the
residual state of the thrifty protocol is more entangled than the residual state of the greedy

protocol (see inset of Figure 8.2). To do this, first notice that

(Nm[d])l)c) =v1-rl¢), (8.44)
and

(Nelig)I0)=v1-rlv). (8.45)
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Given that N is diagonal [see Eq. (8.11)], we can rewrite Egs. (8.44) and (8.45) using vectors of

Schmidt coefficients and the Hadamard product as
)\5=n®)\x, )\V:ne)\(, (8.46)

where (n); = (i|NTN|i)/(1 - r), for every i € {1,...,d}. Finally, using again Lemma 8.2, valid
because of the fact that n € R? is a non-increasingly ordered vector and the fact that AL <Ay,

we complete the proof that A, < A¢. O

8.5 Generalization to a collection of initial or final states

We can first generalize Theorem 8.1 to a scenario involving multiple final states. Imagine that
Alice and Bob possess a state |1) and that, instead of a single target state, there is a collection
of m possible target states {|¢ j)};”: . from which they will have to produce a single one (without
knowing which one beforehand). The idea is that they can first perform a probabilistic LOCC
transformation to the OCR state of the m + 1 states, denoted as

‘wjgl¢j>:: WAPLAGLA A, (8.47)

extending the essence of the thrifty protocol. Once they possess the OCR state, they can wait
until they learn which state |¢ ;) they have to produce before performing the corresponding
deterministic LOCC transformation from the OCR state to |¢ ;). Interestingly, the probabilistic
LOCC from |y) to the OCR state has an optimal probability that is equal to the minimum
optimal probability of all individual conversions from |y) to |¢;). In some sense, with this
minimum probability corresponding to the hardest-to-reach target state |¢;), we may as well
stop the protocol halfway to produce the more entangled OCR state. This is the content of the

following theorem.

Theorem 8.3. Let |y) be a bipartite pure state and {|¢ )} ;": | be a collection of m bipartite

pure states. The optimal probability pI[Ill]aX of conversion from |y) to the OCR state of the

m+1 states ’W .7\11 ) j> is equal to the minimum optimal probability among the m possible
]:

individual conversions from |y) to|¢;), i.e.,

Wl = min p® (8.48)

where pl[lzl]ax i denotes the optimal probability of conversion from |y) to |¢;).
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Proof. From Eq. (8.5), we have

E
plly = min — (8.49)
le[1,d) m
E (U/ A ‘Pj)
j=1
as well as
E
pZ = min W) (8.50)
o lend Ef(¢j)
and we want to prove that
pI[Ill]aX: min pr[fl]axyj ::pﬁ]ﬂ. (8.51)

Jjell,m]

In order to do so, we can use the straightforward generalization of Lemma 8.1, namely,

Ep (U/jr/_r\ll CPj) =max{E;), E;($p1),..., Ei(pm)}. (8.52)
Thus, we have plll. = lg[llig] pl[rlllax » Where
E(y)
pl['lll]ax,l - , (8.53)
max{E;(y), Ey(p1),..., Ei(¢m)}
and, by interchanging the minima, we can also write
21 _— (2]
Pmax = 1161[1112] Prmax 1’ (8.54)
where
E
I —— 12 (8.55)

Prax,1 = jel,m Ej(¢) '

Therefore, using Egs. (8.53) and (8.55), it is easy to see that p[zl > p1[111]ax ; = Lfor any value of /

max,] —

such that max{E;(y), E;(¢1), ..., E;(¢n)} = Ei(y). These values of / can thus be disregarded in

the minimization over [ since the minimum cannot exceed 1 (indeed, p[Z] =1when

_ 5,011
max,1 — pmax,l

[ =1). Thus, we only have to consider the values of / such that max{El (W), Ei(¢p1),..., E; (d)m)} =

E;(¢y), with k € {1,,..., m}, implying pﬁlaxl = pﬂl]axl = E;(y)/ E;(¢pr). Hence, the minimum
over [ yields pr[rll]ax = pr[rzl]ax, which completes the proof. O

In other words, as long as Alice and Bob do not know which target state |¢;) they will
have to reach, they may anticipate the probabilistic step and move to the OCR, but this
can only be done with the minimum probability (corresponding to the worst-case target
state). The benefit of this procedure is that once the target |¢;) is disclosed, the final step
is deterministic. Otherwise, they may wait until the target [¢ ;) is disclosed and only then
perform a probabilistic transformation from [y) to |¢;), whose probability may be higher
(depending on which is the target state).
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In a nutshell, a compromise can be made between doing the probabilistic transformation
at first (making the rest fully deterministic regardless of the target state) or waiting to know
which target state is wanted before doing the actual probabilistic transformation (possibly
with a higher success probability).

It is worth noting that the Procrustean method introduced in Ref. [19] can be viewed as
a special case of our thrifty protocol in a scenario where the target state is a priori totally
arbitrary. The Procrustean method is a local filtering which converts a single copy of a
given partially entangled pure state |y) into the maximally entangled state |®) of the same
dimension. Indeed, when considering the thrifty protocol with the set of target states {|¢;)}
being the whole set of states of the same dimension as the initial state, the OCR then becomes
the maximally entangled state |®). Hence, the thrifty protocol starts with the probabilistic
conversion of |y) into |®), which is thus equivalent to the Procrustean method®. Once the
actual target state |¢ ;) is revealed, one may then deterministically convert |®) into |¢ ;) (which
is possible since |®) < |¢;), for every j). Of course, this Procrustean procedure becomes
suboptimal in situations where the set of target states is limited so the OCR is not maximally
entangled, in which case the thrifty protocol comes with a higher success probability.

It is also tempting to compare our multitarget-state thrifty protocol to the protocol intro-
duced in Ref. [143]. There, the conversion into an ensemble of pure states with associated
probabilities is considered. Specifically, the conversion of |y) into the ensemble {q, |¢;)} }”: .
is shown to be possible via a LOCC transformation if and only if

m
Ay < Zl djX;» (8.56)
]:

which extends Nielsen’s theorem. The conversion starts with a deterministic step towards an
“average” pure state whose Schmidt vector is equal to ). ;": 19jAg;, followed by a probabilistic
step yielding each state |¢ ;) with probability g;. Despite the apparent similarity between such
a protocol and our multi-target thrifty protocol, the two have quite different purposes. Indeed,
our protocol has a specific probability of succeeding, i.e., outputting the OCR, which is then
deterministically converted into one of the desired target states |¢;) chosen at will. According
to Theorem 8.3, the success probability is the minimum of the probabilities associated with
each individual conversion (Vidal’s bound for each pair of initial and target states). In contrast,
the protocol of Ref. [143] is designed as a source that randomly outputs a state |¢ ;) drawn
from a target ensemble. The weights g; in this ensemble can be chosen freely but must satisfy
Eq. (8.56) for any physically realizable ensemble. In particular, each g; must still be upper
bounded by Vidal’s corresponding optimal conversion probability from [y) to [¢;).

6This is a consequence of the fact that Vidal’s protocol itself can be seen as a generalization of the Procrustean
method when the target state differs from the maximally entangled state of the same dimension as the initial
state.
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To complete the picture, we may also consider a scenario involving multiple initial states
{ly it ;": , and a single target state |¢), generalizing the greedy protocol. This time, the optimal

probability of conversion pt,. from the OCP state of the m + 1 states ‘cp _nV11 v j>7 to the target
]:

state |¢) is equivalent to the minimum optimal probability between any of the m possible
individual conversions from [y ;) to [¢). This is immediately understood because, as proven in
Ref. [26], the intermediate state for the least probable of the m possible conversions is located
in the down cone of (4) j<7=/11 /4 j>. Therefore, the transformation from the OCP state ‘(/b j’\zl v j>

to |¢p) cannot be more probable than the least probable of the m possible conversions from
[y j) to |¢). Unlike the multi-target thrifty protocol, this multi-initial-state generalization of
the greedy protocol does not have a straightforward practical meaning since the deterministic
transformation from some of the initial states |y ;) to the OCP state cannot be performed until
the actual |y ;) is disclosed. However, it is relevant in a scenario involving a catalyst state [142].
If one postpones the deterministic step and, instead, borrows the OCP state, then it is possible
to implement the probabilistic step yielding |¢) from the OCP state. Later on, once the actual
lw ;) is disclosed, it can be deterministically converted into the OCP state, which is returned
and plays therefore the role of a catalyst. Here again, there is a compromise between doing the
probabilistic step at first (postponing the subsequent deterministic step) or waiting until the
identity of the initial state is known before doing the probabilistic transformation (possibly
with a higher success probability).

Finally, we discuss the following scenario. Imagine that two parties, Alice and Bob, are
spatially separated and that they each have access to a branch of a so-called bank of bipartite
pure states (see Figure 8.3). A branch of this bank has the particularity to rent a qudit of a
pair of bipartite entangled pure state to a nearby user. However, the rental price is calculated
as the difference between the entanglement of formation of the initial state and the one
of the final state. Hence, Alice and Bob prefer to rent the least entangled state needed for
whatever protocol they want to perform and return the most entangled state possible after
their protocol has ended. Note that, in full generality, the bank possesses branches at many
locations and if the entangled state needed for Alice and Bob is shared between two other
branches than theirs, the bank can perform entanglement swapping [255], in order to bring
the qudits to Alice and Bob’s branches. Now, imagine that Alice and Bob wish to perform a
series of protocols involving different bipartite pure states (we suppose that they know in
advance what state they recover at the end of each protocol) and that they only have access
to quantum communication with their local branch before knowing what state they need in

their set of states.

“In analogy with the OCR of multiple states of Eq. (8.47), the OCP of multiple states can be understood as
m
|¢j\:/1wj> =PV YLV YLV V).
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Bank of bipartite pure states

OCR (1) OCP (1); OCP (2) OCR (2)
N

/

ALICE spacelike separation BOB

Figure 8.3: Representation of the bank of bipartite pure states. The bank possesses several
branches spatially separated from one another, they are represented by the circles in the blue
ellipse. Alice and Bob each have access to one branch of the bank, in order to request (resp.
return) one qudit of an entangled pair corresponding to the OCR (resp. OCP) state of the
states involved in their series of protocols.

The optimal rent they should perform is to ask the bank for the OCR state of all the different
states they may need and to tell the bank that they will return the OCP state of all the possible
states they can have as outcomes of each protocol, because we suppose that the bank needs
to know in advance what state they will retrieve.

8.6 Conclusion

The lattice structure of majorization uncovers two essential states in the context of entan-
glement transformations between incomparable bipartite pure states |y) and |¢), namely
the optimal common resource state (i.e., the meet |y A ¢) of the two states) and the optimal
common product state (i.e., the join |y Vv ¢) of the two states). We have shown that both states
naturally appear when considering (single-copy) probabilistic LOCC transformations from
ly) to |¢p). We have indeed defined two antipodal protocols, namely the greedy protocol,
passing through |y v ¢), and the thrifty protocol, passing through |y A ¢). Both protocols can
be proven to be optimal (their success probability is maximum). However, while the greedy
protocol is very similar to Vidal’s protocol [233], the thrifty protocol is superior in that the
entanglement resource is better preserved on average (in case of failure, its residual state is
majorized by — hence, is more entangled than - the residual state of the greedy protocol).
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Note that in case |y) and |¢) are comparable, both the greedy and thrifty protocols reduce
to Vidal’s protocol, which reflects that the incomparability between the states is an essential
ingredient here. Finally, we have shown that the greedy and thrifty protocols can be gener-
alized to scenarios involving an arbitrary number of initial or final states. This underlines
the operational relevance of the majorization lattice in the scope of quantum entanglement
theory.

Overall, this chapter sheds a new light on the resource theory of entanglement. Such a
theory has proven to be essential in numerous areas within quantum information sciences.
For example, the rapidly developing field of quantum networks [159, | relies on the ability
to convert and manipulate entanglement at the local scale so to establish useful entanglement
between distant nodes. Another notable example is quantum thermodynamics [27, 130,

], where the resource-theoretical approach is well suited to describe the allowed state
transformations (here, thermo-majorization is the condition that reflects the existence of
thermal operations) and where the notion of majorization lattice has already proven its
relevance [59, 149]. Thus, plugging the resource theory of entanglement into a majorization
lattice, as we have sketched here, can be expected to be a very promising research avenue.
We may conceive cryptographic or thermodynamic scenarios where the convertibility (or
non-convertibility) from or towards the meet or join state is crucial.

Finally, it would be interesting to extend the current work to multipartite settings [41, ].
To our knowledge, the notions of optimal common resource or optimal common product
have never been explored for more than two parties. For example, we know that true tripartite
entanglement can be split into two categories, namely GHZ-type and W-type states [74], but
the determination of an optimal common resource state or optimal common product state
within each class constitutes an open problem. In another direction, extending the present
analysis to the conversion of mixed states and exploring the role of incomparability in this

context would, if possible, even further broaden the applicability of this framework.
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Geometric aspects of majorization:
Relating distances and entropies in the

majorization lattice

The content of this chapter is based on the following work: Serge Deside, Michael G. Jabbour,
and Nicolas J. Cerf. “Geometric aspects of majorization: Relating distances and entropies in

the majorization lattice” [64].

In this chapter, we investigate the geometry of the majorization lattice by means of the total
variation distance. Namely, we prove several identities relating the total variation distances
between probability vectors in the majorization lattice, their greatest lower bound (the meet)
and their least upper bound (the join). For this purpose, we also characterize convex sets
of interest in the lattice. We then prove an inequality that goes beyond the Schur-concavity
of the Shannon entropy by exploiting the lattice structure of majorization. In doing so, we
generalize an inequality introduced in Ref. [124]. Building on these results, we prove a uniform
continuity bound for the Shannon entropy under the constraint that the probability vectors
lie in a majorization diamond bounded from below and above by two fixed comparable
vectors. Finally, this yields a uniform continuity bound for the von Neumann entropy of
density matrices, with a constraint requiring the states to be majorized by a fixed upper state
and to majorize a fixed lower state. We discuss applications to quantum communications, in

particular to the derivation of upper bounds on capacities of quantum channels.

9.1 Introduction

When transformations or tasks associated with quantum resources are applied to a state, we
often lack precise knowledge of the state we obtain at the end of the task, e.g., because of
imperfections or noise. Another issue is that the resources are often associated with quantifiers
that can be difficult to evaluate. One way to circumvent this problem is by estimating errors
using metric distances, such as the total variation distance or the trace distance. This raises a
natural question: How do such distances behave in the context of the majorization lattice?

Asked differently: What is the geometry of the majorization lattice induced by such distances?
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An area where the study of these questions would offer useful insights is that of continu-
ity bounds for entropic quantities. Such bounds estimate how much an entropy can vary
when the underlying probability distribution, or quantum state, is perturbed by a prescribed
amount. They are fundamental stability tools in information theory and play an important
role in tackling hard problems in the field, e.g., the study of quantum channel capacities. In
the classical setting, continuity bounds have been extensively studied for the Shannon en-
tropy, starting with the tight uniform continuity bound often attributed to Csiszar and derived
from Fano’s inequality [180], and later for conditional and generalized entropies [5, 137, 198].
They have also been extended to the quantum setting, including bounds for the von Neumann
entropy, the conditional von Neumann entropy, Rényi-type entropies, and in particular for

infinite-dimensional systems [6,12,13,16,17,82,113,138,197,247].

