
From continuous-variable entanglement detection to
majorization lattices in quantum information theory
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Abstract
Quantum entanglement is one of the defining facets of quantum physics and a central re-

source in quantum information theory, underlying essential protocols such as superdense

coding and quantum teleportation. Therefore, understanding how entanglement can be

detected and manipulated constitutes a fundamental challenge in the field.

The first part of this thesis concerns entanglement detection in continuous-variable

quantum systems. We focus on states of the electromagnetic field and study separability

criteria based on moments of the operators obtained by applying partial transposition or the

realignment map to the density operator. We first extend criteria based on moments of the

partially transposed density operator to the continuous-variable setting and analyze their

detection capabilities for several representative quantum-optical states, both Gaussian and

non-Gaussian. For the strongly non-Gaussian class of NOON states, we study in detail the

effect of various experimental imperfections on entanglement detection. Then, we introduce

a moment-based entanglement criterion derived from the realignment map and specialize

it to continuous-variable systems. We study this criterion for Gaussian states, entangled

cat states, and NOON states, and compare its detection capability with that of the partial-

transposition moment criteria. For both approaches, we derive measurement schemes

based on the multicopy technique, using collective measurements on several identical and

independent copies of the state, in order to access the moments of interest.

The second part of this thesis concerns entanglement manipulation and focuses on the

theory of majorization, more specifically the structure of the majorization lattice. Majoriza-

tion provides the standard framework for analyzing deterministic transformations between

bipartite pure entangled states under local operations and classical communication. Since

majorization does not define a total order, not all probability vectors are comparable. Nev-

ertheless, probability vectors of fixed dimension endowed with majorization form a lattice,

whose two fundamental operations are the meet (greatest lower bound) and the join (least

upper bound). We exploit this lattice structure to study probabilistic transformations between

bipartite pure entangled states. In particular, we construct two probabilistic conversion pro-

tocols based respectively on the meet and join, which we call the thrifty and greedy protocols.

We prove the optimality of these protocols and study their relation to the standard optimal

probabilistic conversion protocol. While the greedy protocol is closely related to the standard

construction, the thrifty protocol allows the entanglement resource to be better preserved

on average. We finally investigate the geometry of the majorization lattice using the total

variation distance. We introduce the notion of a majorization diamond, consisting of all

probability distributions lying between two fixed distributions in the majorization order, by

analogy with the causal diamond in relativistic spacetime. From this construction, we derive

an improved bound for the Shannon entropy that goes beyond the Schur-concavity prop-

erty. We also derive a continuity bound for the Shannon entropy within a fixed majorization

diamond, and extend our result to the von Neumann entropy of quantum states.
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1Introduction
Together with general relativity, quantum physics constitutes one of the major breakthroughs

that marked the beginning of modern physics. Since its formulation in the early twentieth

century, quantum theory has provided the most successful framework for describing micro-

scopic phenomena, that is, in regimes where the relevant physical quantities reach quantum

scales set by Planck’s reduced constant, ħ≈ 10−34 m2kg/s. Importantly, quantum physics has

also had a major technological impact. In particular, the development of semiconductor

physics and the invention of the transistor [15] played a central role in the growth of modern

electronics and computing.

Towards the end of the twentieth century, quantum physics began to be regarded not

only as the basis for building classical information-processing devices, but also as a possi-

ble resource for information processing itself [66, 83]. This led to theoretical protocols for

quantum computation [23, 67, 213], cryptography [20], and communication [21, 22]. Ret-

rospectively, these advances marked the birth of quantum information theory [172], at the

intersection of quantum physics and Shannon’s information theory [49, 208]. Much of the

early work in quantum information was formulated in terms of discrete quantum systems,

most notably the quantum bit, or qubit [202]. However, quantum information can also be

encoded in continuous degrees of freedom [156], in particular in the quadrature observables

of electromagnetic-field modes. Such continuous-variable systems arise naturally in quantum

optics and are especially well suited to quantum communication [28, 243]. They encompass

a broad range of experimental platforms, including photonic systems [10, 70, 186, 201] and

ultracold quantum gases [81, 107, 150, 152, 177, 225].

Since the early formalization of quantum physics, entanglement has been regarded as an

oddity, famously associated with Einstein’s description of a “spooky action at a distance” [75].

Its usefulness became clear within the framework of quantum information through protocols

such as entanglement-based quantum key distribution [78], superdense coding [22], and

quantum teleportation [21]. Nowadays, entanglement is regarded as an essential quantum

resource [42, 183, 232], with applications ranging from quantum computing [144, 147, 148, 166,

191,218] and simulation [7,24,52,94,229,236] to quantum metrology [54,98,175,181]. Beyond

quantum information processing, entanglement also plays a central role in the study of many-

body systems, including area laws and thermalization [2,31,36,60,61,77,112,135,146], as well

as in questions at the interface between quantum theory and gravitation [25, 34, 220, 221].

A central theoretical and practical question then arose: how can one determine whether

a given quantum state is entangled? Entanglement detection has consequently developed

into a broad field, with numerous criteria adapted to different physical settings and levels of

experimental information [108, 133]. A seminal result in this direction was provided by the
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positive partial transpose (PPT) criterion, introduced by Peres [178] and further characterized

by the Horodecki family [129]. The criterion was later extended to continuous-variable

systems, where partial transposition admits a natural formulation in the phase space of

canonical quadrature observables [216].

The first question addressed in this thesis concerns the efficient detection of continuous-

variable entanglement beyond the Gaussian regime. Gaussian states are completely character-

ized by their first and second moments, which allows entanglement criteria to be formulated

directly at the covariance-matrix level [72, 99, 151, 160, 216, 244]. This simplification generally

disappears for non-Gaussian states. Existing criteria based on entropies [84, 85, 92, 93, 195,

200, 228, 238, 239] or higher-order mode-operator moments [163, 164, 209] can detect certain

non-Gaussian states, but may become insensitive or experimentally demanding when the

relevant correlations involve high orders. This motivates the search for other types of criteria

that retain sensitivity to genuinely non-Gaussian correlations while remaining experimentally

accessible.

In this context, the moments of the partially transposed (PT) state provide a particularly

useful set of quantities. Such PT moments have appeared in replica approaches to entangle-

ment negativity [32,33], and were more recently proposed as experimentally accessible probes

of mixed-state entanglement [80]. In finite-dimensional systems, systematic hierarchies of

PT-moment conditions have subsequently been developed whose complete set recovers the

PPT condition [169, 252]. Importantly, even low-order moments of the partially transposed

density operator may implicitly contain information about mode-operator correlations of

arbitrarily high order, which makes them particularly relevant for strongly non-Gaussian

states. In parallel, the realignment criterion [193, 194] provides a complementary separability

test that is not based on partial transposition. A central aim of this thesis is therefore to make

these quantities experimentally accessible in continuous-variable systems and to determine

whether they remain useful for strongly non-Gaussian states under realistic imperfections.

To this end, we rely on the multicopy technique [29], which provides a natural way of

accessing nonlinear polynomial functions of a density operator. The method consists in

jointly processing identical and independent copies of a quantum state through suitable

unitary operations before measurement. It is particularly well suited to the present problem

because PT moments are nonlinear functions of the state, while admitting natural realizations

as expectation values of observables acting on multiple replicas. In the continuous-variable

setting, multicopy observables were first used to construct witnesses of optical nonclassi-

cality [9, 104], based on matrices of moments of the mode operators [210], and were later

extended to entanglement detection [105], using the corresponding bipartite moment matri-

ces [209]. In Chapter 5, we use this multicopy framework to extend PT-moment entanglement

criteria to continuous-variable systems. In Chapter 6, we apply a related strategy to construct

measurable moment-based realignment criteria for continuous-variable systems.
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The second question addressed in this thesis concerns the information carried by the

lattice structure of majorization beyond the majorization relation itself. We first examine

this question in the context of entanglement manipulation. Deterministic single-copy en-

tanglement transformations of bipartite pure states under local operations and classical

communication (LOCC) have been shown to be characterized by the so-called majorization

relation [161, 171]. This framework was soon extended to probabilistic state conversions [233].

More generally, majorization provides a strong notion of disorder that has proved particularly

useful in a variety of quantum-information problems [38, 91, 97, 123, 185, 217]. Since majoriza-

tion does not define a total order, some probability vectors are incomparable. Remarkably, the

set of probability vectors of fixed dimension nevertheless forms a lattice under majorization:

every pair possesses a greatest lower bound and a least upper bound, referred to as the meet

and join, respectively [46]. This structure has been used to reformulate problems ranging from

quantum thermodynamics [59, 149] and quantum coherence [251] to quantum steering [250]

and quantum entanglement manipulation [26, 199].

In Chapter 8, we exploit these notions of meet and join to construct two alternative optimal

probabilistic conversion protocols between incomparable bipartite pure states, which we

call the thrifty and greedy protocols. While these protocols reach the same maximal success

probability as Vidal’s protocol [233], the lattice structure makes it possible to distinguish them

through the entanglement retained when the transformation fails. In particular, the thrifty

protocol leaves a more entangled residual state than the greedy one and therefore better

preserves the entanglement resource on average.