Relevant notation and definitions are introduced and recalled in Section 9.2. We start in
Section 9.3 by revealing the geometry of the majorization lattice through the proof of several
lemmas involving the total variation distance (Lemmas 9.1 through 9.5). In Section 9.4, we
turn to the characterization of what we coin the majorization diamond, a convex set com-
prising all probability vectors that majorize a given vector, called the ante-vector, and are
majorized by another given vector, called the post-vector. We explain why this majorization
diamond is of interest, in particular in the context of quantum communications. Section 9.5
is devoted to the proof of an inequality that goes beyond the Schur-concavity of the Shan-
non entropy in the lattice (Theorem 9.1), and reduces to a result of Ho and Verdu [124] for
comparable vectors. We also obtain an inequality that is symmetric to the supermodularity
of the Shannon entropy in the majorization lattice and involves the Jensen-Shannon diver-
gence (Theorem 9.2). Section 9.6 concerns the proof of a new uniform continuity bound for
the Shannon entropy of probability vectors under the additional constraint that the vectors
belong to a fixed but arbitrary majorization diamond (Theorem 9.3). In Section 9.7, we exploit
the aforementioned continuity bound to prove one for the von Neumann entropy of density
matrices (quantum states), with majorization constraints given by a lower (majorized) state
and an upper (majorizing) state (Theorem 9.4). Finally, Section 9.8 is devoted to a discussion
and some perspectives. In particular, we discuss the usefulness of our results for quantum
communications and for deriving bounds on capacities of quantum channels, hinting at the

case of the quantum depolarizing channel, which we leave for future work.
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9.2 Mathematical preliminaries

Classical systems. Let d be an integer greater than 1, and denote the set of probability vectors

of size d by &2;. The total variation (TV) distance between vectors u, v € Z; is defined as

1 da
d(u,v) ==Y |u; - vjl. 9.1
2i3
Denote the set of probability vectors whose elements are arranged in non-increasing order by

@ cll. Then, Definition 7.18 can be reformulated as follows.

Definition 9.1 (Majorization lattice [46]). The majorization lattice is the quadruple

(9’ 611, <,A, v), where the operations A and Vv are defined as follows:

(i) The meet of two elements u,v € ! , denoted u A v, is the greatest lower bound
of w and v. Thatis, u Av <u, u Av <, and for any w Ee@oli such that w < v and

w < v, we have w <u A v;

(ii) The join of two elements u,v € 9}’1, denoted w V v, is the least upper bound of
u and v. That is, u < u Vv, v <u Vv, and for any w 637’011 such that u < w and

v<w,wehaveuvov<w.

Recall that both vectors u A v and u Vv v can be deduced from the components of u and v as

follows [46]. For the meet,
(u A V) = min(sg(w), sg(v)) — min(sg-1(w), sk-1(v)), 9.2)

forall k =1,...,d. For the join, we begin by writing the intermediate vector f(u,v), whose

components are defined as follows:
Bu, v)i = max(si (w), g (v)) — max(sg_1 (w), sg-1(v)), 9.3)

forall k=1,...,d. However, f(u,v) does not belong to 3?’611 in general. In fact, two cases can
occur: either f(u,v) is a non-increasingly-ordered vector and v v v = ff(u,v), or f(u,v) is
not an ordered vector and a pool-adjacent-violators algorithm (PAVA) is used to obtain u v v
from f(u,v) (see Section 7.3.2 for the detailed PAVA).
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Quantum systems. Let /# denote the Hilbert space associated with a finite-dimensional
quantum system; dim ./ = d < co. Let £ (A°) denote the algebra of linear operators acting
on #, and 9 (A) c £ (A) denote the set of quantum states (density matrices) of the system,
i.e., positive semidefinite operators of unit trace. Recall that the trace norm of any operator
A e L) is defined as || All; = Tr|Al, with |A] = VAT A. The trace distance T between two
states p,0 € 9 (A) is then given by

1
T(6,6) = 3llp—6lh. 9.4)
The von Neumann entropy S of a state p is given by [245]
S(p) =-Tr(plogp). (9.5)

For a state p € (), we denote its vector of eigenvalues by A(p) in what follows. For two
states p,0 € D (A), we write p < & whenever A(f) < A(F).

9.3 Geometry of the majorization lattice
We will be interested in different sets in the majorization lattice, which we now define:

* The majorized set of u in & cll is

S = {w(—:e@élw<u}; (9.6)

e The majorizing set of u in &2 jl is

S = {wec@élu<w}; 9.7)

* The majorization diamond associated with a,be & cll satisfying a < b is defined as
;,b::y;ny;:{meg@é:a<m<b}. (9.8)

We call a the ante-vector and b the post-vector, emphasizing that the diamond consists

of all vectors lying between them in the majorization order.

In particular, if u,v € 2! then the interval between their meet and their join is a majorization
diamond, namely

tsﬁf,\v,uvv:{xe@é:uAv<w<uVU}. 9.9)
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The different sets can be viewed in Figure 7.2. A first notion of distance in the majorization
lattice was introduced in Ref. [45] using the Shannon entropy, in the form of Eq. (7.70). Later,
a similar notion of distance was proposed in Ref. [249] by replacing the Shannon entropy with
Rényi entropies in Eq. (7.70) for a certain range of parameters. Indeed, one recovers a proper
metric as Rényi entropies also satisfy the property of supermodularity (see Proposition 7.3)
for that range of parameters (see also Ref. [223]). Rényi entropies (the Shannon entropy being
a particular case) are all Schur-concave. Thus, they play a particular role with respect to
majorization. They are, however, not the only Schur-concave functions; thus, there is no
particular reason why a distance in the majorization lattice should be defined in terms of
these functions.

We argue that another notion of distance, that is, the TV distance defined in Eq. (9.1),
allows us to recover more natural mathematical statements. In particular, we begin by showing
that Eq. (7.74) holds with equality under the TV distance.

Lemma 9.1. Consider two elements u and v in & Oli. Then,
dlunv,u)=d,uVvv). (9.10)

Proof. We first prove the result in the case where v vV v = f(u,v). By definition of the meet
and f(u,v) (see Egs. (9.2) and (9.3)), we have

(uAv);i+pu,v)i=u;+v;, Vi=1,...,d. (9.11)
Therefore,
(uAv);i—u; =v;-p,v);, Vi=1,...,d. (9.12)
Taking absolute values and summing over i gives
duAv,u) =d(v, B(u,v)). (9.13)

If u v v = (u,v), this concludes the proof.
In the general case, u Vv v is obtained from fB(u,v) by the PAVA of Section 7.3.2. From

Lemma C.1, we have that this procedure preserves the ¢;-distance to v, namely
dv,B(u,v)) =d(v,u V). (9.14)
Hence,
dlunv,u)=dv,uvv), (9.15)

as claimed. O
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Interestingly, we can prove that any convex combination of any two elements in {u, v, u A
v, u V v} saturates the triangle inequality for the TV distance d(u,v). This is the content of

Lemmas 9.2, 9.3, and 9.4. We begin by showing that u A v and v Vv v saturate it.
Lemma 9.2. Consider two elementsu andv in & Lli. Then,

min [d(u, w) + d(w,v)] = d(u,uAv) +d(uArv,v)

we(@é
=d(u,uVvv)+duVvuv,v) EhILE)
=d(u,v).
Proof. From the triangle inequality, we have that for every w € P!,
du,v) <du,w)+dw,v), (9.17)
while equality is attained by choosing, for instance, w = u or w = v. Hence,
min [d(u, w) + d(w,v)] = d(u,v). (9.18)
wegzé
We now show that
du,uAv) +dunv,v) =du,v). (9.19)
To do so, we first claim that,
(w Av); € [min(w;, v;), max(u;, v, (9.20)

foralli=1,...,d. Indeed, in the expression of the meet (see Eq. (9.2)), if the same vector (u
or v) attains the minimum at both the i cumulative sum and at the (i — 1)® cumulative
sum, then (u A v); is either u; or v;. Otherwise, suppose for instance that s;(u) < s;(v) and
Si—1(u) = s;_1(v). Then,

(uAv); = si(u) —si—1(v). (9.21)

Since s;_1(u) = s;_1(v), we have
si(u) —sj-1(v) = s;(u) — s;-1(u) = u;, (9.22)
and since s;(u) < s;(v), we have

si(u) —si—1(v) < 5;(v) — s;-1 (V) = v;. (9.23)
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Thus, (u Av); lies between u; and v;. The opposite crossing case is identical. We thus obtain
Eq. (9.20). Using the latter, we get

lu; — (wAv)i|+[(uAv); —vil = u; — vil, (9.24)
foralli=1,...,d. Summing over i gives
du,uAv) +dunv,v) =du,v). (9.25)

It remains to prove the corresponding statement for the join. By Lemma 9.1, applied to u, v

and also with v and v exchanged, we have
dlunv,u)=d,uVvv), (9.26)

and

dlunv,v)=du,uVvv). (9.27)

Hence, summing both equations leads to

du,uvv)+duvv,v)=dunrv,v)+du,unv)
(9.28)
=d(u,v).

This concludes the proof. O

Notice that proving any convex combination of v and v saturates the triangle inequality
is straightforward (see Proposition C.1 in Appendix C.2). We prove now that any convex

combination of u or v with u A v or u v v saturates the triangle inequality.
Lemma 9.3. Consider two elementsu,v € & cli and a € 10, 1], and define

ui=au+(1-a)(unv),

(9.29)
Uy =au+(1-a)(uvo).
Then,
du,v) =d(u,u*)+d(u*,v), (9.30)
and,
d(u,v) = d(u,u.) +d(us,v). (9.31)

Proof. Immediate by combining Lemmas 9.2 and C.2. O
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To complete the picture, we prove that any convex combination of u Av and u Vv v saturates

the triangle inequality.
Lemma9.4. Letu,v € 9011 and a € [0, 1] and define
Wwe=auAv)+(1—-a)(uvwv). (9.32)

We have
du,v) = du,wy) + d(wg,v). (9.33)

Proof. By the convexity of the TV distance in one of its arguments, we can write
d(u, wg) < ad(u, (wAv))+(1-a)d(u, (uvwv)), (9.34)

as well as,
d(wg,v) < ad((uAv),v)+ (1 -a)d((uvv),v). (9.35)

Summing both gives
du,wy)+dwg,v) <aldu,urv)+durv,v)]|+(1-a)d(u,uvv)+d@vo,v). (9.36)
By Lemma 9.2, each bracket is equal to d(u,v). Hence, it simplifies to
du,wy) + d(wgy,v) < d(u,v). (9.37)
Therefore, together with the triangle inequality for the TV distance that reads
d(u,v) <d(u,wy) + dwg,v), (9.38)

Eq. (9.33) is obtained. O

Lemmas 9.2, 9.3, and 9.4 can be combined to express the following proposition, summa-

rizing the corresponding results.

Proposition 9.1. Letu,v € @, and definex € & 611 to be any convex combination of any

two elements of the set {u,v,u Av,u VvV v}. Then,

du,v) =du,x) +d(x,v). (9.39)
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Another nontrivial distance inequality on the majorization lattice is the following.

Lemma 9.5. Givenu,v € 9’611, we have
du,v)=durv,uVvv). (9.40)

Note that d(u, v) is not the maximal distance in the diamond, i.e., there exist' p,q € L1y, wvo

with d(p, q) > d(u,v).

Proof of Lemma 9.5. This lemma is a direct consequence of Lemmas 9.1 and 9.2. Indeed, the
triangle inequality allows us to write,

dlunv,uvv)<dunv,u)+du,uvov). (9.41)
Then, by Lemma 9.1, d(u,u Vv v) = d(u Av,v), giving
dlunv,uvv)<dunrv,u)+dunv,v). (9.42)

Finally, by Lemma 9.2, we have d(u, v) = d(u,uAv)+d(uAv,v),leading to the desired bound,
that is,
dlunv,uvv) <d(u,v). (9.43)

O

One may ask when the inequality in Eq. (9.40) is saturated. It is simply when we saturate
the triangle inequality from Eq. (9.41). For [;-distances, it is achieved when the inequality is

saturated coordinate-wise. Indeed,
dlunv,u)+du,uvov)—dunv,uvv) (9.44)

is equal to
1
EZ(|(u/\v),~—z,¢i| +|ui = v v)i] =@ Av); - (v o)), (9.45)
i

But, for every a, b, x, |a— b| < |a— x|+ |x — b|. Hence,
[(uAD);—u;|+|ui—(uvo)—|l(uAv);—(uvv);|=0,Vi. (9.46)

Therefore, for the whole sum to vanish, we need the triangle inequalities of each i to vanish.

ITake, for example, u = (3,3, 5, 5), v = (3 %,i,o). By choosing p = (%,%,%,0), q= (%,%,%,%) €

Furvuve We getd(u,v) =1/6 and d(p,q) = 1/4.

|
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Now, for real numbers, |a — b| = |a— x| + |x — b| if and only if x € [a, b] (if a < b, but the same
applies if a > b). Indeed, then |a—x|+|x—b| = (x—a)+(b—x) = b—-a = |a— b|. Taking

a=(uAv);,b=(uvv);x=u; wegetthat
|(wAv); —ui| + |ui — (v V)| - |(wAv); - (wvv)| =0, (9.47)

which is equivalent to

ui € [(uAv);, (wvo)l. (9.48)

So, d(u Av,u Vv v) =d(u,v) if and only if
u; € (min((u Av);, (u v v);),max((u Av);, (uVv);)l, Vi. (9.49)

The same obviously holds for v as well.

9.4 Characterization of the majorization diamond

We now turn our focus to the majorization diamond 5”; b where a,b € & cli satisfy a < b. As we
will show later, it is useful in practically motivated situations, for instance, in the context of
information processing and communication. In particular, our goal will be to prove specific

entropic inequalities in #7, . We thus begin by characterizing the latter.
Proposition 9.2. The majorization diamond &, . is convex.
Proof. Letp,qe€ ;.. By definition of #7, (see Eq. (9.8)), we have

sk(a@) < si(p) < s (b),

(9.50)
Si(a) < si(q) < si(b).
forevery k=1,...,d - 1. Let us define
r=ap+(1-agq, ac€[0,1]. (9.51)

Since ,@cll is convex, r € ,@cll. We can write

Sk(r) =asi(p) + (1 —a)si(q), (9.52)
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Therefore, using Eq. (9.50), we have
Sp(r) =z asg(a)+ (1 —a)si(a) = sg(a), (9.53)

and similarly,
Sp(r) < asp(b) + (1 — a)sp(b) = si(b). (9.54)

Thus, a <r < b. Since also r € e@é, we conclude that
re 5@; by (9.55)

which proves . is convex.
a,b
Alternatively, one can simply use the fact that the majorization diamond is the intersection

of a majorizing set and a majorized set (see Eq. (9.8)), both of which are convex. O

Let us now discuss how to find the extreme points of the diamond set 5”; b where a,be & l,li
and a < b. They are found by saturating d — 1 independent constraints that we detail now. An
element w € %, has to satisfy the Lorenz bounds

Si(a) < sp(w) < si(b), k=1,...,d-1, (9.56)

where si(x) (defined in Eq. (7.1)) denotes the sum of the first k components of . However,
these inequalities alone do not characterize the elements of yg,b. Indeed, w must also remain
non-increasingly ordered. In terms of the cumulative sums, this amounts to the following
constraints

28 (w) = sp_q (W) + 41 (W), k=1,...,d-1, (9.57)

with so(w) = 0 and s;(w) = 1. We call Eq. (9.57) “concavity constraints” because they are
equivalent to constraining the associated Lorenz curve to remain concave.

Thus, one cannot obtain all extreme points simply by choosing, for each k, whether s (w)
saturates the lower bound si(a) or the upper bound s (b). Such a choice gives only candidate
cumulative curves. Some of them may fail to be concave, and therefore may not correspond
to non-increasingly ordered probability vectors. Moreover, some extreme points arise from
saturated ordering constraints, namely from equalities of the form w; = w;,, and not only
from saturated Lorenz bounds.

Consequently, the extreme points can be obtained through an active-constraint procedure.

In cumulative coordinates, one writes the saturated constraints in Egs. (9.56) and (9.57) as

Sk(w) = si(a), Sk(w) = si(b), 25k (w) = sg—1 (W) + Sk (W). (9.58)
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An extreme point is obtained by selecting d — 1 independent saturated constraints among
the above equations, solving the corresponding linear system for s; (w), ..., s;—1 (w), and then
checking whether the resulting cumulative curve lies between the Lorenz curves of a and b

and is concave. The associated probability vector is then recovered from
Wy = Si(w) — sp_1 (w), k=1,...,d. (9.59)

Repeating this procedure over all independent active sets and removing duplicates gives the
extreme points of y‘:b. Hence, as in the construction of the join, an algorithm is in general
required.