Finally, in Chapter 9, we further characterize the geometry of the majorization lattice by

introducing the notion of a majorization diamond, drawing an analogy with causal diamonds

formed by past and future light cones in special relativity [139]. A majorization diamond

consists of the probability distributions lying between fixed lower and upper bounds in

the majorization order. We then connect this construction to continuity bounds. Such

bounds control the variation of entropic quantities between nearby probability distributions

or quantum states and have numerous applications in quantum information, including

the estimation of quantum-channel capacities [12, 16, 212, 247]. In particular, we use the

additional majorization constraints to derive new continuity bounds for the Shannon and

von Neumann entropies.

This thesis is organized as follows:

The first part is devoted to introducing the preliminary notions required for the subsequent

chapters. In Chapter 2, we review the concept of entanglement, beginning with its definition

and the LOCC framework used to describe entanglement manipulation. We then review

deterministic and probabilistic single-copy conversion protocols for bipartite pure states, as

well as asymptotic transformations. Finally, we discuss entanglement certification in discrete-
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variable systems and its extension to the continuous-variable setting. Chapter 3 is dedicated

to introducing the quantum optics concepts needed in this thesis. We first introduce the

quantization of the electromagnetic field and the corresponding operator description in Fock

space. We then present representative Gaussian and non-Gaussian quantum-optical states,

for both single-mode systems, such as coherent and Fock states, and two-mode systems,

such as NOON states and the two-mode squeezed vacuum. Finally, we discuss the main

quantum-optical operations considered in this thesis, both Gaussian and non-Gaussian,

including unitary transformations and measurements.

The second part is devoted to our investigation of entanglement certification in continuous-

variable systems. We begin in Chapter 4 by reviewing the multicopy technique. After motivat-

ing the approach and explaining how it works, we present several examples, including the

measurement of the purity and higher-order moments of the density operator. We close the

chapter by discussing recent applications of multicopy measurements in quantum optics,

in particular for witnessing nonclassicality and entanglement. In Chapter 5, we then study

the resulting PT-moment criteria in detail, comparing the different low-order conditions and

benchmarking their detection capabilities against standard approaches for Gaussian states,

coherent superpositions and mixtures of Gaussian states, and strongly non-Gaussian states in

Fock space. We finally investigate their robustness to losses, imperfect state copies, and finite

statistics, with particular emphasis on NOON states. Chapter 6 develops the corresponding

realignment-based approach beyond its lowest-order form. We analyze the resulting criteria

for Gaussian states, two-mode entangled cat states, and NOON states, and discuss their

continuous-variable measurement schemes.

The third part revolves around majorization and our original contributions to its use in

quantum information. In Chapter 7, we define the majorization relation and present its main

equivalent formulations, together with its visual representation in terms of Lorenz curves.

We then introduce the general concept of a lattice before specializing it to the majorization

order and deriving the meet and join of probability vectors. In Chapter 8, we use these lattice

elements to identify the optimal common resource and optimal common product states

associated with bipartite pure states, before constructing the corresponding probabilistic

conversion protocols. We subsequently extend this framework to situations involving several

possible initial or final states. Finally, in Chapter 9, we study the interplay between the

total variation distance and the meet and join, characterize the geometry of the resulting

majorization diamonds, and derive entropic inequalities that go beyond standard Schur-

concavity. We then apply these geometric results to obtain continuity bounds for the Shannon

entropy and, subsequently, for the von Neumann entropy.

The fourth part consists of appendices that complement the mathematical derivations

presented in Chapters 5, 6, and 9.
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Contributions of the thesis:

The original contributions of this thesis are presented in Chapters 5 and 6, which concern

entanglement detection, and in Chapters 8 and 9, which concern the majorization lattice.





Part I

Preliminaries
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2Quantum entanglement

Entanglement is among the most fundamental and, at the same time, most puzzling features

of quantum physics. One reason behind this is that entangled systems can display correla-

tions between measurements that go beyond our classical understanding of physical reality.

These correlations were at the heart of the seminal 1935 paper by Einstein, Podolsky and

Rosen (EPR), in which they questioned whether quantum mechanics provides a complete

description of physical reality or not [76]. Their argument initiated a long debate on whether

the unusual correlations predicted by quantum mechanics reflected a limitation of the theory

or a genuinely non-classical feature exhibited by Nature. Almost thirty years later, in 1964,

Bell showed that the predictions of quantum mechanics are incompatible with those of local

hidden-variable theories, thereby opening the way to experimental tests of this incompatibil-

ity [18]. Subsequently, experiments supported the quantum-mechanical predictions [11, 87],

while more recent tests strengthened this conclusion by overcoming the main experimental

limitations affecting earlier experiments [100, 119, 207].

In quantum information theory, however, entanglement is not merely regarded as an

anomaly, but rather as a resource enabling certain tasks. Indeed, several fundamental proto-

cols, such as quantum teleportation [21] and dense coding [22], rely on the use of maximally

entangled states. It is therefore essential to understand what entanglement is, how entangled

states can be manipulated, and how one can determine whether a given quantum state is

entangled or not.

In this chapter, we first introduce the mathematical definition of entanglement in Sec-

tion 2.1. Then, in Section 2.2, we present an overview of the manipulation of entangled

states under physically meaningful constraints. Finally, we discuss methods for certifying

entanglement in discrete-variable systems in Section 2.3, before turning to continuous-

variable systems in Section 2.4. If not specified, this introductory chapter is mainly based on

Refs. [133, 172].
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2.1 What is entanglement?

Consider a bipartite1 quantum system shared by two parties, traditionally called Alice (A) and

Bob (B). The corresponding Hilbert space is written as

H AB =H A ⊗HB , (2.1)

where H A and HB describe Alice’s and Bob’s subsystems, respectively, and ⊗ denotes the

tensor product. In what follows, we assume that the Hilbert spaces are of finite dimension,

unless otherwise specified. A general state of the joint system is represented by a density

operator ρ̂AB acting on H AB .

The simplest joint states are those for which Alice’s and Bob’s systems are prepared inde-

pendently, which we describe with the following definition.

Definition 2.1 (Product state). A bipartite state ρ̂AB is called a product state if it can be

written as

ρ̂AB = ρ̂A ⊗ ρ̂B , (2.2)

for some states ρ̂A and ρ̂B of the two subsystems.

A product state contains no correlations between Alice’s and Bob’s subsystems. However, not

every correlated state is entangled. Indeed, Alice and Bob may produce correlations by using

shared classical randomness. Suppose, for example, that they toss a shared fair coin and

prepare |0〉A |0〉B when the outcome is heads, and |1〉A |1〉B when it is tails. The resulting state

is the mixed state

ρ̂cc
AB = 1

2
|0〉A 〈0|A ⊗|0〉B 〈0|B + 1

2
|1〉A 〈1|A ⊗|1〉B 〈1|B . (2.3)

This state is not a product state. Indeed, if Alice and Bob both measure in the computational

basis {|0〉 , |1〉}, their outcomes are perfectly correlated. Nevertheless, these correlations have a

purely classical explanation, namely the value of the shared coin toss. The distinction between

classical correlations and entanglement is captured by the notion of separability.

1Entanglement has also been described for systems shared between more than two parties, often termed
multipartite entanglement, see, e.g., Ref. [132], for a concise review.
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Definition 2.2 (Separable and entangled states). A bipartite state ρ̂AB is called separable

if it can be written as

ρ̂AB =∑︂
i

pi ρ̂
(i )
A ⊗ ρ̂(i )

B , with pi ≥ 0, and
∑︂

i
pi = 1, (2.4)

and where ρ̂(i )
A and ρ̂(i )

B are local quantum states of the two subsystems. A state that is

not separable is called entangled.

A separable state may therefore contain correlations, as in Eq. (2.3), but these correlations can

always be understood as follows: A classical variable i is sampled with probability pi , and,

conditioned on this value, Alice and Bob locally prepare the states ρ̂(i )
A and ρ̂(i )

B . Entanglement

refers precisely to correlations that cannot be generated in this way.

For pure states, the distinction between separability and entanglement takes a particularly

simple form.

Proposition 2.1. A bipartite pure state |ψ〉AB is separable if and only if it is a product

state, that is, if and only if there exist vectors |φ〉A and |χ〉B such that

|ψ〉AB = |φ〉A ⊗|χ〉B . (2.5)

Otherwise, |ψ〉AB is entangled.

A useful characterization of bipartite pure-state entanglement is provided by the Schmidt

decomposition.

Proposition 2.2 (Schmidt decomposition). For every bipartite pure state |ψ〉AB ∈H AB ,

there exist orthonormal sets {|ui 〉A}r
i=1 and {|vi 〉B }r

i=1 such that

|ψ〉AB =
r∑︂

i=1

√︁
λi |ui 〉A ⊗|vi 〉B , (2.6)

where

λi > 0,
r∑︂

i=1
λi = 1. (2.7)

The numbers λi are called the Schmidt coefficients, and r is called the Schmidt rank.

The Schmidt decomposition directly identifies whether a pure state is entangled or not. A pure

state is separable if and only if its Schmidt rank is equal to one. Equivalently, it is entangled if

and only if at least two Schmidt coefficients are non-zero.
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As a first important example, consider the two-qubit singlet state

|ψ−〉 = 1p
2

(|0〉A |1〉B −|1〉A |0〉B ) . (2.8)

Up to absorbing the minus sign into one of the local basis vectors, this is a Schmidt decompo-

sition with

λ1 =λ2 = 1

2
. (2.9)

Hence, the singlet state is entangled. Its entanglement is also reflected in its reduced states.