Let us illustrate this in dimension d = 3, the first dimension in which incomparability
appears. We look at the diamond generated by a meet m and a join 7, that is 5”1;’1’].. We choose
u,v € 5”;;,]. such that

m=uAv, ji=uvo. (9.60)

In this case, an element w is determined by the two cumulative sums s; (w) and s, (w). The

Lorenz bounds read
s1(m) < s1(w) < 51(9), S2(m) < sp(w) < 52(9), (9.61)
and the ordering constraints are
1+ S1 ('w)
So(w) <28 (w), So(w) = T (9.62)
If u and v are incomparable, then, up to exchanging them,

s1(u) < s1(v), s2(u) > s2(v). (9.63)

Hence, for this choice, s1(m) = s1(u), s2(m) = s2(v), and $1(7) = 51 (), $2(3) = s2(u).

Thus, the four possible endpoint choices for (s; (w), s» (w)) are
(s1(u), $2(v)), (s1(u), s2(u)), (s1(v), s2(v)), (s1(v), s2(w)). (9.64)
These correspond respectively to
m, u, v, 7J. (9.65)

Therefore, when u and v are incomparable, the four extreme points are m, u, v, and 3.
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If u and v are comparable, then m and 7 coincide with w and v, up to their order in
the majorization relation. The two other choices of cumulative bounds may fail to define
non-increasingly ordered vectors. In that case, the remaining extreme points, if any, come
from saturating one of the ordering constraints, namely w, = w, or w, = ws. Equivalently,
they are obtained by solving the corresponding equalities together with one of the Lorenz

bounds, and then checking feasibility.

We can also look for the extreme points of the two order intervals generated by a fixed
element u, namely ., ;= {w € e@é rw<u}land ¥, ={we e@é :u < w}. The reasoning is the
same as for the diamond set, except that only one Lorenz boundary is present. More precisely,
for & one has

sp(w) < sp(w), k=1,...,d—1, (9.66)

whereas for .#,, one has
sk(u) < sp(w), k=1,...,d-1. (9.67)

In both cases, these Lorenz constraints must be supplemented with the ordering constraints

ensuring that w € 22 oli. In cumulative coordinates si(w), these read
281 (w) = sp_q (W) + Sg41 (w), k=1,...,d-1, (9.68)

with so(w) =0 and s, (w) = 1.

For .#,;, one must also explicitly keep the simplex constraint
Sqg-1(w) <1, (9.69)

or equivalently w, = 0. In the case of .#,;, this constraint is automatically implied by s4_; (w) <

Sd_l(’u,) <1.

Explicit constructions of the extreme elements can be described for . and .. In
Ref. [59], the extreme elements of .#,; have been described using the notion of tangent vectors.
Similarly, the extreme points of .#,; can be described as follows. To construct one extreme
point e,, fix a subset of indices k € {1,...,d — 1} at which the cumulative sums of v and e,,
are chosen to coincide (they necessarily coincide at 0 and d since syp(u) = sp(e,) = 0 and
sqg(uw) = s4(eq) =1). Divide {1,...,d} into intervals {I3,..., I}, where I, = {ks_1 +1,..., ks} and
O0=ko<k;<---<k;=d,with ky,..., k,_1 the chosen intermediate coincidence indices. Then,
ey is a block-average of u, i.e., the i element of vector e,, is given by

1

u;, iel,. (9.70)
| I 2 Ui :

Jelg

(ew)i=
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This construction determines all extreme points of ., . Different choices of coincidence
indices may yield the same point. Hence, the lower cone has at most 24! extreme points,
since each subset of {1,...,d — 1} specifies a possible set of intermediate coincidence indices.
As an example, for vectors of size 3, u = (uy, Uz, us) T we find the following extreme points
of &£,
{{1}, {2}, {8} — wu,

T
11,25, 8} — (M52, 952 1 —u —up)

(9.71)

,12,3) — (w, 54, 54) 7,

2,38 — (3,4.9"

9.5 Beyond the Schur-concavity of the Shannon entropy

in the majorization lattice

Schur-concavity plays a central role in the majorization lattice, as it is closely tied to majoriza-
tion. In particular, the Shannon entropy being Schur-concave, given two vectors u,v € ! ,
the relation v < v directly implies H(w) = H(v). This relation was strengthened by Ho and

Verdu, who proved that (see Theorem 7.4) if u < v, then
Hu)-Hw)=D@ | u)=0. (9.72)
In the above, the Kullback-Leibler divergence (or relative entropy) D is defined as

Dwlw:=Y v log%, 9.73)

i:v;i>0 l

whenever supp(v) < supp(u). If this support condition is not satisfied, we set D(v || w) := +oo.
In the cases considered below, this support condition is always satisfied. Here, we exploit
the majorization lattice to extend Eq. (9.72) to incomparable vectors, going beyond Schur-

concavity of entropy.
Theorem 9.1. Givenu,v € c@é, we have
dy(u,v)=Duvv|uAv), (9.74)

wheredyg(u,v) = Hu)+ Hwv) —-2H(u VvV v).
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When v and v are comparable, e.g., if u < v, it is easy to see that Eq. (9.74) reduces to
Eq. (9.72). It obviously becomes more interesting when « and v are incomparable, in which
case Theorem 9.1 provides us with a relation that can be understood as going beyond the

Schur-concavity of the Shannon entropy.

Proof of Theorem 9.1. For ease of notation, write m:=u Av, J :=u Vv, and 8 := f(u,v). We

shall prove a stronger bound that implies Eq. (9.74), namely,
D(jllu)+D(jllv)=D(F I m). (9.75)
Indeed, Eq. (9.72) implies that

H(w)- H(§) = D(j Il u),

_ _ (9.76)
H@) - H(j) = D(j I v),

and summing the above two inequalities before making use of Eq. (9.75) directly implies
Eq. (9.74).

Upon defining f; (x) := —D(j I a:) foranyx € 5”;, Eq. (9.75) could essentially be termed
the supermodularity property of f;(x) on the majorization lattice (since D(j || j) = 0 trivially).
Equivalently, after expanding Eq. (9.75), it actually amounts to proving supermodularity of
gj(x) = Zi:]’i>0 jilogx; (defined for any x € 5”;), ie.,

gj(m) +g;(j) — gj(w) — g () 2 0, 9.77)

or after a straightforward manipulation,

Y jilog—iio g, 9.78)
i:j;>0 U vi
We will actually prove that
miji = u;vj, Vi=1,...,d, (9.79)

implying Eq. (9.78).
We first prove it when (i) 7 = 3 and then extend it to the case where the PAVA (see Sec-

tion 7.3.2) is necessary to find the join, i.e., when (ii) 7 # (3.
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(i) j = B. We introduce the k™ majorization deficit,
A= s (V) — sp(u). (9.80)

Then, we recall the expressions of m and 3, that is, m; = min(s;(u), s; (v))—min(s;_1 (u), s;—1 (v))
(see Eq. (9.2)) and B; = max(s;(u), s;(v)) —max(s;—1(u), s;—1(v)) (see Eq. (9.3)). Obviously,

m;+ Bi = u; + v, Vi=1,...,d. (9.81)

Four cases can occur. If A; =0 and A;_; =0, then m; = u; and B; = v;, and incidentally
m;PB; = u;v;. Similarly, if A; <0 and A;_; <0, then m; = v; and f; = u;, and incidentally
m;B; = u;v;. f Aj_1 <0<A;, then u; < B; < v; and u; < m; < v;. Because of Eq. (9.81), we
thus get m;B; = u;v; from Lemma C.3 (see Appendix C.2). Finally, if A;_; =0 = A;, then
v; < B; < u; and v; < m; < u;. Because of Eq. (9.81), we get m;3; = u;v; from Lemma C.3
again.

(ii) 3 # B. Denote by U(rlela the union of the r final blocks of the PAVA, that is, 7 has a
constant value on each block (see Section 7.3.2). We need to check that

r

>y jilog(—mih) ~0. 9.82)
Uuiv;

a=1iel,

Since on each block the values of 7 are constant on the block, we write j; = ¢, forall i € I,.

Hence,
Caqm; Cam;
cqlo ( ):c lo (—)
ieZ[:a @108 Ujvi “ gilg_[[a Uivi
(9.83)
_ ¢ log et Mier, mi
¢ [ier, (wivi) )’
forall @ =1,...,r. We shall show now that indeed,
clx]"‘l H m; = H u;v;, Ya=1,...,r. (9.84)

iel, iely

By definition, ¢4 = |I_{x| Y ie1, Bi- Then, using the property that the arithmetic mean is greater

than or equal to the geometric mean, i.e., Z?zl Xi=n {’/H?:l Xx;, we have cl(,f"‘| = [lier, Bi-
Multiplying by [];c, m; on both sides, we get

Clllal l_[ m; = l_[ mi,Bir Va=1,...,r. (9.85)

iely iely

Using what we proved in (i), that is m;B; = u;v;, forall i = 1,...,d, Eq. (9.84) is obtained,

which completes our proof. O
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Making use of Pinsker’s inequality [182], i.e.,
2
D > —d(z,y)* 9.86
(@ly)=d@y) (9.86)
for probability vectors x and y, together with Theorem 9.1, we can write the following link
between the entropic distance dy and the TV distance d,

2
dy(u,v) = —du Vv v,uAv)? (9.87)
In2

for any pair of elements u, v € 22 611.

We end this section with a new relation involving the Shannon entropies of u, v, their meet,
and their join. Namely, while the supermodularity of the Shannon entropy on the majorization
lattice is expressed through the lower bound of Eq. (7.66), we find a symmetric relation by
upper bounding the left-hand side of the equation. To do so, we begin by introducing the
following lemma.

Lemma 9.6. Consider two elementsu and v in & cli' Then,

u+v<@uAv)+(uvov). (9.88)

Proof. We know that all cumulative sums of the meet are such that si (uAv) = min(sg(w), sk (v)),
while all cumulative sums of the join satisfy si (v v v) = max(si(u), si(v)) (to better understand
this last relation, see Section 7.3.2 for a graphical visualization of the PAVA applied to (u,v)
in order to retrieve u vV v). Hence, si(u Av) + sp(u Vo) = si(uw) + s (v), forall k=1,...,d, that
is the majorization relation stated. O

We are now in position to state our upper bound on the term in the left-hand side of the
supermodularity property (Eq. (7.66)). First, for any u,v € 2!, define their Jensen-Shannon
divergence [154] ]S by
u+v

2

1 1
IS(u, v) = H( ) -5 Hw - S Hw). 9.89)

Theorem 9.2. Givenu,v € ? cli, we have

(uAnv)+(uvy) || u+v
Hunv)+ Huvv)—Hu) - Hw) <2(JS(u,v)-JS(uAv,uvv)—-2D 2 2 |
(9.90)

Proof. Dividing both terms in Eq. (9.88) by 2 (which does not affect the majorization relation),
and applying the tightened version of the Schur-concavity of the Shannon entropy, that is
Eq. (9.72), we have

(9.91)

H(u+v)_H((u/\v)+(qu))ED((u/\v)+(qu)

2 2 2

‘ u+ v)
> |
which implies Eq. (9.90) using the definitions of JS(u,v) and JS(u A v,u V v). O
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Notice that using the following upper bounds to the Jensen-Shannon divergence [48]
IS(u,v) <d(u,v) <1, (9.92)
gives a looser bound than Eq. (9.90) as
HuAv)+Huvv)—Hu)-HWw)<2d(u,v) <2, (9.93)
that is clearly tighter? than the trivial upper bound

HuAv)+ Huvv)—-H(u)- H() <2logd. (9.94)

9.6 A uniform continuity bound for the Shannon entropy

in the majorization diamond

Suppose we obtain a probability distribution by performing some prescribed information-
theoretic task. In general, we may lack precise knowledge of that distribution, for instance
due to the noise affecting the task. In that case, it is essential to have tight bounds on the
error incurred in the task when the actual distribution is replaced by an approximate one.
Continuity bounds for entropies are the key ingredient to obtain such stability bounds. More
precisely, given two distributions that are at a distance of at most €, a continuity bound for an
entropy is a bound on the difference between their entropies in terms of €. Continuity bounds
are not only of fundamental interest, but also have useful applications in information theory,
e.g., in the study of channel capacities.

Consider two probability vectors p, q € &2 satisfying d(p, q) < €, with € € [0, 1]. Csiszar
proved the following continuity bound relating the Shannon entropies of the two vectors [180]:

elogld—-1)+h(e), ife<1-1, (9.95)

|H(p) - H(@)| =
logd, otherwise,

where h(e) := —elog(e) — (1 —€)log(1 —¢) is the binary entropy. The bound is uniform in the
sense that it does not depend on the specific vectors p and g, but only on the parameters € and
d. Moreover, it is tight, since one can find two vectors in £2; that saturate it. Since Csiszar’s
work, such continuity bounds have been proven for various information-theoretic quantities,
such as the conditional Shannon entropy [5], the Rényi entropy [12], or the Arimoto-Rényi
conditional entropy [137]. These bounds have also been extended to quantum systems [6, 82,

, , 1, as well as infinite-dimensional systems, both classical and quantum [13, 16,17,

l.

ZFor probability vectors of size greater than 2.
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A relevant situation where continuity bounds are exploited is the following: Suppose we
have a set of probability distributions Z < 2?;, and we want to compute the quantity

sup |H(J1(p)) — H(J2(p))l, (9.96)
PER
where 97 and 9, are some stochastic processes which map £ to itself. When the above

quantity is difficult to compute, what one can do instead is calculate

supd(J1(p), T2(p), 9.97)

PEXR
having in mind that distances are “easier to deal with” than entropies. The quantity in
Eqg. (9.96) can then be estimated with an upper bound by first bounding the distance in
Eq. (9.97) and then applying Eq. (9.95), since a continuity bound controls the absolute value
of the entropy difference. However, in general, there is no reason for this upper bound to
coincide with the quantity in Eq. (9.96). Furthermore, the bound can be loose. Such a situation
can be encountered when we have & = y;,b’ where a,b € z@; satisfy a < b. In fact, this is
precisely the type of situation encountered in quantum communications, as discussed below
in Section 9.8.

With this in mind, we ask the following question: Can we sharpen Eq. (9.95) under the
additional constraint that the two vectors p, g belong to a fixed majorization diamond y{: Xi
The resulting bound would still be uniform on the fixed diamond, in the sense that it would
not depend on the specific pair p,q, butonlyon ¢, a and b. If p,q € y;,b’ Schur-concavity of
the Shannon entropy gives the trivial bound

|H(p) - H(@)| = H(a) — H(D). (9.98)

This bound, however, does not use the additional information that d(p, q) < €. It can therefore
be loose, especially when d(a, b) > €. Indeed, we show that we can prove a better bound than
that of Eq. (9.98), depending on a and b, but crucially, also on €.

Let us define the ball of all vectors in &2 ji at a distance of at most € from a vector o € & Cli as
Be(x):={ye P} | dx,y) <e}. (9.99)

We denote by M, (x) € %, (x) the majorization minimum of the ball [114, , ] (see Ap-

pendix C.1 for its explicit construction). It is the unique vector satisfying
M, (x) <y, (9.100)

for every y € % (x).
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Theorem 9.3 (Uniform continuity bound for the Shannon entropy inside a majorization
diamond). Leta,be 9’; satisfya < b, and letp,q € y;b satisfy d(p,q) < €, with e € [0,1].
Then, the following inequality holds:

|H(p) — H(@)| = H(a Vv M (b)) - H(b). (9.101)

Moreover, the inequality is tight when d(a v M¢(b),b) <¢.