Tracing out Bob’s subsystem gives

ρ̂A = TrB
(︁|ψ−〉〈ψ−|)︁= 1̂A

2
. (2.10)

Thus, although the joint state is pure, Alice’s reduced state is maximally mixed. This is

impossible for a pure product state, for which both reduced states are pure.

2.2 Manipulating entangled states

We turn now to the question of what can be done with entangled states. The idea is to treat

entanglement as a resource shared between distant parties [42]. In this resource-theoretic

picture, separable states are defined as free states, since they contain no entanglement, which

naturally leads to the definition of free operations as operations that do not create entan-

glement from separable states. In this context, widely considered free operations, deemed

relevant for this thesis, are the local operations supplemented with classical communication,

usually abbreviated as LOCC.

In this section, we first introduce LOCC transformations. Then, we discuss deterministic

and probabilistic transformations between single copies of bipartite pure states. Finally,

we turn to the asymptotic regime, where one studies conversion rates rather than only the

possibility of a single transformation.

2.2.1 Local operations and classical communication

Consider a bipartite system shared by two distant parties, Alice and Bob, with Hilbert space

H AB =H A⊗HB . A local operation is any operation that Alice or Bob can perform in their own

laboratory, including quantum operations on their subsystem and classical processing of local

outcomes. For instance, Alice may apply a unitary transformation, perform a measurement,

or more generally apply a quantum instrument on H A, while Bob may do the same on HB .

What is not allowed is a joint quantum operation acting directly on H AB .
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With the help of classical communication, the parties are allowed to coordinate their

local operations. Alice may perform a measurement and send the outcome to Bob, who then

chooses a local operation depending on the message received. The protocol may continue for

several rounds, with each operation depending on the previous rounds.

Thus, LOCC protocols are built from local quantum operations and classical messages,

and do not involve the transmission of a quantum system between the parties, nor any

global operation coupling Alice’s and Bob’s subsystems. This restriction is what makes en-

tanglement a useful resource. If Alice and Bob start from a separable state, LOCC cannot

create entanglement between them. Local operations only modify local states, while classi-

cal communication only correlates the parties through classical information. Hence, LOCC

transformations preserve the set of separable states [43].

We write

ρ̂AB
LOCC−−−−→ σ̂AB (2.11)

when there exists a deterministic LOCC protocol transforming the initial state ρ̂AB into the

final state σ̂AB . We also consider probabilistic transformations. In that case, the desired target

state is obtained only for some outcomes of the protocol. We write

ρ̂AB
LOCC−−−−→

p
σ̂AB (2.12)

when there exists an LOCC protocol producing σ̂AB with probability p. If it fails, the parties

generally obtain another residual state.

2.2.2 Deterministic transformations of bipartite pure states

We first consider deterministic transformations between single copies of bipartite pure states.

Let Alice and Bob initially share a state |ψ〉AB and suppose that they want to convert it into a

target state |φ〉AB using only LOCC. We write

|ψ〉AB
LOCC−−−−→ |φ〉AB (2.13)

when the transformation can be achieved with certainty.

Let

|ψ〉AB =
d∑︂

i=1

√︂
λ(i )
ψ |i 〉A |i 〉B , |φ〉AB =

d∑︂
i=1

√︂
λ(i )
φ |i 〉A |i 〉B (2.14)

be Schmidt decompositions of the two states. We denote the corresponding Schmidt vectors

by

λψ =
(︂
λ(1)
ψ , . . . ,λ(d)

ψ

)︂T
, λφ =

(︂
λ(1)
φ , . . . ,λ(d)

φ

)︂T
, (2.15)

and assume that their components are ordered non-increasingly.
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We briefly present now the notion of majorization [161] (see Chapter 7 for a more in-depth

overview of majorization theory). For two probability vectors x and y of at most d non-zero

components and arranged non-increasingly, we write x≺y, and say x is majorized by y, if

d∑︂
i=l

xi ≥
d∑︂

i=l
yi , ∀l = 2, . . . ,d , (2.16)

with equality for l = 1. Intuitively, x≺y means that x is more uniform than y. The determin-

istic transformation of bipartite pure states is characterized by Nielsen’s theorem.

Theorem 2.1 (Nielsen [171]). Let |ψ〉AB and |φ〉AB be two bipartite pure states with

Schmidt vectors λψ and λφ, respectively. Then,

|ψ〉AB
LOCC−−−−→ |φ〉AB ⇐⇒ λψ ≺λφ. (2.17)

Thus, deterministic LOCC convertibility reduces to a finite set of inequalities between Schmidt

coefficients. This is closely related to the notion of entanglement monotones [234]. An

entanglement monotone is a quantity that cannot increase, on average, under LOCC. Such

quantities measure, in this operational sense, the amount of entanglement contained in a

state. For bipartite pure states, a natural entanglement monotone is the entropy of either

reduced state. If we write

ρ̂A = TrB
(︁|ψ〉AB 〈ψ|AB

)︁
, (2.18)

then the entropy of entanglement of |ψ〉, written E(ψ), is defined as

E(ψ) := S(ρ̂A) =−
d∑︂

i=1
λ(i )
ψ logλ(i )

ψ , (2.19)

where S(ρ̂A) denotes the von Neumann entropy of state ρ̂A, which is equal to the Shannon

entropy of its eigenvalues. Equivalently, one may use S(ρ̂B ), since the two reduced states

of a bipartite pure state have the same non-zero eigenvalues (which can be easily deduced

from the Schmidt decomposition). The entropy of entanglement vanishes for product states,

i.e., the states described by a peaked vector (1,0, . . . ,0)T as Schmidt vector, and is maximal

for maximally entangled states, i.e., the states described by a uniform vector
(︁ 1

d , . . . , 1
d

)︁T
as

Schmidt vector.

The direction of Nielsen’s theorem is therefore consistent with the resource interpretation.

If λψ ≺λφ, then in particular E(ψ) ≥ E(φ) by Schur-concavity of the Shannon entropy (see

Eq. (7.25) in Chapter 7). Hence, deterministic LOCC transformations can only go from a more

entangled pure state to a less entangled one.
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Obviously, there are also monotones directly associated with the majorization conditions.

For a bipartite pure state |ψ〉AB , define

El (ψ) :=
d∑︂

i=l
λ(i )
ψ , l = 1, . . . ,d . (2.20)

For a deterministic LOCC transformation |ψ〉AB
LOCC−−−−→ |φ〉AB , Nielsen’s theorem can be refor-

mulated as

El (ψ) ≥ El (φ), ∀l = 1, . . . ,d . (2.21)

Thus, the quantities El are also entanglement monotones. They are simply another way of

writing the cumulative-sum conditions appearing in the majorization relation of Eq. (2.16).

In this sense, they contain more information than the entropy of entanglement alone since

they form a necessary and sufficient set of d conditions for bipartite pure-state deterministic

conversions, whereas E(ψ) ≥ E(φ) is only a necessary condition.

However, since majorization is only a preorder relation, not all pairs of pure states are

comparable. There may exist two Schmidt vectors such that neither

λψ ≺λφ nor λφ ≺λψ (2.22)

holds. The corresponding states are said to be incomparable under deterministic LOCC. This

incomparability can sometimes be overcome with the help of a catalyst [142]. Namely, a

transformation that is impossible by deterministic LOCC alone may become possible if Alice

and Bob use an additional entangled state |c〉A′B ′ that is nonetheless returned unchanged at

the end of the protocol, i.e.,

|ψ〉AB ⊗|c〉A′B ′
LOCC−−−−→ |φ〉AB ⊗|c〉A′B ′ , (2.23)

even though

|ψ〉AB ̸LOCC−−−−→ |φ〉AB . (2.24)

In essence, the catalyst assists the transformation without being consumed. If λc denotes the

Schmidt vector of the catalyst, the condition becomes

λψ⊗λc ≺λφ⊗λc , (2.25)

while

λψ⊀λφ. (2.26)

Here, the tensor product of Schmidt vectors is obtained by taking all pairwise products of

their components and ordering the resulting vector non-increasingly.
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A standard example is

λψ = (0.4,0.4,0.1,0.1)T , λφ = (0.5,0.25,0.25,0)T , (2.27)

which are incomparable. However, with the catalyst

λc = (0.6,0.4)T , (2.28)

one checks that

λψ⊗λc ≺λφ⊗λc . (2.29)

Thus, the transformation from |ψ〉AB to |φ〉AB becomes possible in the presence of the catalyst,

even though it is impossible without it.

2.2.3 Probabilistic transformations of bipartite pure states
We remain in the single-copy pure-state setting, but now allow the transformation to succeed

only with some probability. In fact, a transformation that is impossible deterministically may

still be possible probabilistically.

We write

|ψ〉AB
LOCC−−−−→

p
|φ〉AB (2.30)

when an LOCC protocol outputs |φ〉AB with probability p. If the protocol fails, another

residual state is produced. Such a probabilistic transformation may increase the entropy of

entanglement, Eq. (2.19), in the successful branch, but not on average once all outcomes are

taken into account.

For bipartite pure states, the optimal probability of conversion is given by Vidal’s the-

orem [233]. The theorem is expressed precisely in terms of the monotones El defined in

Eq. (2.20). Let

|ψ〉AB =
d∑︂

i=1

√︂
λ(i )
ψ |i 〉A |i 〉B , |φ〉AB =

d∑︂
i=1

√︂
λ(i )
φ |i 〉A |i 〉B (2.31)

be Schmidt decompositions, with Schmidt vectors λψ and λφ ordered non-increasingly.

Theorem 2.2 (Vidal [233]). Let |ψ〉AB and |φ〉AB be two bipartite pure states. The maximal

probability of converting |ψ〉AB into |φ〉AB by LOCC is

pmax = min
l∈{1,...,d}

El (ψ)

El (φ)
. (2.32)

Equivalently, the transformation is possible with probability p if and only if

El (ψ) ≥ p El (φ), ∀l ∈ {1, . . . ,d}. (2.33)
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Nielsen’s theorem is recovered as the case pmax = 1. Indeed, when λψ ≺λφ, one has El (ψ) ≥
El (φ) for every l = 1, . . . ,d , and Eq. (2.32) gives a deterministic conversion since E1(ψ) =
E1(φ) = 1. For p < 1, the inequalities in Eq. (2.33) express the fact that the monotones may

increase in the successful branch, but only with a limited probability of success.

As a simple example, consider the partially entangled two-qubit state

|ψ〉AB =p
a |00〉+p

1−a |11〉 , a ≥ 1

2
, (2.34)

and suppose that Alice and Bob want to obtain the maximally entangled state

|Φ+〉AB = 1p
2

(|00〉+ |11〉) . (2.35)

The Schmidt vectors are

λψ = (a,1−a)T , λΦ+ =
(︃

1

2
,

1

2

)︃T

. (2.36)

Using Eq. (2.32), we obtain

pmax = min

{︃
1,

1−a

1/2

}︃
= 2(1−a). (2.37)

Thus, a partially entangled two-qubit state can be converted into a maximally entangled state

at most with probability 2(1− a). This probability vanishes when a = 1, as expected for a

separable state, and is equal to 1 when a = 1/2, since in that case |ψ〉AB = |Φ+〉AB .

2.2.4 Asymptotic transformations

In the asymptotic regime, instead of asking if one copy of a state can be transformed into one

copy of another, many copies of the same state are given to Alice and Bob. Thus, we study

transformations of the form

|ψ〉⊗n
AB

LOCC−−−−→ |φ〉⊗m
AB , (2.38)

in the limit where n and m become large. In this setting, the relevant quantity is no longer

only the possibility of a single transformation, but the rate

R = m

n
(2.39)

at which copies of |φ〉AB can be produced from copies of |ψ〉AB , up to an error that vanishes

in the limit n →∞.
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A central task in this regime is the so-called entanglement distillation [19]. Starting from

many copies of an entangled state, Alice and Bob try to extract maximally entangled states by

LOCC. If |Φ2〉AB denotes a maximally entangled two-qubit state, one considers transforma-

tions of the form

|ψ〉⊗n
AB

LOCC−−−−→ |Φ2〉⊗m
AB . (2.40)

The maximal asymptotic value of m/n is called the distillable entanglement, which we denote

by ED (ψ). Since the target state is a two-qubit maximally entangled state |Φ2〉AB (also called a

Bell state), this quantity is measured in ebits, that is, in Bell states extracted per copy of |ψ〉AB .

The reverse task is the so-called entanglement dilution [19]. In this case, Alice and Bob

start from maximally entangled states and use LOCC to prepare many copies of a target state

|ψ〉AB , i.e.,

|Φ2〉⊗m
AB

LOCC−−−−→ |ψ〉⊗n
AB . (2.41)

The minimal asymptotic value of m/n required for this preparation is called the entanglement

cost, which we denote by EC (ψ). It measures how many ebits are needed, per copy, to create

the state |ψ〉AB asymptotically.

For bipartite pure states, distillation and dilution are asymptotically reversible. Consider-

ing base-2 logarithms, we have

ED (ψ) = EC (ψ) = E(ψ) :=−∑︂
i
λ(i )
ψ logλ(i )

ψ , (2.42)

where λψ is the Schmidt vector of state |ψ〉 and E is the entropy of entanglement defined

in Eq. (2.19). Thus, in the asymptotic regime, bipartite pure-state entanglement becomes

reversible, i.e., many copies of |ψ〉AB can be converted into Bell pairs at rate E(ψ), and the

same number of ebits per copy is sufficient to reconstruct |ψ〉AB by dilution.

Combining distillation and dilution also gives the optimal asymptotic conversion rate

between two bipartite pure states as

R(ψ→φ) = E(ψ)

E(φ)
. (2.43)

We assume E(φ) > 0, otherwise |φ〉AB is a product state, which can be prepared locally any

number of times. When the target state is a Bell state, E(Φ2) = 1, so the rate reduces to

E(ψ). This is in contrast with the single-copy setting, where the full majorization relation

between Schmidt vectors is required, see Theorem 2.1. In the asymptotic limit, the entropy of

entanglement alone determines the reversible conversion rate between bipartite pure states.
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For mixed states, the same operational tasks can be defined, but the situation is more

involved. The distillable entanglement ED (ρ̂AB ) is the optimal rate at which Bell pairs can

be extracted from many copies of ρ̂AB by LOCC, while the entanglement cost EC (ρ̂AB ) is

the optimal rate of Bell pairs needed to create many copies of ρ̂AB . In general, these two

quantities do not coincide [128], and we have

ED (ρ̂AB ) ≤ EC (ρ̂AB ). (2.44)

Thus, the asymptotic reversibility of entanglement is a special property of bipartite pure states,

and does not hold for mixed states in general.

2.3 Detecting discrete-variable entanglement

Let us now consider the problem of certifying entanglement in finite-dimensional systems.

In the case of bipartite pure states, the criterion is quite simple and was already established

after defining the Schmidt decomposition in Proposition 2.2. It reads as follows: a pure state

is separable if and only if its Schmidt rank, i.e., its number of non-zero Schmidt coefficients,

is equal to one. Equivalently, it is entangled if and only if at least two Schmidt coefficients are

non-zero.

For mixed states, the situation is much more involved. Given a bipartite state ρ̂AB , de-

termining whether there exists a decomposition of the form of Eq. (2.4), that is, a separable

mixture of ρ̂AB , is known to be an NP-hard problem [96,111]. One therefore relies on separabil-

ity criteria, sometimes also called entanglement criteria, which can certify entanglement from

specific properties of the state under investigation. Many criteria have been developed, and

they are usually sufficient conditions for entanglement rather than complete characterizations

of the whole set of entangled states.

In what follows, we present some of the standard criteria used in finite-dimensional

systems. We first discuss spectral criteria based on majorization. Then, we present two

standard criteria for entanglement detection: the positive partial transpose (PPT) criterion

and the realignment criterion.

2.3.1 Majorization-based criteria

The majorization-based approach is motivated by the fact that separable states are more

disordered globally than locally [173], where disorder is understood through the majorization

relation. The notion of majorization can be extended to density matrices through their spectra.
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We write ρ̂ ≺ σ̂ whenever

λ(ρ̂) ≺λ(σ̂), (2.45)

where λ(•) denotes the vector of eigenvalues of the corresponding state •, arranged in non-

increasing order. When the two density matrices act on Hilbert spaces of different dimensions,

the shorter spectrum is completed with zeros.

Theorem 2.3 (Nielsen and Kempe [173]). Let ρ̂AB be a bipartite state, and denote by ρ̂A

and ρ̂B its reduced states. If ρ̂AB is separable, then

ρ̂AB ≺ ρ̂A and ρ̂AB ≺ ρ̂B . (2.46)

Equivalently, if ρ̂AB ⊀ ρ̂A or ρ̂AB ⊀ ρ̂B , then ρ̂AB is entangled. Notice that, for pure states, this

criterion becomes necessary and sufficient for entanglement detection. Indeed, the global

spectrum is then the peaked vector (1,0, . . . ,0)T , which is majorized by a reduced spectrum

only if the latter is also pure. Hence, for pure states, Theorem 2.3 is satisfied only for product

pure states, and is violated for all entangled pure states.

Soon after, Hiroshima showed the following stronger statement.

Theorem 2.4 (Hiroshima [123]). Let ρ̂AB be a bipartite state, and denote by ρ̂A and ρ̂B its

reduced states. If ρ̂AB is not distillable, then

ρ̂AB ≺ ρ̂A and ρ̂AB ≺ ρ̂B . (2.47)

Since separable states are not distillable2, this result strengthens the Nielsen–Kempe criterion.

In particular, if ρ̂AB ⊀ ρ̂A or ρ̂AB ⊀ ρ̂B , then the state is not only entangled, but also distillable

(and we will see that not all entangled states are distillable in the next subsection).