Before proving the above theorem, we display an example where our continuity bound
fours(€, @, b) is strictly better than Csiszar’s bound fcsisz4r (€, d) (see Eq. (9.95)) and the trivial
lattice bound fiatice (@, b) (see Eq. (9.98)). We define them by

fours(€,a,b) .= H(a Vv M(b)) - H(b),
fsiszar (€, d) == h(e) + €log(d - 1), (9.102)
ﬁattice (a, b) ‘= H(a) - H(b);

where the displayed expression of fcsiszar (€, d) is the first branch of Csiszar’s bound, which
applies in the parameter regime considered below. We take a,b € &2 Lli such that

a:= (l,...,l), (9.103)
d d
and
b= (1—r,L,...,L), 9.104)
d-1 d-1
where 0 < t < 1—-1/d. The condition ¢ > 0 excludes the peaked vector, while t <1-1/d
ensures that a < bwith a #b.

Now, choose € such that
1
0<£<1_E_t' (9.105)

It remains to compute the majorization minimum of the ball of radius € around b, namely

M, (b), whose explicit construction is given in Appendix C.1. Thus, we obtain

Mb) =|1-t—¢ tE  1FE (9.106)
£ — ,d_l,...,d_l . .

Since a is the uniform vector in ?}’jj, we have a < M,(b). Therefore, a v M.(b) = M, (b).
Moreover, Eq. (9.105) gives

1
d(a,b)ZI—E—t>€, (9.107)

so M, (b) # a. Hence, by strict Schur-concavity of the entropy;,

H(M¢(b)) < H(a). (9.108)
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Consequently,
Jours(€,@,b) < flattice(a, b). (9.109)

Furthermore, our bound f,u:5(€, @, b) can be expressed as
fours(€,a,b) = h(t +¢) — h(t) + elog(d - 1). (9.110)

Moreover, Eq. (9.105) implies € < 1—1/d, so the first branch of Csiszar’s bound applies. In

order to compare this with fcsiszar (€, d), we write

sziszér(e; d) - fours(gy a,b)=h(e) - (h(t+ €)— h(t))

>0,

(9.111)

which is true since the binary entropy # is strictly concave, so its increment over an interval of

fixed length € > 0 strictly decreases when the starting point is shifted from 0 to # > 0.

Proof of Theorem 9.3. The proof is divided into the steps described below. Starting from arbi-
trary p,q € 5”;' p With d(p, q) = €, we wish to find an upper bound on their entropy difference
that depends only on a, b and €. The idea is first to reduce to the case of comparable vectors.
We then alter the two vectors p and g by transfers between their components that do not
increase the distance d(p, @) and do not decrease the entropy difference | H(p) — H(q)|, while
ensuring that the new vectors remain in y;’b. After the series of such steps, we end up with
two final vectors whose entropy difference is our desired upper bound.

Step 0: From (in general) incomparable vectors to comparable ones- The initial step of
our proof consists of transforming p, g into p A g, p Vv q in order to only deal with comparable
vectors (since a < pA g < pV q < b), which will prove useful in the following steps. This step is

valid since, according to Lemma 9.5,
dp,q)zd(prg,pVq), (9.112)

so the distance between p and g does not increase. In addition, using that max{H (p), H(q)} <

H(p A q), and min{H(p), H(q)} = H(p V q), we get
|[H(p)-H(@)|<HPpAq -HpVq), (9.113)

so the entropy difference does not decrease. For ease of notation, we replace the original pair
by pA g and pV g, and denote this new pair again by p and q, respectively. Thus, from now
on, p < g, and Schur-concavity gives H(p) = H(q).
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Step 1: Move g to the most ordered vector of y{:b— The main idea of this step is to show
that there exists a path that transforms any q € Sﬂg’b to the most ordered vector of y(ib, that is
b, and that any correspondingly admissible p can simultaneously follow a valid path leading
it to a vector p’ € 5”(: p- In other words, we show that there exists a finite sequence of transfers,
applied either to g alone or simultaneously to p and g, such that they become p’ and b
respectively, and satisfy p’ € 5”;},), d(p',b)<d(p,q),and H(p) — H(q) < H(p) — H(b).

By Lemma C.4 in Appendix C.2, since g < b, there exists a finite sequence of vectors ¢”
(r=0,...,Np) with

qd%=q, g™ =b, 9.114)

and such that each vector of the sequence is transformed into the next one by a so-called
reverse T-transform, namely, for every r =1,..., Ny,

G" =gV +6,(e;, - er), l<i,<lIly<d, (9.115)

with 6, > 0. Moreover, since
a<q=qg"<qg" <b, (9.116)

all the vectors g belong to the diamond.

In general, we cannot apply each whole reverse T-transform to g alone while ensuring
that the TV distance to the current vector p does not increase. Therefore, we show that every
reverse T-transform in Eq. (9.115) can be realized by at most two substeps, indeed reaching
the desired vector ¢, but where one of the two substeps is simultaneously applied to p so
that the TV distance between them does not increase. Consider one such reverse T-transform,
and denote by p.,; the current vector p at the beginning of its treatment. For ¢ € [0,6,], define

q" @ :=q""V+tle;, -ep). (9.117)
Since
OE (1 _ i)q("” + iq(” (9.118)
5, 5,0

and since the diamond is convex (see Proposition 9.2), every intermediate vector g\ (¢)

remains in the diamond.

Only components i, and [/, vary during the transfer of Eq. (9.117). Setting

X = t?g:_l) — Pcur,i,» yi= q;:_l) — Pcur,l,» (9.119)
the contribution of these two components (evolving with ¢) to the TV distance d (pcur, q"” (1)
is

x(@):==(lx+tl+ly—1l). (9.120)

N =
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Atevery tsuch that x+ t #0and y — ¢ # 0, we have

¥ (1) ==(sgn(x+ 1) —sgn(y—1). (9.121)

N |~

Hence, x(f) can strictly increase only when x + ¢ >0 and y — ¢ <0, and therefore only in the
regime
(q(’)(”)i, > Peur,iy (Q(”(”)I, < Peur,, - (9.122)

Moreover, since x + ¢ is non-decreasing and y — ¢ is non-increasing, this regime, if reached,
begins at most once. If this regime is never reached, the whole transfer is applied to g alone.
Otherwise, let t* be the first time at which the regime in Eq. (9.122) is reached. The part of
the transfer on [0, t*] is applied to q alone, while the remaining part on [¢*,0,] is applied
simultaneously to p and q. Thus, whether the transfer is performed in one or two steps, the

endpoint q(’ ) is unchanged, and the TV distance does not increase.
Therefore, each reverse T-transform of the initial finite sequence is replaced by at most
two nonzero substeps. After relabelling, we obtain a finite sequence
d%=q, q™=b  N=<2N,. (9.123)
At each substep k, we write

q(k) = q(k_l) +6k(ei —ej), l1<i<l=d, (9.124)

where §; > 0 denotes the amount transferred during the considered substep.

We now proceed recursively over these N substeps. At the beginning of substep k, we

assume that p*~V and ¢'*~V belong to the diamond, satisfy the majorization relation

pkD < gD (9.125)
and that the TV distance has not increased and the entropy difference has not decreased
during the preceding substeps. These properties hold before the first substep by Step 0. We
now show that these recursive assumptions are preserved in each of the two possible cases

(when transfers are applied on q alone, and when they are applied on both p and q).

The simple case corresponds to a substep applied to g~ alone. By its construction

(k) .

above, this substep does not increase the TV distance. We set p'® := p*=D_ Since ¢'¥=D < ¢®,

Schur-concavity of entropy gives H(q* V) = H(q®). Therefore,

H(p(k—l)) _ H(q(k—l)) < H(p(k)) _ H(q(k))- (9.126)
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Moreover,

p® = k=D < gD L g0 g, (9.127)
Since p® = p*~1 and p*~D belongs to the diamond, we also have a < p®. Hence, both
vectors remain in the diamond, and the recursive assumptions are preserved in this case.

The more involved case corresponds to the remaining part of a split reverse T-transform.

In this substep, we have

(k-1 (k-1 (k-1)
i

g V= plh, gl < plEh, 9.128)

If so, we apply the remaining part of the reverse T-transform simultaneously to p’*~? and
q*~V. In addition to Eq. (9.124), we thus define

ﬁ(k):p(k_1)+5k(ei_el)r l<si<l=d. (9.129)

Since the same transfer is applied to both vectors, we have

pH — g0 = pk=1 _ glk=1) (9.130)
and therefore
d(ﬁ(k),q(k)) — d(p(k_l),q(k_l)), 9.131)
Moreover, ﬁ(k) has nonnegative entries. Indeed,
piF = pD g2 g%V -5, =g =0, 9.132)

while the other components are clearly nonnegative. Hence, since the transfer also preserves
the total mass, p'® is a probability vector, although it may fail to be non-increasingly ordered.
We set

p® = p®l, (9.133)

and now prove that (i) the TV distance does not increase after sorting, (ii) the entropy
difference does not decrease, and (iii) the relevant majorization relations are preserved.

(i) We show that d (ﬁ(k), q(k)) >d (p(k), q(k)). Indeed, suppose there exist integers x, y with
x < y such that ;a;’“) < ﬁg,k) (since ¢® is already non-increasingly ordered, we have q,(ck) > qﬁ,k)).

We immediately see that

158 = qP1+1pP - gP121pP — g1+ 1pP - g (9.134)

because matching small (resp. big) values with small (resp. big) values can only reduce the
total variation distance. We repeat those swaps between x and y components until the vector

is non-increasingly ordered. Combining this with Eq. (9.131), we obtain

dp®,q®) = dp*,q* ). (9.135)
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(ii) Rearranging does not affect entropy;, i.e.,
Hp®) = HpY). 9.136)
Therefore, Hp"®) — H(g"®) = H(p™®) — H(g'®). Thus, it remains to prove that
He*) - H(g* ) < Hp®) - H(gP). 9.137)
To do so, we introduce the function
f:10,0k] = Ryo:t— H(x+ t(e; —ep)), (9.138)

where x € ,@Ull is such that x + t(e; — e;) remains a probability vector on [0,6]. Since only
components i and [ of & vary with ¢, f'(r) = log((x; — £)/(x; + 1)). Therefore,

Ok Xi+t
Hx)— H(x+06(e;—e)) = dtlog . (9.139)
0 X —t
Since qgk_l) > pgk_l) and q}k_l) < p%k_”, we have, for every t € [0,0),
(k-1) (k-1)
g, +t pl U+t
o (9.140)

q, L op t

Combining this with Eq. (9.139), and treating the endpoint ¢ = § by continuity, the entropy

loss at the level of g’s is at least the entropy loss at the level of p’s, i.e.,

H(p(k—l)) _H(p(k—l) +6(e; —el)) < H(q(k—l)) _ H(q(k—l) +0r(e; —el))- (9.141)

(iii) We prove that a < p®) < q®

< b. First, by construction of the reverse T-transforms, we
have q® < b. Secondly, we show that a < p®. The transfer applied to p*~V (see Eq. (9.129))
moves mass from component / to component i, with i < [. Hence, it increases the cumulative
sums labelled by indices going from i to / — 1, by an amount §, and leaves other cumulative

sums unchanged. Therefore, foreveryo =1,...,d -1,
- k) o N (K
Y pP =y plb, (9.142)

After rearranging p* in non-increasing order, the sum of the first & components can only

increase, so
&k &k & (k-1
Y pP =Y pl= Y pln. 9.143)
r=1 r=1 r=1
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Thus,
pkD < p®, (9.144)

Since a < p*~Y (by the recursive assumption), the transitivity of majorization gives

a<p®. (9.145)

) < g'©, We use again the recursive hypothesis (having in

Finally, it remains to show that p
mind that p© < ¢©), that is, at substep k, we suppose p*~P < g*=1_ Then, for every convex

function ¢, we have [161]

d d
Y o) <Y gD, (9.146)
r=1 r=1
Let us consider
p)=p* Vitei-e), q)=q*V+rei-ep, (9.147)

with 7 € [0,6,]. They obey p(0) = p(k_l), pOr) = ﬁ(k), and q(0) = q(k_l), qop) = q(k). During
the considered substep, we have

(k-1) (k-1) (k-1)
i

g Vzplh, gl < plh) (9.148)

For a convex function ¢, the map x — ¢(x + t) — ¢p(x) is non-decreasing. Hence, using
Eq. (9.148),
o@ PV +0-0@ ) 2 p(pF Y + 1 - oY) (9.149)

1

Similarly, the map x — ¢(x — ) — ¢p(x) is non-increasing. Hence, using again Eq. (9.148),
Pq " - n-p@@ ) =V - n-p(pT) 9.150)
Since all other components are left unchanged by the transfers of Eq. (9.147), we have
d d
Y opr(0) <) dgr(r), (9.151)
r=1 r=1

forall £ € [0,0]. Taking t = 0, we get

d d
Y o(p*) <Y o). 9.152)
r=1 r=1
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Since this is true for every convex function ¢, it is equivalent to
ﬁ(k) < q(k)’ (9.153)

which is itself equivalent to

p(k) < q(k), (9.154)

because p'¥ = p©! and majorization is invariant under permutations.

Consequently, in both cases (when doing a transfer on g alone, or when doing a transfer on
both p and q), the recursive assumptions are preserved from substep k — 1 to substep k. Since

(V) —

the refined sequence of Eq. (9.123) is finite and satisfies q b, the recursive procedure

terminates after N substeps. We denote by p’ := p¥) the corresponding vector p at the end of

the process.

Step 2: Bounding the remaining entropy difference- At the end of Step 1, the vector q
has been transformed into the most ordered element of the diamond, i.e., b. Moreover, the

construction provides a vector p’ € &2, such that
dp,b) <e, (9.155)

and
H(p)-H(q) < H@')- H®). (9.156)

It remains to upper bound H(p') by a quantity depending only on ¢, a, and b.
Since d(p’,b) < &, we have
p' € B (b). (9.157)

By definition of the majorization minimum M, (b) of the ball 28, (b), this implies
M.(b)<p'. (9.158)

Thus, p’ is an upper bound, in majorization order, of both M, (b) and a. By definition of the
join, we obtain
avM:(b)<p. (9.159)

Schur-concavity of the Shannon entropy then gives

H(p') < H(aVv M (b)). (9.160)
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Combining this with Eq. (9.156), we get

H(p)—H(q) < H(aVv M:(b)) - H(b). (9.161)

Together with Step 0, this proves the uniform continuity bound of Eq. (9.101).

It remains to justify the tightness statement. Set

z:=aV Mb). (9.162)

If d(z,b) < ¢, then the admissible pair p = z,q = b attains the bound, since

|H(p)— H(g)| = H(2) — H(b) = H(a Vv M,(b)) — H(b). (9.163)

O

Several relevant particular cases of Theorem 9.3 can be considered.

e Ifa=(1/d,...,1/d) and b= (1,0,...,0): In this case, as expected, we recover Csiszar’s

uniform continuity bound expressed in Eq. (9.95). Indeed, H(b) = 0 since b is the peaked
vector. If € € [0,1 —1/d], the majorization minimum of the ball of radius ¢ around b is

Mg(b):(l—g,ﬁ,...,ﬁ). (9.164)

Since a is the uniform vector in &? cli, we have a < M, (b) and therefore
a Vv M.(b) = M. (b). (9.165)
Hence, the bound of Theorem 9.3 gives
H(M.(b)) — H(b) = h(e) +elog(d - 1), (9.166)

which is precisely the first branch of Csiszar’s bound. If € > 1 —-1/d, then the uniform
vector belongs to the ball around b, so M, (b) = a, and the bound becomes H(a)—-H(b) =
logd, corresponding to the second branch of Eq. (9.95).