2.3.2 Positive-partial-transpose criterion

One of the first separability criteria is rather simple, and is based on the partial transposition

map [129, 178]. Let us fix a product basis {|i 〉A ⊗| j 〉B } of the global Hilbert space H AB . The

partial transpose with respect to Bob’s subsystem TB is defined by

(︁|i 〉〈k|⊗ | j 〉〈l |)︁TB = |i 〉〈k|⊗ |l〉〈 j | . (2.48)

2The notion of distillability is closely related to the entanglement distillation discussed in Section 2.2.4. A
state is said to be distillable if many copies of it can be used to distill Bell states by LOCC, in the asymptotic limit.
A separable state is obviously not distillable since entanglement can never be created from it using LOCC, even
in the limit of infinite copies.
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Thus, it acts as the identity on Alice’s subsystem and as the transposition map on Bob’s

subsystem. Equivalently, one may apply the partial transposition on Alice’s subsystem, since

the two choices lead to the same positivity criterion. The Peres–Horodecki positive-partial-

transpose (PPT) criterion can then be stated as follows (we write Â ≥ 0 to indicate that Â is

positive semidefinite).

Theorem 2.5 (PPT criterion [129, 178]). Let ρ̂AB be a bipartite state. If ρ̂AB is separable,

then

ρ̂
TB
AB ≥ 0. (2.49)

Proving this theorem is quite straightforward from Definition 2.2 of separable states, and

the fact that the transposition map is a positive map. Equivalently, if ρ̂TB
AB is not positive

semidefinite, i.e., if it has at least one negative eigenvalue, then ρ̂AB is entangled. Such states

are called NPT states, meaning that their partial transpose is not positive semidefinite. In

contrast, states satisfying ρ̂TB
AB ≥ 0 are called PPT states.

The PPT criterion is necessary for separability in any dimension. Moreover, it is necessary

and sufficient in dimensions 2×2 and 2×3 [129]. In higher dimensions, however, there exist

entangled states with positive partial transpose. These states are called PPT entangled states.

Such states exhibit a weaker form of entanglement in the sense that they are not distillable by

LOCC [127]. For this reason, they are also called bound entangled states.

As for the majorization criterion, the PPT criterion becomes necessary and sufficient for

pure-state entanglement. Indeed, let

|ψ〉AB =∑︂
i

√︁
λi |i 〉A |i 〉B (2.50)

be the Schmidt decomposition of a bipartite pure state. The partial transpose of |ψ〉AB 〈ψ|AB

has eigenvalues λi and, for each pair i < j , the two eigenvalues ±
√︂
λiλ j . Hence, it is positive

semidefinite if and only if at most one Schmidt coefficient is non-zero. Therefore, for pure

states, the PPT criterion detects exactly all entangled states.

2.3.3 Realignment criterion

Another standard separability criterion is the realignment criterion, also known as the com-

putable cross norm criterion [192, 194]. It is based on a reshuffling of the matrix elements of

the density operator. Let us fix a product basis {|i 〉A ⊗| j 〉B } of the global Hilbert space H AB .

The realignment map R is defined on product matrix elements by

R
(︁|i 〉〈k|⊗ | j 〉〈l |)︁= |i 〉〈 j |⊗ |k〉〈l | . (2.51)
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Upon defining the trace norm of an operator X̂ as

∥X̂ ∥1 := Tr
[︂√︁

X̂ †X̂
]︂

, (2.52)

the realignment criterion can be stated as follows.

Theorem 2.6 (Realignment criterion [192]). Let ρ̂AB be a bipartite state. If ρ̂AB is separa-

ble, then

∥R(ρ̂AB )∥1 ≤ 1. (2.53)

Equivalently, if ∥R(ρ̂AB )∥1 > 1, then ρ̂AB is entangled. This criterion is in some sense comple-

mentary to the PPT criterion, since it can detect some PPT entangled states.

For pure states, the criterion is again necessary and sufficient. Indeed, if

|ψ〉AB =∑︂
i

√︁
λi |i 〉A |i 〉B (2.54)

is the Schmidt decomposition of |ψ〉AB , then

∥R(|ψ〉AB 〈ψ|AB )∥1 =
(︄∑︂

i

√︁
λi

)︄2

. (2.55)

This quantity is equal to 1 if and only if only one Schmidt coefficient is non-zero, and is strictly

greater than 1 if there is more than one non-zero Schmidt coefficient.

2.4 Detecting continuous-variable entanglement

Continuous-variable systems are ubiquitous in quantum optics (see Chapter 3 for a more

detailed overview), where a quantum state may be encoded in continuous degrees of freedom

such as the canonical quadratures x̂ and p̂, which obey the canonical commutation relation

[x̂, p̂] = iħ1̂. (2.56)

As we will see in this section, Gaussian states play a central role in continuous-variable

quantum information [243]. Their importance comes from the fact that they are completely

characterized by the first and second moments of the canonical quadratures. Moreover,

as first moments can be modified by local displacements, they do not affect entanglement

properties. Hence, for Gaussian states, many separability criteria can be expressed directly in

terms of the covariance matrix.
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We first introduce some basic notions of quantum optics that will be useful in the rest of

the section. Then, we discuss standard continuous-variable separability criteria based on

moments up to order two, before turning to criteria based on entropic quantities.

2.4.1 A glimpse at quantum optics

This section relies primarily on Ref. [243]. For simplicity of notation, we work in natural units,

i.e., ħ= 1, so that

[x̂, p̂] = i 1̂. (2.57)

A quantum state ρ̂ can be represented in phase space by its Wigner function. For an

N -mode state, it is defined as

W (x,p) := 1

(2π)N

ˆ
RN

d Ny e−ip·y
⟨︂
x+ y

2

⃓⃓⃓
ρ̂

⃓⃓⃓
x− y

2

⟩︂
, (2.58)

where x= (x1, . . . , xN )T and p= (p1, . . . , pN )T are the vectors of phase-space coordinates asso-

ciated with the quadratures x̂i and p̂i . The Wigner function is a quasi-probability distribution,

i.e., it is real-valued (but it may take negative values!), normalized,
ˆ
RN

d Nx

ˆ
RN

d NpW (x,p) = 1, (2.59)

and its marginals reproduce the position and momentum probability distributions,
ˆ
RN

d NpW (x,p) = 〈x|ρ̂|x〉,
ˆ
RN

d NxW (x,p) = 〈p|ρ̂|p〉. (2.60)

The Wigner representation is useful in that it translates many questions about continuous-

variable quantum states into questions about functions on phase space. In particular, Gaus-

sian states admit a particularly simple description in phase space, since they are completely

characterized by a finite number of parameters. More precisely, a Gaussian state is a state

whose Wigner function is Gaussian. Its complete information is contained in its first and

second moments. Upon defining the vector of quadrature operators as

r̂ := (x̂1, p̂1, . . . , x̂N , p̂N )T , (2.61)

the displacement vector and covariance matrix are then defined by

d := 〈r̂〉 = Tr
[︁
ρ̂r̂

]︁
, (2.62)

and

γi j := 1

2

⟨︁{︁
r̂i , r̂ j

}︁⟩︁−〈r̂i 〉〈r̂ j 〉, (2.63)

where {·, ·} denotes the anti-commutator.
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With the above ordering, the canonical commutation relations for an N -mode system (see

Eq. (2.57) for the 1-mode case) can be written

[r̂k , r̂l ] = iΩkl 1̂, (2.64)

where the symplectic formΩ depends on the ordering choice of Eq. (2.61), and is expressed as

Ω :=
N⨁︂

k=1

ω, ω :=
(︄

0 1

−1 0

)︄
, (2.65)

where ⊕ denotes the direct sum. The uncertainty relation can be expressed as follows in phase

space, and constitutes an important physicality condition that covariance matrices of states

have to obey,

γ+ i

2
Ω≥ 0, (2.66)

where the inequality ≥ 0 means that the matrix is positive semidefinite. Let us denote by

r := (x1, p1, . . . , xN , pN )T , the real phase-space vector associated with the operator vector r̂

defined in Eq. (2.61). For a Gaussian state, the Wigner function takes the form

WG (r) = 1

(2π)N
√︁

detγ
e− 1

2 (r−〈r̂〉)T γ−1(r−〈r̂〉). (2.67)

Using the overlap formula for Wigner functions, one obtains the following formula for the

purity of a Gaussian state,

Tr
[︁
ρ̂2]︁= 1

2N
√︁

detγ
. (2.68)

Thus, for Gaussian states, quantities such as the purity, and several separability criteria, as we

will see in the next subsection, can be expressed directly in terms of the covariance matrix γ.

2.4.2 Second-moment-based criteria

We now discuss some seminal separability criteria based only on moments up to order two.

Such criteria are especially important in continuous-variable systems, because first and

second moments are often experimentally accessible through homodyne measurements [28].

Moreover, for Gaussian states, they are not merely partial information because, together with

the displacement vector, the covariance matrix completely characterizes the state.

The criteria presented hereafter are due to Duan et al. [72], Simon [216], and Mancini et

al. [99, 160]. They are closely related to the continuous-variable form of the PPT separability

criterion (see Theorem 2.5), but expressed directly in terms of quadrature fluctuations.



Chapter 2. Quantum entanglement 25

In phase space, partial transposition has a simple interpretation since it corresponds to a

reflection of the momentum quadrature of the transposed subsystem [216]. For a two-mode

state, this reads

W (xA, p A, xB , pB )
TB7−−→W (xA, p A, xB ,−pB ) =: W (xA, p A, xB , pB )TB . (2.69)

Thus, at the covariance-matrix level, partial transposition amounts to changing the sign of

the correlations involving pB . We first present the criterion of Duan et al. Let us define the

following operators,

û := ax̂A + 1

a
x̂B , v̂ := ap̂ A − 1

a
p̂B , (2.70)

where a > 0 is a real parameter.

Theorem 2.7 (Duan et al. [72]). For any separable state ρ̂AB , and for any a > 0, one has

σ2
u +σ2

v ≥ a2 + 1

a2
, (2.71)

where σ2
u and σ2

v are the variances of û and v̂, respectively.

Hence, a violation of Eq. (2.71) certifies entanglement. In practice, one may optimize over the

parameter a in order to obtain the strongest test for a given state.

Mancini et al. later proposed a (refined) product form of this criterion.

Theorem 2.8 (Mancini et al. [99, 160]). For any separable state ρ̂AB , and for any a > 0,

one has

σ2
uσ

2
v ≥ 1

4

(︃
a2 + 1

a2

)︃2

, (2.72)

where σ2
u and σ2

v are the variances of û and v̂, respectively.

This condition is stronger than Eq. (2.71) for fixed a. Indeed, if Eq. (2.72) holds, then

σuσv ≥ 1

2

(︃
a2 + 1

a2

)︃
, (2.73)

and therefore, using the obvious inequality,

σ2
u +σ2

v ≥ 2σuσv , (2.74)

we recover Eq. (2.71).

Finally, Simon formulated the PPT criterion directly at the level of the covariance matrix.
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For a two-mode state, partial transposition is implemented by

γ
TB7−−→ΛBγΛB =: γTB , ΛB := diag(1,1,1,−1), (2.75)

which corresponds to the transformation pB 7→ −pB . Notice that γTB is a notation and should

not be understood as a partial transposition applied directly on the covariance matrix, since

it is an operation applied on the quantum state.

Theorem 2.9 (Simon [216]). For any separable state ρ̂AB , the covariance matrix of the

partially transposed state satisfies

γTB + i

2
Ω≥ 0. (2.76)

Therefore, if γTB + iΩ/2 is not positive semidefinite, then the state is entangled.

For arbitrary continuous-variable states, the above criteria are only sufficient criteria for

entanglement, i.e., their violation certifies entanglement, but their satisfaction does not imply

separability in general. This is because these criteria only use second moments, whereas a non-

Gaussian state may contain entanglement information encoded in higher-order correlations.

However, the situation is much simpler for Gaussian states. Since Gaussian states are com-

pletely determined by their covariance matrix and displacement vector, second-moment cri-

teria can become complete. In particular, for two-mode Gaussian states, Simon’s covariance-

matrix PPT criterion is necessary and sufficient for separability. In the same setting, the

optimized Duan et al. criterion and the Mancini et al. criterion are also necessary and suffi-

cient. More generally, Simon’s PPT condition remains necessary and sufficient for Gaussian

states of a 1×N bipartition [244]. For multimode Gaussian states of an M ×N bipartition with

M , N ≥ 2, however, PPT is no longer sufficient in general, since PPT entangled Gaussian states

exist. Special classes of multimode Gaussian states, such as bisymmetric states, nevertheless

admit stronger necessary and sufficient criteria [39, 205].

2.4.3 Entropy-based criterion

We close this chapter by briefly discussing another family of continuous-variable separability

criteria, based on entropic quantities rather than only on second moments. We present here

the criterion introduced by Walborn et al. [239].

Let f be a probability density on X . Its Shannon differential entropy is defined as

h( f ) :=−
ˆ

X

d x f (x) log f (x), (2.77)

where we use base-2 logarithms.
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Let us introduce the rotated quadratures

r̂ j = cosθ j x̂ j + sinθ j p̂ j , ŝ j = cosθ j p̂ j − sinθ j x̂ j , (2.78)

for j = 1,2. From Eq. (2.57), it is immediate to see that they satisfy

[r̂ j , ŝ j ′] = iδ j j ′ 1̂. (2.79)

We then define the EPR-like global quadratures

r̂± := r̂1 ± r̂2, ŝ± := ŝ1 ± ŝ2. (2.80)

Notice that r̂± commutes with ŝ∓, so that the observables are compatible and may be mea-

sured jointly. Let R± denote the probability density associated with a measurement of r̂±,

and let S∓ denote the probability density associated with a measurement of ŝ∓. The entropic

separability criterion can then be stated as follows.

Theorem 2.10 (Walborn et al. [239]). For any separable bipartite continuous-variable

state, one has

h(R±)+h(S∓) ≥ log(2πe). (2.81)

Equivalently, if h(R±)+h(S∓) < log(2πe), then the state is entangled. This criterion can be

seen as an entropic analogue of the variance-based criteria discussed above. Instead of

quantifying the spread of the quadratures only through their variances, it uses the Shannon

differential entropy of their full probability distributions. It can therefore be more sensitive

for non-Gaussian states, where second moments may fail in general to capture all relevant

correlations.

For Gaussian probability densities, the differential entropy is completely determined by

the variance [49]. More precisely, if fG is a Gaussian probability density with varianceσ2
G , then

h( fG ) = 1

2
log

(︁
2πeσ2

G

)︁
. (2.82)

Therefore, in the Gaussian case, Eq. (2.81) becomes

σ2
r±σ

2
s∓ ≥ 1, (2.83)

which is precisely a condition of the same form as the Mancini et al. criterion (see Eq. (2.72)).
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In the remainder of this thesis, Theorems 2.1 and 2.2 will be central to the study of bipartite

pure-state entanglement conversions within the majorization lattice framework in Chapter 8.

Theorem 2.5 will support the partially transposed moment-based criteria introduced in

Chapter 5 for detecting entanglement in continuous-variable states, while Theorem 2.6 will be

crucial to the development of other experimentally accessible criteria for continuous-variable

systems in Chapter 6.



29

3Quantum optics
Since the dawn of quantum theory, light has no longer been viewed solely as a classical

electromagnetic wave, but also as a quantum object [4, 240]. In quantum mechanics, the

quanta of light are called photons and can be understood as excitations of the electromagnetic

field. They play an important role in many quantum-information protocols, where they can

be used to encode, transmit, and process information [28, 243].

In this chapter, we review the quantization of the free electromagnetic field in Section 3.1.

We then present the main quantum-optical states in Section 3.2, including both Gaussian

and non-Gaussian states. Finally, in Section 3.3, we discuss the corresponding operations,

together with the most important measurements used in quantum optics.

3.1 Quantizing the electromagnetic field

This section follows the approach of Ref. [4]1. Consider a plane wave of the electromagnetic

field, with frequency ωk and wave vector k, propagating in free space. The electric and

magnetic fields can be written as

E(r, t ) = ϵE0e ik·r−iωk t +c.c., B(r, t ) = k×ϵ

ωk
E0e ik·r−iωk t +c.c., (3.1)

where ωk = c|k|, c is the speed of light in vacuum, and ϵ is a unit transverse polarization

vector satisfying k ·ϵ= 0. The quantity E0 is the complex amplitude of the electric field and

has units of electric field. The corresponding magnetic-field amplitude is fixed by Maxwell’s

equations and is given by

B0 = k×ϵ

ωk
E0. (3.2)

For a unit transverse polarization vector, this gives |B0| = |E0|/c.

We adopt the Coulomb gauge, and set the scalar potential to zero. The electric and

magnetic fields are related to the vector potential by

E(r, t ) =−∂A(r, t )

∂t
, B(r, t ) =∇×A(r, t ). (3.3)

1Importantly, we have converted the CGS units used by the author into SI units.
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The vector potential can then be expanded over transverse modes as

A(r, t ) =∑︂
k,s

Ak,sp
V
ϵk,se ik·r−iωk t +c.c., (3.4)

where V is a finite quantization volume, introduced to discretize the modes. The index s = 1,2

labels a choice of two independent transverse polarization vectors associated with each wave

vector k, which satisfy k ·ϵk,s = 0, and the summation goes over all allowed values of k.

Upon quantization, the mode amplitudes are promoted to operators. We introduce the

annihilation and creation operators âk,s and â†
k,s , satisfying

[︂
âk,s , â†

k′,s′

]︂
= δk,k′δs,s′ 1̂,

[︁
âk,s , âk′,s′

]︁= [︂
â†
k,s , â†

k′,s′

]︂
= 0. (3.5)

The quantized vector potential is then

Â(r, t ) =∑︂
k,s

√︄
ħ

2ϵ0ωkV

(︂
ϵk,s âk,se ik·r−iωk t +ϵ∗k,s â†

k,se−ik·r+iωk t
)︂

. (3.6)

Consequently, using Eq. (3.3),

Ê(r, t ) = i
∑︂
k,s

√︄
ħωk

2ϵ0V

(︂
ϵk,s âk,se ik·r−iωk t −ϵ∗k,s â†

k,se−ik·r+iωk t
)︂

,

B̂(r, t ) = i
∑︂
k,s

√︄
ħ

2ϵ0ωkV

(︂(︁
k×ϵk,s

)︁
âk,se ik·r−iωk t −

(︂
k×ϵ∗k,s

)︂
â†
k,se−ik·r+iωk t

)︂
.

(3.7)

The Hamiltonian of the free electromagnetic field is its total energy,

Ĥ = 1

2

ˆ
d 3r

(︃
ϵ0Ê

2 + 1

µ0
B̂2

)︃
, (3.8)

which becomes

Ĥ =∑︂
k,s

ħωk

(︃
â†
k,s âk,s +

1̂

2

)︃
. (3.9)

Thus, each transverse mode of the electromagnetic field is equivalent to a quantum harmonic

oscillator. In the rest of this thesis, we choose natural units, so that ħ= 1.