Ifa=(1/d,...,1/d) and b is arbitrary: In this case, the lower constraint is inactive, since
the uniform vector is majorized by every element of &2 ali. Hence,

aV Mg (b) = M.(b). (9.167)

If e < d(a,b), then M, (b) # a. Otherwise, if € = d(a, b), then M, (b) = a, and the bound
reduces to

H(a) - H(b). (9.168)
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e If @ is arbitrary and b = (1,0,...,0): In this case, the upper constraint « < b is inactive,
since every element of & (fl is majorized by the peaked vector. We therefore need to find
the expression of the vector z := a v M, (b) appearing in the bound of Theorem 9.3. It
can be described explicitly as follows. If = (x1,..., x4) belongs to the ball of radius ¢

around b and is in the diamond, then the TV constraint with respect to b is expressed as
dx,b)=1-x;<e. (9.169)

Combined with the lower majorization constraint, this gives

si@) =By, k=0,....d, (9.170)
where
0, k=0,
By :={ max{l —¢,s(a)}, k=1,...,d-1, (9.171)
1, k=d.

Indeed, si(x) = si(a) comes from a < x, while si.(x) = x; = 1 — € follows from the TV

constraint.

The cumulative curve of z = a v M, (b) is obtained by taking the least concave majorant
of the points
(k, B), k=0,...,d. (9.172)

Equivalently, this least concave majorant can be computed by the PAVA procedure de-
scribed in Section 7.3.2, applied to the successive slopes By — By_1, by pooling adjacent
slopes whenever they violate the non-increasing order. The slopes of this least concave
majorant define a non-increasing probability vector, since the curve is concave and
connects (0,0) to (d,1). Moreover, since the curve lies above all the points (k, By), the

resulting vector satisfies
a<z, and d(z,b)<e. (9.173)

Conversely, any vector satisfying these two constraints has a concave cumulative-sum
curve lying above the same points. By minimality of the least concave majorant, the vec-
tor recovered from its slopes is therefore majorized by every vector satisfying Eq. (9.173).
Schur-concavity of the entropy then shows that z is the entropy maximizer in this

particular case.
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9.7 A uniform continuity bound for the von Neumann

entropy with majorization constraints

Let us exploit Theorem 9.3 to prove a continuity bound for the von Neumann entropy of
density matrices, subject to majorization constraints. Instead of introducing a majorization
diamond directly at the level of quantum states, we consider two reference states @ and 7,
whose spectra play the roles of the ante-vector and the post-vector, respectively. Indeed, this

scenario is sufficient for our purposes, namely applications for quantum communications.

Theorem 9.4 (Uniform continuity bound for the von Neumann entropy with majoriza-
tion constraints). Letp,0,®,7 € 2(A), withdim A = d < co, be such that ® < p <y and
D <6 <7.Seta:=A(®), andb:=X(}). IfT(p,6) <&, withe € [0,1], then

|S(P) - S(6)| = H(a v M(b)) — H(b). (9.174)

Moreover, the inequality is tight when d(a v M, (b),b) < ¢.

Proof. Write p:= A!(p) and ¢ := A} (6). We have
S(p) = H(p), S(6) = H(qg). (9.175)
Thus,

|S(p) - S6)| = H(p) — H(g)I. (9.176)

By definition of majorization for density operators, the conditions ® < p <y and ® < 6 <y are

equivalent to a < p < b and a < g < b, respectively. Using the well-known relation [16, ]

1 d l A l A 1 A A
DM HOEVHGIESEI 9.177)
23 2
we have
1 d
d(p,q)=52|pi—qilsT(ﬁ,é')ss. (9.178)

i=1
Therefore, we find d(p, q) < ¢, i.e., the spectra of p and ¢ satisfy the hypotheses of the conti-
nuity bound of Theorem 9.3. Applying the bound gives

|H(p) — H(q)| < H(a Vv M¢(b)) — H(b). (9.179)
Hence, by Eq. (9.176),

NOENG)

< H(aVv M,(b)) - H(b). (9.180)

Finally, the bound is tight whenever d(a v M, (b),b) < € since it suffices to take commuting

states p* and ¢ *, with eigenvalues a v M, (b) and b, respectively. O
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9.8 Discussion and perspectives

We now discuss the relevance of our results in the context of quantum communications. We
focus in particular on Theorem 9.4, which extends Theorem 9.3 to the quantum realm, and
builds on our other main results.

One of the most challenging problems in quantum information theory is to derive closed-
form or tractable expressions for the capacities of quantum channels, i.e., the highest rates
at which they can reliably transmit information. One such quantity is the quantum capacity.
Consider a quantum channel (i.e., a completely positive trace preserving map) @ : £ (A#,) —
£ (#p), where /4 is the Hilbert space of the input system, while # is that of the output
system. One can associate with @ a so-called complementary channel ®°: £ (A4) — L (H%)
of ®, where /% is viewed as the Hilbert space of the environment (see, for instance, Ref. [138]
for details on the channel’s definition). The quantum capacity Q of @ is given by the so-called
LSD theorem [68, , I:

1
Q@) = lim —QW (@%k), (9.181)
k—oo k
where QY (®) denotes the coherent information of channel ® and is given by

D () -— A oremCl A
QU @)= max (S®(p) - S@(p)). 9.182)

The regularization (i.e., the limit) appearing in Eq. (9.181) makes the quantum capacity
difficult to compute in general.

To circumvent this problem, various techniques have been proposed to compute upper
bounds on capacities instead. One such successful method involves the use of continuity
bounds for entropies [138, , ]. In a nutshell, one looks for a so-called approximate de-
grading channel A : £ (A#5) — £ (A#p) that minimizes the following diamond norm distance

D= Ao®||,:=[|[(P°— Ao®) ®idall1—1, (9.183)
with, for @ : L (Ay) — L (HpR),
P11 := max{l[®X)|l, : X € L(A),11XIl1 <1}, (9.184)

and where id »» denotes the identity map on A’, a copy of system A. By plugging the value of
the diamond norm (for the trace distance) into a continuity bound such as that of Eq. (9.95)
(which can also be expressed for density matrices), one can derive an upper bound on the
quantum capacity [138, , ]. The core idea is thus that one chooses to compute trace
distances between channel outputs, rather than entropy differences. In fact, this is exactly the
situation described at the beginning of Section 9.6 (see Eqgs. (9.96) and (9.97)), albeit in the

context of quantum communication.
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We now argue that Theorem 9.4 may lead to better upper bounds on quantum capacities
(and other capacities, e.g., the private classical capacity [30,68]) using this technique. Indeed,
by characterizing in more detail the set of the output states of ® and ®¢, one could in principle
exploit the constrained continuity bound of Theorem 9.4, thereby leading to better capacity
bounds. This can be done by identifying a lower (majorized) state and an upper (majorizing)
one at the output of the quantum channels. We now briefly illustrate our idea with the
example of the quantum depolarizing channel, a ubiquitous noise model for which upper
bounds on the quantum and classical private capacities were obtained using the technique
described above [138,227].

The depolarizing channel &, : 2(A4) — D (A ) with Ay =~ Hp = C4, is defined as [172]

1-p,
E4() = pup+ 7“11,1, 9.185)

where 1, is the d-dimensional identity operator. The condition of complete positivity of the
channel requires —1/(d? — 1) < pu < 1. Now, for any p, 6 € 2(#,), p < 6 implies Eu(p) < E,(0).
Indeed, if p < &, there exists a doubly stochastic matrix D such that A(p) = DA(G) [161]. Thus,
denoting by v the d-dimensional uniform distribution,

A(Eu(D) = LAP) + (1 - wv
=uDA@G)+ (1 -pv (9.186)
= DA(E,(6)),

so that &,(p) < £,(6). From this, we see that we can choose any pure quantum state (whose
density matrix is of rank 1) [y) € #4, and for any p € 2(#4), we thus have

Eu(P) < Tyu= p|y) <w|+1?7“ﬂd. (9.187)
In fact, the spectrum of y,, does not depend on the choice of |y).

Now, the case of the complementary channel & : 2(#,) — 2(#F) of the depolariz-
ing channel is more involved, since it does not admit a simple expression of the form of
Eq. (9.185) [55, |. However, preliminary numerical tests suggest that a relation similar to
that of Eq. (9.187) holds for the complementary channel &;. From these observations, we
expect the diamond norm distance of Eq. (9.183) in the case of the depolarizing channel,
namely the quantity ||<5"ﬁ —Ao&lls, to be minimized when the channel A o &), also satisfies a
relation of the form of Eq. (9.187). If this is indeed the case as expected, we would be in the
setting of Theorem 9.4, by taking the appropriate y of the form of 7, in the right-hand side of
Eq. (9.187), and by simply taking @ to be the maximally mixed state 1,/ dg, of the environment
system, where dg = dim #%.
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Applying Theorem 9.4 in the context of the method described above would then lead to
improved bounds on the capacities of the depolarizing channel. In fact, we would be exactly
in the setting of the example highlighted just below Theorem 9.3, i.e., with ® and 7 having
spectra of the form of Egs. (9.103) and (9.104), respectively, for which we have shown that our
continuity bound can provide an improvement on Eq. (9.95). Since the focus on quantum
channel capacities is out of the scope of the present work, we leave these questions for future
investigation.

In view of the above discussion, we conclude with some open problems. The first obvious
open question concerns what is discussed in the previous paragraph. Namely, the main
question would be to exploit Theorem 9.4 to derive improved upper bounds for channel
capacities. In particular, as already explained, a more detailed analysis of the output set of the
complementary channel of the depolarizing channel would be required.

In the same context, it turns out that continuity bounds for the quantum conditional
entropy are also useful in deriving capacity estimates [138,227]. In relation to the present
work, an interesting question would thus be to derive new continuity bounds for the Shannon
conditional entropy H(X|Y) of a pair of random variables (X, Y) (we consider here a different
convention than the one taken in the definition of the Shannon entropy, see Eq. (7.23), for
the sake of the discussion). As in Theorem 9.3, the joint probability distribution pxy of
the variables (X, Y) could be constrained to belong to a majorization diamond. However,
one would need to identify which space should be constrained by such a diamond: the
distributions associated with X, those associated with Y, or rather those associated with the
pair (X, Y)? The answer to this question would be guided by the role of continuity bounds for

the conditional entropy in the derivation of capacity bounds (see Refs. [138,227]).
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Conclusion and perspectives

This thesis was centered around two main themes: entanglement detection in continuous-
variable systems and the study of the majorization lattice in quantum information. The first
part focused on moment-based entanglement criteria and their experimental implementation
in continuous-variable systems. The second part investigated how the lattice structure of
majorization can be exploited in problems related to entanglement transformations and
entropic inequalities.

In Chapter 5, we first extended entanglement criteria based on moments of the partially
transposed density operator to continuous-variable systems. The complete hierarchies of
PT-moment conditions recover the PPT condition, while their low-order instances provide
experimentally accessible tests that require only a few replicas of the state. As a central result
of this chapter, it was shown that such low-order PT moments can remain sensitive to strongly
non-Gaussian entanglement, since they may implicitly contain information about mode-
operator correlations of arbitrarily high order. This feature was illustrated in particular for
NOON states, for which standard criteria based on second moments or entropies fail to detect
entanglement, while mode-operator-based criteria require moments of increasingly high
order as the photon number increases. We further showed that the corresponding multicopy
implementation, based on passive linear optics and photon-number-resolving detection,
remains robust against losses, noisy state copies, and finite statistics. These results establish
PT moments as practical tools for certifying non-Gaussian entanglement beyond the Gaussian
regime.

In Chapter 6, we investigated a complementary approach based on the realignment cri-
terion. Instead of working directly with the trace norm of the realigned density operator,
which is not immediately accessible experimentally in the continuous-variable regime, we
introduced criteria formulated in terms of moments of the realigned operator. In particular,
the second-order conditions improve upon the weak realignment criterion and were shown
to detect entanglement in Gaussian states, two-mode entangled cat states, and lossy NOON
states. We also derived continuous-variable measurement schemes based on homodyne and
parity detection. Although the realignment-based criteria considered here do not systemati-
cally outperform the PT-moment criteria in terms of detection capability, their experimental
implementation has a different structure: coherence between fewer copies is required at a
given time, while measurements are based on homodyne and parity detection. Thus, the
two approaches developed in Chapters 5 and 6 provide complementary ways of accessing

nonlinear separability criteria in continuous-variable systems.
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The second theme of this thesis concerned the majorization lattice and the information
carried by its specific notions of meet and join. In Chapter 8, we gave these two lattice
operations an operational interpretation in the context of probabilistic transformations
between incomparable bipartite pure states. The meet and join naturally define, respectively,
an optimal common resource state and an optimal common product state, which in turn lead
to the thrifty and greedy conversion protocols. Both protocols achieve the same maximal
success probability as Vidal’s original optimal protocol. Their behavior differs, however, when
the conversion fails: the thrifty protocol leaves a more entangled residual state and therefore
preserves the entanglement resource better on average. For comparable initial and target
states, both constructions reduce to Vidal’s protocol, emphasizing that the additional lattice
structure becomes relevant precisely in the presence of incomparability. We also generalized
these constructions to situations involving several possible initial or final states.

In Chapter 9, we explored a different aspect of the same lattice structure by studying its
geometry through the total variation distance and relating it to entropic quantities defined on
the lattice. This led us to introduce the notion of a majorization diamond, consisting of prob-
ability distributions constrained between fixed lower and upper bounds in the majorization
order. We established several relations between distances, the meet, and the join, and used
this structure to derive an entropic inequality going beyond the standard Schur-concavity
property. Building on these results, we obtained a continuity bound for the Shannon en-
tropy under majorization constraints and subsequently extended it to the von Neumann
entropy of quantum states. These results show that prior information expressed through
majorization can lead to more refined control of entropic quantities than bounds formulated
over the entire probability simplex or state space. They also suggest possible applications
in quantum communication, where continuity bounds play an important role in estimating
quantum-channel capacities. Taken together, Chapters 8 and 9 illustrate two complementary
roles of the majorization lattice. In the former, the meet and join identify states with an
operational meaning in resource conversion, whereas in the latter they enter the construction
of geometric constraints, entropic inequalities, and continuity bounds.

The results of this thesis also leave several questions open, both from an experimental and
a theoretical point of view. Although an alternative single-copy homodyne implementation
of the p3-PPT criteria presented in Chapter 5 has recently been proposed and analyzed in
Ref. [224], the requirement of several copies remains a potential experimental challenge for
the multicopy approach. Therefore, inspired notably by Ref. [35], it would be interesting
to investigate whether the number of required copies could be reduced through the use of
auxiliary states, potentially at the expense of a reduced entanglement-detection capability.
Furthermore, our analysis of the impact of imperfections on NOON states could be extended

to other non-Gaussian states relevant to current experimental settings [241]. The criteria
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could also be generalized to multimode and multipartite systems, potentially leading to new
multipartite entanglement witnesses based on multicopy measurements.

Similarly, it would be interesting to investigate the robustness of the realignment criteria
presented in Chapter 6 under realistic experimental conditions. This includes studying
their resilience to imperfect copies and finite statistics, as well as determining how many
measurements are required to obtain sufficiently accurate estimates of the relevant moments.
Another important question is whether physically relevant states exist that are detected by the
proposed realignment criteria but remain undetected by the PT-moment criteria considered
in this thesis. Of particular interest in this context would be PPT bound entangled states,
which by construction are not detected by the PPT criterion but may potentially be accessible
through realignment-based criteria.

In Chapter 8, we constructed alternative optimal probabilistic pure-state conversion
protocols using the majorization lattice. It would be interesting to generalize this framework
to mixed-state entanglement transformations [102, 235], although this problem remains
considerably more complex. Multipartite entanglement transformations [74] would also
provide an interesting setting in which to investigate whether the meet and join retain a useful
operational interpretation. Such extensions could benefit from the deeper understanding
of the geometry of the majorization lattice developed in Chapter 9. The continuity bounds
obtained there could potentially be strengthened further, in particular by identifying broader
conditions under which they are tight. Another direction would be to extend the same
ideas to other information-theoretic quantities, such as conditional entropies, for which
continuity bounds play a central role in quantum information. Finally, it would be interesting
to determine under which conditions majorization-constrained continuity bounds can be
used to estimate quantum-channel capacities within a fixed majorization diamond, beyond

the preliminary discussion of the depolarizing channel given at the end of Chapter 9.
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Declaration on the use of Artificial

Intelligence

Artificial intelligence tools (GPT-5.5 and GPT-5.6 Sol) were used during the preparation of this
thesis as supporting tools.

They were used to assist in the creation of certain figures. The resulting material required
multiple attempts, manual modifications, and substantial refinement before being incorpo-
rated into the final document. All visual content was reviewed and adapted by the author,
who remains responsible for its accuracy and relevance.

Artificial intelligence was also used to improve the phrasing of passages that appeared
unclear or non-idiomatic, to identify typographical and grammatical errors, and, in some
instances, to assist in checking calculations or intermediate results. Al-generated output was
not treated as an authoritative source, and any mathematical or computational result for
which Al was used as a checking aid was independently verified by the author.

The ideas, arguments, interpretations, and overall structure of the thesis were developed
by the author. In a limited part of the appendix, Al was used to assist in the development
of some mathematical ideas; this use is explicitly indicated at the relevant point. All such
developments were independently checked and verified by the author.

All factual information and external claims are supported by identifiable sources and cited
accordingly. Results that are not derived from external sources are established, calculated, or
demonstrated by the author within the thesis.

The author takes full responsibility for the accuracy, integrity, and final content of this
work.
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Appendix to Chapter 5

We give here detailed calculations for Chapter 5, devoted to the detection of strongly non-

Gaussian entanglement.

A.1 Gaussian states

A.1.1 Two-mode squeezed state at finite temperature

To illustrate the breakdown of the various PT-moment-based criteria for sufficiently mixed
Gaussian states, we consider a two-mode squeezed state at finite temperature. Starting from a
duct of two identical thermal states p; = Y., = s | 1) (1] with ticl b
product of two identical thermal states o, = Y32 7o7jm+n [72) (nl with mean particle number
i1 = 0, this state is generated via the two-mode squeezer unitary U, = exp[r(ab—a'b')/2] with

squeezing parameter r € [0,00), resulting in
prr=Ur(pr®pa)U;. (A.1)

One can easily find that the symplectic eigenvalues of the partially transposed state are
V1 = e 2" (2in+1) and v, = e%” (272 + 1), such that the state’s purity depends on the mean
particle number only, i.e., p» =1/ (27 + 1)2.

When 72 =0, Eq. (A.1) reduces to the pure two-mode squeezed vacuum state [see dashed
black curves in Figures 5.2b) and 5.2c)], which is entangled for any finite squeezing r > 0.
Upon increasing 71, the state becomes more mixed, with purity p, = 1/2 (see dashed yellow
curves) being attained for 72 = (v/2—1)/2 = 0.207 particles per mode. In this regime, sufficient
squeezing r >In(2n +1)/2 is required for the state to be entangled at all. For the above case,
this entails r > In(2)/4 = 0.173 or p3 < 4/13 (see yellow squares). However, all third-order
criteria require r = 0.363 or p3 < 1/4 to detect entanglement (see yellow diamonds). Note
that physicality translates into p3 < 16/49 for p, = 1/2 [see yellow triangle in Figure 5.2b)],
showing that the range of values for p; compatible with a separable state is small compared
to an entangled state [see the light gray region in the inset of Figure 5.2b)].

A.1.2 Higher-order criteria

We analyze higher-order p,,-PPT criteria from the Stieltjes approach [cf. Eq. (5.2)] for Gaussian
states in Figure A.1. For the two-mode squeezed state at finite temperature considered
in Appendix A.1.1, the p,-PPT criteria for n = 5 (green curve) and n = 7 (red curve) flag
entanglement already when r = 0.221 (yellow squares) and r 2 0.187 (yellow triangles),

respectively, compared to r 2 0.363 (yellow diamonds) for n = 3.
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Simon
n=3
n=5

Figure A.1: Gaussian entanglement detected by the p,,-PPT criteria (5.2) of order n = 3 (blue),
n =5 (petrol), and n = 7 (red), analogous to Figure 2a). More mixed entangled states are
detected for increasing n, indicating convergence toward Simon’s criterion in the limit n — co.

A.2 Mixed entangled cat states

To evaluate the PT moments for the class of states (5.42), we make abundantly use of the

coherent-state inner product (a|B) = e~2(la=B*+ap*~a”F) \which leads to
2
p= (14— 22) (14 740D ) 41 - ) m2(1e"+160) (A.2)
and

1+ 3¢~ 410 +IBE) 4 37 _ z)=2(al’+1A1%) (2 4o Mal e—4lﬁ|2)

2
p3s= 3
+3(1 - z)2e 4 (1al+IAF) (2 +etlal 4 e‘”ﬁ'z) + (1 - 2)3e0Ual"+IAP) (1 + 3e4(|“|2+|ﬁ|2))] :

(A.3)
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A.3 High Harmonic Generation (HHG)

The reduced state of the driving field and one harmonic mode for equal harmonic shifts

X:=Xq=2/VN?+2N-3)5areads

1 N246N-11 |5,
p= e la—8a,x)(a—ba,yl—e 20*2N-3) Ia oa, y){a,0]
(A.4)
_ N%46N-11 15af2 N2+4N- NZHAN=S | 5012
— e 2(NZ+2N-3) la,0) (a —da, x| + e NZ+2n-3 la,0){a, OI]

where we assumed that @, 6, and y are real without loss of generality. The purity evaluates to
1
P2= [1 —2(1-0) (2 _ e—(l5a|2+|x|2)) +(1-0)? (26|6a|2+|7(|2 _ 1) ] (A.5)
while the third PT moment is

1
Ps=g [1 ~3(1-C) (2 - e‘("s“'z*'%'z))

+3(1-C)? (2 + e~ (Bal+x?) | ploal® _ o —loal® | ixl* _ Ze_mz) (A.6)

— (1= 0% 1+ 66l _3eloal’ 5o} |

A.4 NOON states

A.4.1 Mode-operator moments

We compute the set of constraint mode-operator moments for the class of NOON states. To

this end, we normal order Eq. (5.46), for which we use the identity [209]

= ( 1)/
10) (0] =: e~ :; T (A7)
We end up with
) (_1)i+k—N (- )l+l
Pijki = lal m6116kl®(l_N)+a — NI 8ij-NOk1+NO( —N)O(k - N)
. (A8)
(_ )]+k ) (_1)l+k N
+aﬁ 61]+N6kl N@(Z—N)(")(l N)+|ﬂ| m(sl](Skl@(k—N),

N!jlk!

where ©(x) denotes the Heaviside ® function (with the convention ®(0) = 1 understood).
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This leads to the expansion for the purity

[<ATN N>+<AT(N+ ) N+ fyTO+) 04 Y

:3 [<aNb’rN>+<AT(O+ D N ) [0+

(A.9)
:3 [<&TNbN>+<A’r(N+ Do+ O+ N+

|ﬁ| [bTNbN>+<AT(O+ D g0t pHN+=) N+

)

where center dots indicates higher-order contributions. Only the first term in each row
survives, and the purity reduces to

1 * AN7 * /A 7 7 7
p2= llai? @™ a") + a* @ b™) + ap* @ NHy +1BEGNVEY)|. a10)
Similarly, we find for the third PT moment

L Lt @™a®y+ 1818 5IVBN ] . A1)

p3 = N

It is straightforward to verify consistency of the latter two equations with p, =1 and Eq. (5.47)
since (a"™NaVN) = |a|2N! (analogously for b), and (aVb™y = (a"™VHN)" = af* N! for NOON
states.

Equations (A.10) and (A.11) nicely demonstrate the main strength of PT-moment-based
entanglement criteria: In contrast to entropic and Shchukin-Vogel-type criteria, where higher-
order mode-operator moments are exponentially suppressed or hard to access, respectively,
PT moments often select the right (and in principle arbitrarily high) mode-operator moments

that contain the necessary information about quantum correlations.

A.4.2 Lossy NOON states

Since we account for noisy copies by fluctuating state parameters, we consider in general
different losses for Alice and Bob. Then, the lossy NOON state reads

= (L, © L) (1Y) (y), (A.12)

where |1) is the lossless NOON state as defined in Eq. (5.46). Direct calculation leads to
. 2 & [N -k k
p=lal kZ_O L|7a T A=TA IN=K,0) (N =0l
+vTats" (@B*IN,0) (0, N|+a*B10,N)(N,0|) (A.13)

NN\ (v
+1BI” Y. (k)rgv B -1pk10, N~k (0, N-KI.
k=0
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The PT moments evaluate to

pz—lal Z( ) 2N=K) (1 _ 7%k

+2lal?IBP (Nt + A -t N1 -15)Y) (A.14)
+1pI* Z( ) A —Tp?

and

ps = lal® Z( ) SIN=K) (1 — 7 4)3F

+3lal’|Bl (Ialzrﬁrg(l—m)N+Iﬁlzrﬁrg(l—rs)’v
(A.15)
a1 -1 A7) +1B2A -0V A - 75)2Y)

N N 3
+1BI° 3 (k) A CE
k=0

where we considered the copies to be identical for brevity. Please note that the expressions

underlying Section 5.5.2 describe the more general case of unequal copies.

A.4.3 Particle-number output distributions

We show the particle-number output distributions f, (V. A Nf ) and f3(V. 4 NZB, Ng“, Nf ) of the
Fourier interferometers of orders 2 [see Figure 5.1b)] and 3 [see Figure 5.1c)] in Tables A.1
and A.2, respectively. Again, we present expressions for equal copies for brevity. Note that
at most two (three) particles can be detected at the outputs for two (three) NOON input
states. Note also that for 7 = 1, i.e., when the state is pure, contributions with odd total
particle number NZA + Nf vanish since all individual parities must be even to average to p, = 1.
Additionally, we provide graphical visualizations of the output distributions at the typical loss
levels considered in the main text, i.e., T = 0.9,0.75, 0.6, together with the pure-state case 7 =1

[see Figure A.2].
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Neot N NE fo
0 0 0 1-f@2-7)
1 0 t1-1)af?
1
0 1 1(1-7)IBP
1 1 7%al?IB)?
2 2 0 Zla®
2
0 2 ZIpI*

Table A.1: Particle-number output distribution f; of the circuit in Figure 5.1b) for a lossy
NOON state (N = 1) over all possible particle numbers N2, Nf grouped by total particle
number Nyt = NZA + Nf .

A.4.4 Statistical error models

We validate the consistency between the statistical error models discussed in Section 5.5.1.3
and the numerical sampling of the third-order criteria for the noiseless and balanced (a =
1/v/2) NOON state of order N = 1 in Figure A.3. As a complementary check, we plot the
standard deviations obtained in Eq. (5.58) relative to the loss 7 in Figure A.4. The numerical
data aligns well with the theoretical predictions for the linear and quadratic criteria. The
optimal criterion matches the linear one when 7 < 0.4 and 7 2 0.6 (which corresponds to
p2 > 1/2), but approaches the quadratic one towards 7 = 1/2 (for which p, = 1/2). As the
linear criterion’s error is an upper bound for the optimal criterion’s error, it is justified to work
with the linear error model for the optimal criterion when 7 = 0.6, which comprises all cases

considered in the main text, in particular, Figures 5.3¢) and 5.4.
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Nt N NP N{ NE f3
0 0 0 0 0 1-37[18+7(-15+41)]
1 0 0 0
o o0 1 o 3lafd-nre-27)
1
0 1 0 0
1 1 0 0
1 0 0 1
0 1 1 0 alal’lpre?
, 1 0 1 0 %Ial‘lr2
0 1 o0 1 31pI*T?
2 0 0 0
0 0 2 0 slata-nr’
0 2 0 0
0o 0 0 2 sprta-nr
1 2 0 0
0 0 1 2 slal’lpl'e’
2 1 0 0
0 0 2 1 slal'Ipre’
1 0 2 0
2 0 1 0
o 1 0 2
0 2 0 1
0o 1 2 0
0 2 1 0
1 0 o0 2 0
2 0 0 1
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0
3.0 0 0
0 0 3 0 slal’r’
0 3 0 0
0o 0 0 3 51AI°7°

Table A.2: Particle-number output distribution f; of the circuit in Figure 5.1c) for a lossy
NOON state (N = 1) over all possible particle numbers Nj', NF, N#, N grouped by total
particle number Niot = Nj' + Nj + Ni' + N2
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a)f, b) f; for subsystem A c) f3 for mode 2
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Figure A.2: Particle-number output distributions for the balanced (a = 1/v/2) NOON state of
order N = 1 for various losses 7. a) shows f,> from the purity circuit (see Table A.1 for analytic
expressions). b) and c) depict f3 from the pj3 circuit for subsystem A and in the second
mode, respectively (see Table A.2). When the total particle number at the output exceeds its
input value, any corresponding configuration is unphysical (white elements). In some cases,
physical configurations attain zero probability (gray elements), e.g., when the state is pure
(tr = 1) and the total particle number is odd (see the top left panel).
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0.04
0.03
o}
0.02f
: : : : quadratic
0.01 _ ,,,,,,,,,, __________ optimal
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Figure A.4: Complementary analysis to Figure A.3 in terms of the standard deviation as a
function of the loss 7. Analytic curves correspond to Eq. (5.58). The criteria are sampled
2 x 10% times, which we repeat 500 times to obtain their standard deviations (points). The
optimal criterion’s error mostly resembles the linear one’s behavior as p, = 1/2 with equality
ifand onlyifr =1/2.
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Appendix to Chapter 6

We give here detailed calculations for Chapter 6, devoted to realignment moment separability

criteria for continuous-variable quantum systems.

B.1 Properties of w, and r,

Here, we prove several properties that w,, and r,, obey for all n € N . We first prove that

At R nl2
rp=Tr (R(p) R(p)) (B.1)

is real and non-negative for all n € N(. To do so, we write the singular value decomposition
of the realigned density matrix as
R(p)=UDVT, (B.2)

where U and V are unitary matrices, and D is diagonal with non-negative entries. Then,

ry=Tr [(VDZ V*]mz] (B.3)
—Tr [(VDVT)n] (B.4)
— Tx[D", (B.5)

due to the unitarity of V. Thus, r, is simply the sum of the nth powers of the singular values

of R(p). In particular, r, = 0.

We now prove that w,, € R for every n € N. Let S denote the swap operator acting as
follows on basis elements,
SIi, jy=1j,i). (B.6)

Using the realignment convention of Eq. (6.4),
(i, kIR(P)j, ) =i, jlplk, [}, (B.7)
together with the Hermiticity of p, we obtain

(i, kIR(P)I], D" =i, jlplk, )"
=k, lIpli, j) = (k, i|R(P)IL, j).

(B.8)
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Therefore,
R(p)* =SR(p)S. (B.9)

It follows that
wy, =Tr[(R(p)")"]
=Tr[(SR()S)"] (B.10)
=Tr[SR()"S] = wp.
Hence, w), is real. Moreover, as shown in Appendix B.6.1, its multicopy observable is positive

semidefinite, which further implies w, = 0.