Let us now drop the indices k, s and consider a single mode of the electromagnetic field.

The corresponding annihilation and creation operators, â and â†, satisfy the commutation

relation

[â, â†] = 1̂. (3.10)
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We can write the number operator as

n̂ = â†â. (3.11)

Its eigenstates |n〉 satisfy

n̂ |n〉 = n |n〉 , (3.12)

and form a discrete basis called the Fock basis, whose elements are called Fock states. In

this single-mode description, a photon corresponds to one quantum of excitation of the field

mode. Hence, the Fock state |n〉 contains exactly n photons. The annihilation and creation

operators act on number states as

â |n〉 =p
n |n −1〉 , â† |n〉 =p

n +1 |n +1〉 , (3.13)

with â |0〉 = 0. The (dimensionless) position and momentum field quadratures introduced in

Section 2.4 are related to the annihilation and creation operators by

x̂ = â + â†

p
2

, p̂ = â − â†

i
p

2
, (3.14)

so that

[x̂, p̂] = i 1̂, â = x̂ + i p̂p
2

, â† = x̂ − i p̂p
2

. (3.15)

Their eigenstates |x〉 and |p〉 obey

x̂ |x〉 = x |x〉 , p̂ |p〉 = p |p〉 . (3.16)

These are generalized, non-normalizable eigenstates and therefore do not represent physical

states with finite energy. When dealing with N ∈N>0 modes, we write the annihilation and

creation operators as â j and â†
j , with j = 1, . . . , N . They satisfy the canonical commutation

relations

[â j , â†
k ] = δ j k 1̂, [â j , âk ] = [â†

j , â†
k ] = 0, j ,k = 1, . . . , N . (3.17)

Equivalently, introducing the quadrature vector

r̂ := (x̂1, p̂1, . . . , x̂N , p̂N )T , (3.18)

the quadrature commutation relations can be written compactly as

[r̂ j , r̂k ] = iΩ j k 1̂, j ,k = 1, . . . ,2N , (3.19)

whereΩ is the N -mode symplectic form defined by

Ω :=
N⨁︂

j=1

(︄
0 1

−1 0

)︄
. (3.20)
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3.2 Quantum-optical states

We present here the main families of quantum states encountered in quantum optics. Since

many of them are naturally decomposed in the number basis, also called the Fock basis, we

first recall this basis and its physical interpretation. We then distinguish between Gaussian

and non-Gaussian states, which play different roles in continuous-variable quantum optics.

3.2.1 Number states and the Fock basis

As discussed around Eq. (3.12), the number states (or Fock states) |n〉, with n ∈N≥0, form an

orthonormal basis of the Hilbert space of a single mode. The Fock state |0〉 is often referred

to as the vacuum state. Using the action of the creation operator â† on number states, see

Eq. (3.13), any Fock state can be obtained from the vacuum as [4]

|n〉 = (â†)n

p
n!

|0〉 . (3.21)

Fock states have a zero displacement vector (see Eq. (2.62) for its definition), dn = 0. They are

also invariant under phase-space rotations up to a global phase, since e−iθn̂ |n〉 = e−iθn |n〉.
To build intuition, we give the Wigner function of the Fock state |n〉, recalling the definition

of the Wigner function from Eq. (2.58) in the previous chapter. It is given by [4]2

Wn(x, p) = (−1)n

π
e−(x2+p2)Ln

(︁
2(x2 +p2)

)︁
, (3.22)

where Ln is the Laguerre polynomial of order n. This expression depends only on x2 +p2,

which reflects the rotational symmetry of Fock states in phase space. For n = 0, the Wigner

function reduces to

W0(x, p) = 1

π
e−(x2+p2), (3.23)

which is Gaussian. In contrast, all Fock states with n ≥ 1 are non-Gaussian, and their Wigner

functions have negative regions in phase space. Figure 3.1 displays the Wigner functions of the

vacuum state |0〉, the Fock state |1〉 containing one photon, and the Fock state |4〉 containing

four photons.

2Notice that in Ref. [4], the author is always considering W (α), which we translate into W (x, p) by taking into
account α= (x + i p)/

p
2.
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Figure 3.1: Wigner functions in the phase-space plane (x, p) for the Fock states |0〉, |1〉, and
|4〉. Blue regions correspond to negative values of the Wigner function, while red regions
correspond to positive values. Thus, we observe that the vacuum state |0〉 has a non-negative
(Gaussian) Wigner function, while the Wigner functions of states |1〉 and |4〉 present negativi-
ties, preventing them from being Gaussian.

3.2.2 Gaussian states

Many important quantum states in quantum optics are Gaussian [243], therefore we discuss

some of them here. A Gaussian state admits a Gaussian Wigner function, in the form of

Eq. (2.67). Such a state is completely characterized by its first and second moments, namely

its displacement vector, defined in Eq. (2.62), and its covariance matrix, defined in Eq. (2.63).

We recall these expressions in the single-mode case now.

For a single-mode Gaussian state, with r̂ = (x̂, p̂)T , the displacement vector is

d := (︁〈x̂〉,〈p̂〉)︁T , (3.24)

and the covariance matrix is

γ :=
(︄
σ2

x σxp

σxp σ2
p

)︄
=

(︄
〈x̂2〉−〈x̂〉2 1

2〈x̂ p̂ + p̂ x̂〉−〈x̂〉〈p̂〉
1
2〈x̂ p̂ + p̂ x̂〉−〈x̂〉〈p̂〉 〈p̂2〉−〈p̂〉2

)︄
, (3.25)

where σ2
x and σ2

p are the variances of x̂ and p̂, respectively, and σxp is their covariance. In the

case of single-mode Gaussian states, the uncertainty relation of Eq. (2.66) can be expressed

compactly as

detγ=σ2
xσ

2
p −σ2

xp ≥ 1

4
. (3.26)

In particular, if σxp = 0, it reduces to

σ2
xσ

2
p ≥ 1

4
. (3.27)
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The Wigner function of a general single-mode Gaussian state is given by

WG (r) = 1

2π
√︁

detγ
e− 1

2 (r−d)T γ−1(r−d). (3.28)

We now discuss some typical Gaussian states. Coherent states and squeezed vacuum states are

single-mode pure Gaussian states, thermal states are single-mode Gaussian states which are

mixed (except in the vacuum limit), and two-mode squeezed vacuum states are an important

example of pure two-mode entangled Gaussian states.

3.2.2.1 Coherent states

When considering an ideal single-mode laser source, its emitted light can often be approx-

imated by a coherent state. Such a state is an eigenstate of the annihilation operator â,

namely

â |α〉 =α |α〉 , (3.29)

where α ∈C is the eigenvalue associated with the coherent state |α〉. The coherent state can

be expanded in the Fock basis as [4]

|α〉 = e−|α|2/2
∞∑︂

n=0

αn

p
n!

|n〉 . (3.30)

The photon-number distribution is therefore Poissonian,

P (n) = |〈n|α〉 |2 = e−|α|2 |α|2n

n!
, (3.31)

with average photon number 〈n̂〉 = |α|2.

The Wigner function of a coherent state |α〉 is [4]

Wα(x, p) = 1

π
e−(︁

x−p2Re(α)
)︁2−(︁

p−p2Im(α)
)︁2

, (3.32)

and is indeed Gaussian. The left panel of Figure 3.2 displays the Wigner function of a coherent

state. Notice that the vacuum state |0〉 is a coherent state with α= 0 (compare Eq. (3.23) and

Eq. (3.32) with α= 0). Coherent states are not orthogonal. Indeed, their overlap is

〈α|β〉 = e− |α|2
2 − |β|2

2 +α∗β. (3.33)
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Nevertheless, they form an overcomplete set, since they satisfy the resolution of the identity

1

π

ˆ
C

d 2α |α〉〈α| = 1̂. (3.34)

The displacement vector of a coherent state is

dα =p
2(Re(α), Im(α))T . (3.35)

Thus, the complex amplitude α determines the displacement of the state in phase space. The

covariance matrix is

γα =
(︄

1
2 0

0 1
2

)︄
. (3.36)

Hence, coherent states saturate the uncertainty relation (Eq. (3.26)), since detγα = 1/4.

3.2.2.2 Thermal states

Thermal states are mixed Gaussian states that describe a single mode in thermal equilibrium.

They can be seen as noisy versions of the vacuum state. In the Fock basis, a thermal state can

be written as [4]

ρ̂th =
∞∑︂

n=0

n̄n

(n̄ +1)n+1
|n〉〈n| , (3.37)

where n̄ := 〈n̂〉 is the mean photon number. The thermal state has the Wigner function [4]

Wth(x, p) = 1

π(2n̄ +1)
e− x2+p2

2n̄+1 . (3.38)

which is displayed in the central panel of Figure 3.2. Its displacement vector is

dth = 0, (3.39)

while its covariance matrix is

γth =
(︄

n̄ + 1
2 0

0 n̄ + 1
2

)︄
. (3.40)

When n̄ = 0, the thermal state reduces to the vacuum state |0〉〈0|. For n̄ > 0, the uncertainty

relation is not saturated, since

detγth =
(︃
n̄ + 1

2

)︃2

> 1

4
. (3.41)
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3.2.2.3 Squeezed states

Squeezed states exhibit reduced fluctuations in one quadrature at the expense of increased

fluctuations in the conjugate quadrature. Here, we focus on squeezed vacuum states, which

are pure Gaussian states.