We next show that
lwy,| < 1y, (B.11)

for all n € N5¢. Let y; denote the eigenvalues of R(p), and let s; denote its singular values.
Then,
wy, =Tr[R(P)"] =) _yP, (B.12)
i

whereas
rn=) st (B.13)
i

Using the triangle inequality and the standard (weak) majorization relation between eigenval-

ues and singular values [161], we obtain

lwal <Y 1yil" <) sl =rp. (B.14)
i i

Finally, we prove that r,, = r;,4; for all n € N. Since r, corresponds to the purity of the
state p, we have
ryi= Tr[R(p)TR(p)] = Tr[p?] < 1. (B.15)

It follows that each singular value s; of R(p) satisfies 0 < s; < 1. Therefore,
s> it (B.16)

for all n € N5, and summing over i gives

T'n Z Tnt1. (B.17)
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B.2 Properties of the operator Schmidt decomposition

Let {A;} and {B;} be orthonormal sets of operators with respect to the Hilbert-Schmidt inner
product, i.e.,
Tr|ALA;] =Te | B B;| = 545, (B.18)
We assume that the local operator spaces are identified through a fixed basis, so that the
operators A; and E; can be compared as elements of the same vector space.
We denote by {E]*} the set of entrywise complex conjugates of the operators {1§ j}in the
fixed basis. Since {B]*} is also an orthonormal set, each operator A; can be decomposed into

its projection onto the span of {B;‘} and an orthogonal remainder, that is,

A; :Zm;f>1§;+é,-, (B.19)
j

where m;i) eCand C ; is orthogonal to the span of {B]* }, namely,

)

Tr i

:Tr[B]TCi] =0 Vi,j. (B.20)
Using the orthonormality of the operators in the sets {4;} and {Blf“}, see Eq. (B.18), and
Eq. (B.19), we get

Z(mg))*mg)+Tr[éjéj] :6ij. (B.21)
k

Introducing the matrix M with entries

M;j=mY (B.22)

i )

and the Gram matrix N¢ of the residual operators,

(Nc);j=Tr [C‘jéj] : (B.23)
we may write
MM+ N¢ =1 (B.24)

Since N¢ is positive semidefinite, it follows that

M'M<1I, (B.25)
or equivalently,

IMll2 <1, (B.26)

where || - |2 denotes the spectral norm. Thus, we call the matrix M a contraction.
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As we deduce from Eq. (B.22), the coefficients appearing in Eq. (B.19) are the Hilbert-
Schmidt overlaps between A jand Elf". Hence,

My =Te|(B])' A;| = Te [B] 4,]. B.27)

B.3 Second-order bound

Here, we prove that
|Miiij—Miiji|Sl. (B.28)

We use the result of Appendix B.2, namely the fact that M is a contraction. Let M!"/! denote
the 2 x 2 submatrix of M obtained by keeping rows i, j and columns i, j, namely,

Ml = (M” . ) : (B.29)
jio Vj
Equivalently, one may write
M[ij] :P[ij]MQ[ij], (B.30)

where Pl/J] is the 2 x r matrix selecting rows i, j, and Q!'/! is the r x 2 matrix selecting columns

i, j. Both are partial isometries, so
), fo.-
0P =[], =1 (B.31)
Then, by submultiplicativity of the spectral norm and the fact that M is a contraction,
=, o,
|| < || v, || @, < 1. (B.32)
Let s; and s, be the singular values of M/, Since
| M7 =maxisi, 21 <1, (B.33)

we have s; <1 and s, < 1. Therefore,

|det M| = 515, <1. (B.34)

Finally,
det M'"/! = M;; M;; — M;; Mj;. (B.35)

Hence,
|M;iMjj— M;Mj;| < 1. (B.36)

In Appendix B.4, we generalize this idea to higher-order determinants, which leads to

higher-order criteria.
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B.4 Higher-order inequalities

We extend here the argument of Appendix B.3 to higher-order minors of the matrix M. Recall

that the realigned operator can be written as (see Eq. (6.6))
R(p) =} Ail Ai)(B], (B.37)
i
where A; =0, and define matrix M by
M;; =Tr[B] 4]. (B.38)

From Appendix B.2, we have that M is a contraction, i.e.,

MM<1. (B.39)
We introduce the moments
rn=)_ Al (B.40)
i
and
wn= 3 AiyeAi, Miyi, Migiy -+ Mi i, (B.41)

and refer to Appendix B.6 for the quantum-optical measurements of w;,, and ry;,.

Let us first consider the third-order case. For three distinct indices i, j, k, define the 3 x 3

principal submatrix
- M Mij M;
Mliik — M;;i Mjj Mj|. (B.42)
My Myj Mgk

Its determinant is

detM[ijk] ZMiiijMkk + MiijkMki + MiijiMkj

(B.43)
= M MjjMy; — M;jMj; My — M M ji M.
Since M is a contraction, every principal submatrix is also a contraction. Therefore,
“M“’f K H <1. (B.44)

2

If 51, S, 53 are the singular values of M lijKl then Sq <1 for all @, and hence

‘detM[ijk]‘ =5185283<1. (B.45)
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We now use this bound to derive a third-order inequality. Notice that

rf’ —3rirp+2r3 = Z AidjAk. (B.46)
i,j,k
all distinct

Similarly, expanding the weak moments gives

wy—3wwy +2ws= Yy AiAj/IkdetM“jk].
ik
all distinct

(B.47)

Consequently,

i -3nn+2n sl -3wwy+2ws) = Y AidjAg(1£det M M), (B.48)
ijk
all distinct
Although the right-hand side of Eq. (B.48) is real after summation, the individual determinants
det M'7¥ need not be real. Taking the real part term by term gives

P =3rr+2rs+ (W -3w wy+2ws) = Y Ai/lj)lk(liRe(detM”jk])). (B.49)
i,j,k
all distinct

Since
‘Re(detM”jk])‘ < ‘detM[ijk]‘ <1, (B.50)

each term in the last sum is non-negative. Hence, we obtain
rf—3r1r2+2rgi(wf—3w1w2+2w53)20. (B.51)

Equivalently,

rf’23r1r2—2r3¢(w‘f—3w1wz+2w3). (B.52)

For separable states, the realignment criterion gives
rn=|R@|,=<1 (B.53)

Moreover, since r; = w; and r3 < r», the previous inequalities imply the experimentally weaker

but directly useful bound

3w1r2—2r2+|w‘;’—3w1wz+ZW3|51. (B.54)
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Therefore, any violation,
3wiry =212+ | Wi —3wiwy +2ws| > 1. (B.55)
certifies entanglement. We can now state the generalization' to order ¢. Let
I={i,..., iz} (B.56)

be a set of ¢ distinct indices, and let M!!! denote the ¢ x ¢ principal submatrix of M obtained
by keeping the rows and columns indexed by I. Since M is a contraction, every such principal

submatrix is also a contraction. Hence,
M), = 1. (B.57)

If 51,..., s are the singular values of M!!, then s, < 1 for all a, and therefore
¢
|det M| =[] sa < 1. (B.58)
a=1

Since determinants of ¢ x ¢ submatrices are associated with products of ¢ distinct Schmidt
coefficients,
[T7: (B.59)
iel
summing over all subsets I of cardinality ¢ gives the /th elementary symmetric polyno-
mial [158],
eeM) =) []A: (B.60)

I i€l
[=¢

However, the quantities we use in the construction of the criteria are the moments
=y AL (B.61)
i

These are the power sums of the Schmidt coefficients. Newton’s identities allow one to express
the elementary symmetric polynomials in terms of these power sums [158]. For this reason,

we define
Py(X1,y...,xp) = FCey, (B.62)

where ey is expressed in terms of the power sums xi, ..., Xy.

IThe connection with elementary symmetric polynomials was suggested by GPT-5.6 Sol. The subsequent
development of the generalization was carried out with assistance from GPT-5.6 Sol and was independently
verified in full. See Declaration on the use of Artificial Intelligence for further information on the use of Al in this
thesis.
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Equivalently,
X1 1 0 0
X2 X1 2 s 0
Pr(x1,...,x0) =det| x3 x x . . (B.63)
/-1
Xe Xg—1 Xe—2 - X1
Thus, for the Schmidt coefficients,
Py(ry,..,ro) =0 [T (B.64)
1 iel
[I|=¢
For example, at order 2,
Py (X1, X2) = XT — X, (B.65)
so that
Py(r,r2) =17 —12=3 AiAj=2) Aidj. (B.66)
i#] i<j
At order 3,
PP3(x1,X2,X3) = xf —3x1X2 +2X3, (B.67)
and therefore
P3(r1,12,13) =1} — 31172 +213 = Y AidjAg. (B.68)
ij,k

all distinct

This is precisely the sum over products of three distinct Schmidt coefficients.

The same structure appears for the weak moments. Since
wy =Tr[R(p)"], (B.69)

the quantities w, are the power sums of the eigenvalues of R(p). Applying Newton’s identities

to these moments gives

Py(wy,...,wp) =01y (H/lidetMm). (B.70)
I \iel
[1|=¢

Combining the two expressions, we obtain
Py(r1,.., 1)) £ Pp(wy,..., wp) =01y (]‘[ A,-) (1 +Re(det M), (B.71)

I iel
[1|=¢
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Since |det M| <1 and the moments w,, are real (see Appendix B.1), this reduces to
Py(r1,y...,10) £ Pp(Wn,...,wyp) = 0. (B.72)

Thus, each order ¢ yields a higher-order constraint that follows from the contraction
property M' M < I. Together with the separability condition r; < 1, these inequalities generate
a hierarchy of realignment-type entanglement criteria. To obtain a directly measurable
separability criterion at a given order, the odd moments r,,+1 must additionally be eliminated
or bounded using the experimentally accessible quantities w, and r», (see Appendix B.6
for their quantum-optical measurement methods). The third-order criterion derived above

provides one explicit example of such a reduction.

B.5 Werner state

We consider the exemplary Werner state of two qubits,
N o, . 1=A,
pw =Aly )y |+Tﬂ’ A€l0,1], (B.73)

where [¢7) = 1/v/2(]0,1) — |1,0)). Figure B.1 displays the detected regions using the different

criteria.

B.6 General measurement techniques for w, and r,,

In this appendix, we derive multicopy observables for the moments w,, and the even moments

2, and describe their interferometric implementation. Recall that
wn =Tr[R(P)"], (B.74)
whereas
At oA )
Fan :Tr[(R(p) R(p)) ] (B.75)

The quantity w, is a homogeneous polynomial of degree n in the matrix elements of p, while
25, is a homogeneous polynomial of degree 27n. They can therefore be accessed using n and

2n copies of the state, respectively [29].
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— "]

JE—H

— 1y + (Wy — wf)
ry = (wy —wi)

separable entangled

Criterion value
—

0.5

0 0.2 0.4 0.6 0.8 1
A

Figure B.1: The Werner state is entangled as soon as A > 1/3, which is what detects the original
realignment criterion (based on r;). The weak realignment criterion (based on w;) never
detects Werner state entanglement, whereas the order 2 criterion detects in the region A > 0.6,
i.e., when the state is sufficiently pure.

More generally, the multicopy method [29] allows one to access homogeneous polynomial
functions of the matrix elements of a density operator. Let a general bipartite density operator

be written

o= pijrli,j) k1, (B.76)
ijkl

where p;j 1 = (i, jIplk, ) € C. Ahomogeneous polynomial of degree n can be written as

@ = 3 CijikihinjuknlnPir kil " Pin kil (B.77)
i1jikih

injnknln

where the coefficients ¢;, j k,1,.-i, j,ka1, are independent of p. Such a polynomial can be

expressed as
[n(@) =Tr[p*" O] (B.78)

for an appropriate multicopy operator O,,.
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For expressing the multicopy operators corresponding to w,, and r»,, we begin by intro-

ducing the right cyclic-shift operator acting on 7 copies,
Ty lit, ig, ey in) = iy i1,y ine1), (B.79)
and the corresponding left cyclic shift,
o E
I, = (Hn) , (B.80)

which acts as
Hi’l|ilyi2)---7in>:|i2)---)inril>- (B8]-)

In what follows, the superscripts A and B indicate whether the shift acts on Alice’s or Bob’s

copies.

B.6.1 Multicopy observable for w,

Using the density operator writing of Eq. (B.76), the trace of the nth power of the realigned

operator reads
Wn=" Y, PiiskikoPigis ko™ Piir k- (B.82)
bk,
Then, since
Tr[p1k, D <D, ] = pijis (B.83)
we obtain
w, =Tr[p*" 0], (B.84)
where ;
"( ) _ . .
Onw - ilzi glkbkt+l> (l[,lt+1|, (B85)
1ok

where i, := i1 and k41 == k;. To express this operator in terms of cyclic shifts, we use

R(lks,yig) {krsr, i) = ke, k1) iy B4l (B.86)
It follows that
n
O%W) = R®" Z ®|kt, i) (kes1sieal | - (B.87)
i1yenyin =1
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After reordering the tensor factors from (A1 By) - (A, By) to (Ay--- Ap) (B -+ - By), the operator

inside the brackets factorizes as

n ~A AB
Y. Rlkeie) kesr,ipl=1,811,. (B.88)
i1yenyin =1
ki, kn
Consequently,
~A  AB
O =R*" |11, ® Hn). (B.89)

In order to be able to write a quantum-optics measurement setting for wy,, it is also useful
to express this operator directly in terms of EPR projectors. Using the unnormalized EPR

vector

1Q):=)"19,9). (B.90)
q=0

Regrouping the factors of (A)Elw) (see Eq. (B.85)) according to the pairs (A;, B;—1), with the cyclic

convention By := By, gives

n
O =R 10)(Ql 4,5, , - (B.91)
=1
Therefore,
n
wp =Tr | " Q)1 4,5, , | - (B.92)
=1

Equation (B.91) also shows directly that O%“’) is Hermitian and positive semidefinite, and
hence that w, is real and non-negative (going beyond the initial proof that w, is real in

Appendix B.1).

It is instructive to compare the expression of the multicopy observable in Eq. (B.89) with

the multicopy expression for the moments of the partially transposed state [63, 80],

pri=Tr|(0™)"]

~A -~ B (B93)
=Tr 0, e Hn)

A®n
0

)

where Tp denotes the transposition on Bob’s side. For the partial-transpose moments, the
cyclic shifts on Alice’s and Bob’s copies have opposite orientations. By contrast, the expression
for w,, involves shifts in the same direction, followed by an independent realignment map on

each copy.
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B.6.2 Multicopy observable for r,,

Using the density operator of Eq. (B.76), we may write

rzn - Z H pl[][ k[ltplt]t+lvktlt+l’

i1yensin T=1 (B.94)
Jirejn

1reeer kn

Iy ln

where j,+1 := j1 and 4 := ;. Then, using the Hermiticity of p, i.e., p}

i[jl!ktlt = pkfltritjt’ we

obtain
n
rzn = Z H pktlt!il’j[pitjt+1,k[l[+1' (B.95)
iyeenyip =1
jl ~~~~~ ]n
ki, kn
lyenrlp

Each term contains 27 matrix elements of p, so the moment can be written as an expecta-

tion value on 2n copies, that is,

Fop = Tr[ (B.96)
where
O(r) Z ® lig, je) (kt,lt|)2t L@ (ke Ies) (ip, jearl)n,) - (B.97)
..... in t=
]1 ..... ]n
Lreeokn

After regrouping the tensor factors from (A B;) -+ (A2, B2y) to (Ay-+- A2,) (By - Bay), the
operator factorizes into independent permutations on Alice’s and Bob’s subsystems. Indeed,

on Alice’s side,

n

Yo Q) (Ui kD) ay,, ® Uke) ieD) ay,) = Q) Sy 1, oy (B.98)

i1yeenyin =1 =1
where Sy y denotes the swap operator between subsystems X and Y, i.e.,
Sxylwx|v)y =v)x|wy. (B.99)

Similarly, on Bob’s side,

n

> Qo ), , @ (1) Gieeal) s, ) = R Sm0birens (B.100)

Jlreeojn t=1 =1

with the convention By, := By. Thus, combining the two sides gives

n
O(r) (® SAZt 1, AZ[) (® Sth,BQH.l) . (B.lOl)
=1
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In summary, Alice’s subsystems are paired according to
(A1, A2), (A3, A4), ..., (A2p-1, A2n), (B.102)
whereas Bob’s subsystems follow the staggered cyclic pairing
(B2, B3), (B4, Bs), ..., (Bay, B1). (B.103)

The operator O;rn) is Hermitian and unitary because it is a product of disjoint swap operators.

For n=1, Eq. (B.101) reduces to
OV =8 4,,4,® Sp, 5, (B.104)

so that
ra =Tr[p%* (Sa,,4, ® SB,,3,)] = Tr[p%], (B.105)

as expected.

B.6.3 Interferometric implementation

Although the initial expressions of w,, and r», involve the realignment map, this map does not
need to be directly implemented physically. As a matter of fact, the corresponding multicopy
observables can be measured using balanced beam splitters, homodyne detection, and

photon-number-parity measurements, as detailed below.

B.6.3.1 Measurement of w,
Let us consider n copies of the bipartite state, namely,
ﬁAlBl®'-'®ﬁAan. (B.106)

Equation (B.92) shows that an EPR projection must be performed between Alice’s subsystem

of copy t and Bob’s subsystem of the preceding copy. The modes are therefore paired as
(Al)Bn)y (AZ)Bl)y ERE) (An,Bn—l)- (B107)

This pairing may be implemented by cyclically rerouting Bob’s modes before the interferome-

ters.
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For each pair (A;, B;-1), with By := B, we define the commuting EPR quadratures

A~ xB[_l - xA[ N pA[ + th—l

f= s s (B.108)

Since they satisfy
[(X_ s P+l =0, (B.109)

their joint measurement can be implemented by a balanced beam splitter followed by homo-
dyne detection on its two output modes. The EPR projector can therefore be written [120]

D =7|py=0,x_=0)(p+=0,x_=0]. (B.110)

With the beam-splitter convention adopted in Eq. (6.52), the relevant output quadratures

obey
St oA B Ox + Py _ .
Bt hxBxy = =X = p., (B.111)
Xyp \/z P+
and
At oA Xy —Xx .
B]L XyBxy = =X-. (B.112)
XY \/z

where Bxy denotes the balanced beam splitter unitary between modes X and Y. Thus,
homodyne detection of px on the output mode of X and Xy on the output mode of Y

provides a simultaneous measurement of p; and x_.

The EPR projector can consequently be written formally as
10)(QIxy =mBL, [(1Ip=01p =01y & (x=0)(x=0]y] Bxy. (B.113)
Combining Eqgs. (B.92) and (B.113), we obtain
wp =7"Py,(0), (B.114)
where Py, (0) is the joint probability density for obtaining
x_ =0, p+:=0, r=1,...,n. (B.115)

For example, for low values of n, the interfered pairs on the balanced beam splitters are

n interfered pairs
1 (A1, B1)

2 (A1, B2), (A2, B1)

3 | (A1, Bs), (A2, B1), (43, B2).

(B.116)

No genuine n-port interferometer is therefore required. The setup consists only of a cyclic
rerouting followed by n independent balanced beam splitters, all of which may operate in

parallel, and ends with parallel homodyne measurements.
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B.6.3.2 Measurement of r;,

The even moment r,,, requires 2n copies of the state. According to Eq. (B.101), Alice’s copies
are interfered in the pairs

(AI)AZ)» (ASyA4)y ) (AZn—l»AZn); (B117)
while Bob’s copies are interfered according to the staggered cyclic pairing
(BZ!BS)’ (B47B5)) ceey (BZI’Z!BI)- (Blls)

Each swap operator Sxy can be measured using a balanced beam splitter Byy followed
by a photon-number-parity measurement on the antisymmetric output mode. With the

convention of Eq. (6.52), one has
Sxy =Bl (=)™ Byy, (B.119)

where 71y denotes the photon-number operator of the antisymmetric (second) output mode.
Consequently,

Fon = <H(—1)ﬁ3?5 [T-nm: > (B.120)
=1

t=1
where 729" denotes the photon number in the antisymmetric output of the beam splitter
acting on

(Az¢-1,A2p), (B.121)

Hout

and Ay’ denotes the photon number in the antisymmetric output of the beam splitter acting

on
(B2t, Bar+1), Bpy1:=By. (B.122)

Thus, ry, is obtained by multiplying the photon-number parities measured at all antisym-
metric output modes and averaging the product over the experimental runs.

For example, the purity r» requires two copies and the pairings
(A1, A2), (B1, B2). (B.123)
The fourth moment r4 requires four copies and the pairings
(A1, Ag), (A3, Ag), (B.124)

on Alice’s side, and
(B2, B3), (Ba, B1), (B.125)

on Bob's side.
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Appendix to Chapter 9

We give here detailed calculations for Chapter 9, devoted to the study of the majorization

lattice from a geometric point of view.

C.1 Majorization minimum of the ball centered on a given

vector

We present how to find the majorization minimum of the ball %, (x) :={y € Q?Cll td(x,y) <€},
which we denote as M (x). It is characterized by M, (x) <y for every y € %.(x), and, if z € 9?’31
also satisfies z < y for every y € %, (x), then z < M, (x). We mainly follow Ref. [131]; see also
Ref. [114] for a related construction. The saturation relation d(ax, M. (x)) = € in the nontrivial
regime!, implying that the infimum is actually a minimum, is discussed in Ref. [114].
Denote by v € 22 oli the uniform vector. If d (v, ) < €, we are in the trivial regime, and the
TV constraint need not be saturated. Therefore, we set M, (x) = v. Otherwise, if d(v,x) > ¢,

do the following. For given a, b € [0, 1], we define

d

R(@) =) (xi— @), (C.1)
i=1
d

L(b) =) (b~ xp)+. (C.2)

i=1

Here, R(a) is the mass removed from the components above a, and L(b) is the mass lifted into
the components below b. Since d(v, x) > €, there are unique levels a*, b* satisfying R(a*) = ¢
and L(b*) = €. Moreover, the two clipping regions do not overlap, i.e., a* > b*. Finally, we

define M, (x) using the following clipping formula
M, (x); = min{a®, max{x;, b*}}. (C.3)

Equivalently, entries larger than a* are lowered to a*, entries smaller than b* are raised to b*,
and all other entries are left unchanged. Since « is non-increasingly ordered and the clipping
map ¢ — min{a*, max{t, b*}} is monotone non-decreasing, applying it componentwise to
a non-increasingly ordered vector preserves the ordering. Hence, M. (x) € 9?’611. Figure C.1

illustrates the procedure in the nontrivial regime.

'We call the regime trivial when the uniform vector belongs to the ball B (x).
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T T T T T

1

d

[ ]

original x;
final (M, (x)),
R(a®)

L(b™)

Figure C.1: Schematic depiction of the clipping procedure used to obtain M. (x) from the
original vector . The largest components of x are lowered to the upper level a*, while
the smallest components are raised to the lower level b*; intermediate components are left
unchanged. The light blue rectangles represent the components of M, (x). The mass removed
from the upper components is R(a*), and the mass lifted into the lower components is L(b*).
In the depicted case, the uniform vector is not contained in %8, (x), and the levels a* and b*

are chosen so that R(a*) = L(b*) = €. Consequently, d(x, M¢(x)) = .

C.2 Further tools and results for the proofs

i=p+1 i=p+1

Summing Eq. (C.4) over all final PAVA blocks, the above lemma gives

dv,uVvv)=d,p(u,v)).

The analogous identity with u follows in the same way.

q q
Y. |vi-pa,v)i|= Y lvi-vol,

Furthermore, the same holds when replacing v; with u;.

LemmaC.1. Let I,..., I, denote the final blocks produced by the PAVA construction of
u Vv (see Section 7.3.2). If we write Iy ={p+1,...,q}, then, foreverya e{l,...,r},

(C.4)

(C.5)
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Proof of Lemma C.1. Fix a final PAVA block

Ln={p+1,...,q}. (C.6)
On this block, the PAVA procedure replaces the entries (u, v); by their average

Y1 B,
(v v); = k”;l_p —¢c, i=p+l,...,q. (C.7)

If g = p+1, then ¢ = f(u,v) 1, and the claim is immediate. We therefore assume g — p = 2.

We claim that, in the final block I,, either
pu,v)ij<v; and c<v; (C.8)

foralli=p+1,...,q,0r

pu,v);=v; and c=v; (C.9)

foralli=p+1,...,q.
When g - p =2, there are two possible cases: Either the affine segment starts on the Lorenz
curve of u and ends on the Lorenz curve of v, or we have the same situation with v and v

exchanged. Suppose we are in the first case, namely
sp(Bw,v)) = sp(w),  s4(Bu,v) = s4(v). (C.10)
Since the affine segment of slope c lies above the Lorenz curves of v and v, we have
Sp(u) + ¢ = spi1(w). (C.11)

Therefore,
C=Upil. (C.12)

Since u is non-increasingly ordered, it follows that
u; <c, Vi=p+1,...,q. (C.13)
Similarly, using the last interior point,
Sqv)—c=s4-1(v), (C.149)

and therefore,
c=vy. (C.15)
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Since v is non-increasingly ordered, this implies
c<vj, Vi=p+1,...,q. (C.16)
Hence,
ui<c<v, Yi=p+1,...,q. (C.17)

In particular, u; < v; on the block. Thus, the sequence (s;c (u) — sk(v)) is non-increasing
on k = p,...,q. Hence, the curve si(f(u,v)) = max{si(u), sx(v)} can switch at most once
from si(u) to sg(v) on this block. Therefore, for each i = p+1,..., g, there are only three

possibilities. If s;_; (B(u,v)) = s;—1 (u) and s;(B(u,v)) = s;(u), then
B(u,v); = u; < vj. (C.18)
If 5;_1(B(u,v)) = s;-1(v) and s;(f(u, v)) = s;(v), then
Bu,v); =v;. (C.19)
Finally, if the switch from the curve of u to the curve of v occurs between i — 1 and i, then
Blu,v); = si(v) = si-1 (W) = v; = (si-1(w) = 5;-1 (V) < v;. (C.20)

Thus, in this first case,
pu,v)i<v; and c<v; (C.21)

foralli=p+1,...,4.
The second case, where the affine segment starts on the Lorenz curve of v and ends on

the Lorenz curve of w, is symmetric. It gives
Bu,v);=zv; and c=v; (C.22)

foralli=p+1,...,4.
Consequently, all the terms inside the absolute values on the block have a common sign

before and after the replacement of f(u, v); by ¢, namely,

q q
Y |vi-B@,v)i|=| ) (v,-—ﬂ(u,v)i)', (C.23)

i=p+1 i=p+1

and

. (C.24)

q q
Y lvi—cl=| ). Wwi—-o¢

i=p+1 i=p+1
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Using the definition of ¢, we have

q q
Y. Buw,v)i= ) c (C.25)

i=p+1 i=p+1

Therefore,

q
Y wi-o

i=p+1

) (C.26)

q
> (vz—ﬁ(u,v)i)' =

i=p+1

which in turn implies Eq. (C.4). The proof with u; instead of v; in Eq. (C.4) is identical,

exchanging the roles of u and v in the above development.

Note that this proof relies on the fact that we are dealing with sums of absolute values, i.e.,

with the /;-norm. It does not extend in general to ¢,,-norms with p > 1. O

Proposition C.1. Consideru,v € ,@Ull and a € [0,1]. Then,

du,v)=du,au+(1-a)v)+dau+ (1—-a)v,v), (C.27)

Proof. A straightforward calculation allows us to conclude.

(|ui—aui—(1—a)vi|
1

N |~
.M&

du,au+(1-a)v)+d(au+(1-a)v,v)=

+|aui+(1—a)vi—v,-|)

1 d
:—Z((l—a)|u,-—v,-|+a|u,-—v,-|) (C.28)
23
1 d
=3 l:ZI |ui = vi
=d(u,v).
O
Lemma C.2. Leta,b,ce & 611 be such that
d(a,c) =d(a,b) +d(b,c). (C.29)
Then, for every a € [0,1], if
wy=aa+ (1-a)b, (C.30)
we have
d(a,c) =d(a,wy) +d(wgy,c). (C.31)
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Proof. First, since

a-wy,=1-a)la-b),

we get
1
d(a,wy) = EZI(I —a)(a;-b)|=01-a)d(a,b).

Secondly, since

wg—-c=ala-c)+(1-a)b-o),

the triangle inequality gives
1
d(wg,c) = §Z|a(a,- —ci)+ Q- a)(b; - ¢l
i

1
< EZ(‘”“" —ci|+ (A —-a)|b; —ci|) = ad(a,c) + (1 - a)d(b,c).
i

Therefore,
d(a,wy) +d(wgy,c) < (1-a)d(a,b) +ad(a,c)+(1-a)d(b,c)

<ad(a,c) +(1-a)|d(a,b)+db,c)],

since
(1-a)d(a,b) +ad(a,c)+(1-a)db,c) = ad(a,c)+ (1 —a)[d(a,b) +d(b,c)].

Using the assumption
d(a,c)=d(a,b)+d(b,c),

we obtain

da,wy) +d(wgy,c) <d(a,c).

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

(C.37)

(C.38)

(C.39)

(C.40)

The reverse inequality follows from the triangle inequality applied to the triple a, wq, ¢, i.e.,

d(a,c) <d(a,wy) +d(wg,c).

Hence, equality holds,
d(a,c) =d(a,wg) + d(wg,c).

This concludes the proof.

(C.41)

(C.42)
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Lemma C.3. Foralla,b,x,y =0, if
a+b=x+y,
and
as<x<hb, a<y<hb,
then
xy=ab

Proof. Using a+ b= x+ y, we have

xy—ab=(x-a)(y—a).

Since x = a and y = q, it follows that xy — ab = 0, which is the desired result.

u @, . u™, with

u® =, u®™ =,

l, < d and a positive number 6, such that

Moreover, u'” € t@é, and

u V<4 <.

u” =u"V 415, (e; —ep).
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(C.43)

(C.44)

(C.45)

(C.46)

Lemma C.4. Foranyu,v € 2? Cli such that u < v, there exists a finite sequence of vectors

(C.47)

such that the following is satisfied: At each stepr =1,...,N, there exist indices1 < i, <

(C.48)

(C.49)

We name these operations reverse T-transforms since, rather than obtaining v from v using a

finite number of T-transforms [161], we obtain v from w.

Proof of Lemma C.4. Assume that u ™1 < v (this is true for r = 1 since u© = u < v). We

define the majorization deficits as

Di:=sp(0)—sp@ =0, k=0,...

(C.50)

Notice that Dy = D4 =0.If D =0forall k=0,...,d, we stop the procedure, since this means

ul V=,
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Otherwise, choose a maximal interval of strictly positive deficits, i.e., indices i < [ such
that
Di.1=D; =0, (C.51)

and
Dy >0, Vk=1i,...,1-1. (C.52)

Let the amount transferred from component / to i be

6 := min Dy >0, (C.53)
i<k<l
and define
u” =u" V156 -e)). (C.54)

The cumulative sums of " are increased by 6 precisely for k = i,..., I — 1. Therefore, the new
deficits are
Di-6=0 k=1i,...,1-1, (C.55)

while all other deficits, in particular D;_; and D;, are unchanged. Moreover, at least one of

the deficits in the interval {i,..., [ — 1} becomes equal to zero. Hence,

ul V<4 <. (C.56)

We now check that u'” is still non-increasingly ordered. Since only components i and
I change, it is enough to check the ordering relations immediately above component i and
immediately below component [. If i > 1, then
ugr) @ ugr—l) Iy
(b) -
< u"Y+D;
<y (C.57)

(d)
= Vi-1

@ -1
SU T S Uy

where (a) is by Eq. (C.54), (b) because 6 < Dj, (c) because D;_; =0, (d) because v € 9]”1, (e)
because D;_1—D;_»=v;_1 — ug.r__ll), D;_y=0and Dy =0forall k=0,...,d, and (f) because
the (i — 1)™ component has been untouched during the transfer.
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Similarly, if / < d, then

Er) @ ugr—l) _5
@y p,,
e (C.58)
@
Z Ui+l
@ -0 o

= "l+1 T T+

where (a) is by Eq. (C.54), (b) because 6 < D;_1, (c) because D; =0, (d) because v € 97’1, (e)
because D;,;1 —D; = v}y — ugr;ll), D;=0and Di=0forall k=0,...,d, and (f) because the
(I+1)™ component has been untouched during the transfer.

Finally, if [ = d, nonnegativity of the last component follows from
ul =ul ™V -6=ul""-Dy 1 =v420, (C.59)

where we used D; = 0.

Since the other components have been unchanged by the transfer, we get u(”) € 2 é. At
each step, at least one strictly positive deficit Dy becomes zero, and no zero deficit becomes
strictly positive. Thus, since there are only d — 1 intermediate deficits, the procedure termi-
nates after finitely many steps, yielding u™¥) = v. O
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