We consider a single-mode squeezed vacuum state with real squeezing parameter r and

squeezing angle φ. With the conventions used for the squeezing operator introduced later in

Section 3.3.1.2, its Fock-basis expansion is [4]

|0,r,φ〉 = 1p
coshr

∞∑︂
n=0

(︂
−e iφ

)︂n
p

(2n)!

2nn!
(tanhr )n |2n〉 . (3.42)

In the remainder of this section, we consider φ= 0. We notice that only even photon-number

states appear in this decomposition.

For a squeezing in the x direction, the Wigner function is [4]

Wr (x, p) = 1

π
e−(e2r x2+e−2r p2). (3.43)

which is displayed in the right panel of Figure 3.2. Its displacement vector is

dr = 0, (3.44)

while its covariance matrix is

γr = 1

2

(︄
e−2r 0

0 e2r

)︄
. (3.45)

Thus, for r > 0, the x̂ quadrature is squeezed while the p̂ quadrature is anti-squeezed. Since

detγr = 1/4, squeezed vacuum states saturate the uncertainty relation. More generally, one

may also consider displaced squeezed states |α,r,φ〉 for which the displacement vector is

non-zero while the covariance matrix retains the same squeezed form.

3.2.2.4 Two-mode squeezed vacuum states

An important family of pure Gaussian states, entangled for r > 0, is given by the two-mode

squeezed vacuum (TMSV) state, which arises for instance from nonlinear optical interactions

such as parametric down-conversion. In the Fock basis, it can be written as [4]

|TMSV(r,φ)〉 = 1

coshr

∞∑︂
n=0

(︂
e iφ

)︂n
(tanhr )n |n〉A |n〉B , (3.46)

where r ≥ 0 is the squeezing parameter and φ is the squeezing angle.
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Figure 3.2: Wigner functions in the phase-space plane (x, p) for a coherent state withα= 1+i , a
thermal state with mean photon number n̄ = 0.4, and a squeezed vacuum state with squeezing
parameter r = 0.5 and squeezing angle φ= 0. The coherent state is displaced along the x and
p quadratures by

p
2 values, the thermal state is centered at the origin, and the squeezed

vacuum state is squeezed along the x direction.

Equivalently, defining the complex parameter λ= e iφ tanhr , this can be written as

|TMSV(λ)〉 =
√︁

1−|λ|2
∞∑︂

n=0
λn |n〉A |n〉B , (3.47)

with |λ| < 1. In the common choice φ= 0, which we consider in the remainder of this section,

λ= tanhr is real, and this reduces to

|TMSV(λ)〉 =
√︁

1−λ2
∞∑︂

n=0
λn |n〉A |n〉B . (3.48)

This state displays perfect photon-number correlations between the two modes. It can be

understood as a continuous-variable analogue of a maximally entangled state, which would

be recovered only in the unphysical limit r →∞.

With the quadrature ordering r̂ = (x̂A, p̂ A, x̂B , p̂B )T , its Wigner function is [4]

WTMSV(r) = 1

π2
e−cosh(2r )

(︁
x2

A+p2
A+x2

B+p2
B

)︁+2sinh(2r )(xA xB−p A pB ). (3.49)

Its displacement vector is

dTMSV = 0, (3.50)

while its covariance matrix is

γTMSV = 1

2

⎛⎜⎜⎜⎜⎝
cosh(2r ) 0 sinh(2r ) 0

0 cosh(2r ) 0 −sinh(2r )

sinh(2r ) 0 cosh(2r ) 0

0 −sinh(2r ) 0 cosh(2r )

⎞⎟⎟⎟⎟⎠ . (3.51)
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Using the hyperbolic identity cosh2 a − sinh2 a = 1, we find detγTMSV = 1/16, which means

that the (two-mode) uncertainty relation is saturated. Tracing out either mode gives a thermal

state. Indeed, the reduced state of mode A is

ρ̂A = TrB [|TMSV(r )〉〈TMSV(r )|] = 1

cosh2 r

∞∑︂
n=0

(︁
tanh2 r

)︁n |n〉A 〈n|A , (3.52)

and similarly for ρ̂B . This is a thermal state with mean photon number n̄ = sinh2 r , so that

Eq. (3.37) is recovered.

The entanglement of the TMSV state can be checked at the level of second moments using

Simon’s criterion (see Theorem 2.9). As discussed in the beginning of Section 2.4.2, partial

transposition with respect to mode B corresponds in phase space to the transformation

pB 7→ −pB . In terms of the covariance matrix, this amounts to

γ
TB
TMSV :=ΛBγTMSVΛB , ΛB := diag(1,1,1,−1). (3.53)

From Simon’s criterion, for a separable two-mode Gaussian state, the partially transposed

covariance matrix must satisfy

γTB + i

2
Ω≥ 0. (3.54)

Equivalently, the symplectic eigenvalues of γTB must be at least 1/2. These quantities are the

positive numbers appearing in the Williamson normal form of γTB , obtained by diagonaliza-

tion with a symplectic matrix; they will be discussed in more detail in Section 3.3.1.1. For the

TMSV state, one obtains

ν̃− = e−2r

2
, (3.55)

which is smaller than 1/2 for every r > 0. Simon’s criterion is therefore violated, and the

TMSV state is entangled for every non-zero squeezing parameter. The same conclusion can

be obtained from the entropy-based separability criterion of Walborn (see Theorem 2.10).

Defining the EPR-like quadratures

r̂− = x̂A − x̂B , ŝ+ = p̂ A + p̂B , (3.56)

one finds, for the TMSV state,

σ2
r− =σ2

s+ = e−2r . (3.57)

Since these variables are Gaussian, their differential entropies satisfy Eq. (2.82). Thus,

h(R−)+h(S+) = log(2πe)− 2r

ln2
. (3.58)

This is smaller than log(2πe) for every r > 0, and therefore violates the separability bound.
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3.2.3 Non-Gaussian states

Beyond the Gaussian regime, non-Gaussian states play an important role in several quantum

information tasks. We discuss some examples here, ranging from coherent-state superpo-

sitions (cat states) to Fock-basis entangled states (NOON states). Since these states are

non-Gaussian, their first and second moments do not fully characterize them. We also recall

that the Fock states discussed in Section 3.2.1 are non-Gaussian for photon numbers n ∈N>0.

3.2.3.1 Single-mode cat states

In analogy with Schrödinger’s thought experiment, one can define superpositions of two

coherent states, which intuitively become distinct for large |α|. The even |C+(α)〉 and odd

|C−(α)〉 cat states are defined as [4]

|C±(α)〉 =N± (|α〉± |−α〉) , (3.59)

where we take α ∈R (α ̸= 0 for odd cats) for simplicity. The normalization constant is

N± = 1√︂
2
(︁
1±e−2α2)︁ . (3.60)

Their Wigner functions are [4]

W±(x, p) = 2N 2
±

π
e−x2−p2

[︂
e−2α2

cosh
(︂
2
p

2αx
)︂
±cos

(︂
2
p

2αp
)︂]︂

. (3.61)

The first term corresponds to the two Gaussian peaks associated with |α〉 and |−α〉, while the

oscillating term is the interference contribution. These interference fringes are responsible

for the non-Gaussian character of cat states and for the negative regions of their Wigner

functions.

3.2.3.2 Two-mode cat states

Single-mode cat states can be generalized to two modes by considering coherent superposi-

tions of two-mode coherent states. A useful family is given by the partially dephased entangled

cat states [241, 253]

ρ̂±(z) = 1

M±(z)

[︁|α,β〉〈α,β|+ |−α,−β〉〈−α,−β|± (1− z)
(︁|α,β〉〈−α,−β|+ |−α,−β〉〈α,β|)︁]︁ ,

(3.62)

where |α,β〉 := |α〉A |β〉B , α,β ∈C, and z ∈ [0,1] is a dephasing parameter. The normalization

constant is

M±(z) = 2
[︂

1± (1− z)e−2(|α|2+|β|2)
]︂

. (3.63)
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For z = 0, the state reduces to a pure two-mode cat state of the form

|ψ±(0)〉 = 1√︁
M±(0)

(︁|α,β〉± |−α,−β〉)︁ , (3.64)

which is entangled provided that both α and β are non-zero. For z = 1, the coherences

between the two components vanish, and the state becomes an incoherent separable mixture

of two product coherent states, i.e.,

ρ̂±(1) = 1

2

(︁|α,β〉〈α,β|+ |−α,−β〉〈−α,−β|)︁ . (3.65)

3.2.3.3 NOON states

Another important family of non-Gaussian states is given by finite superpositions of Fock

states, known as NOON states [196]. A generalized NOON state with total photon number

N ∈N>0 can be written as

|ψN 〉 =α |N〉A |0〉B +β |0〉A |N〉B , (3.66)

where α,β ∈C, and |α|2 +|β|2 = 1. The balanced case,

|NOON〉 = 1p
2

(︂
|N〉A |0〉B +e iφ |0〉A |N〉B

)︂
, (3.67)

with a phase φ, is usually referred to as a NOON state.

Two specific cases are particularly well known. For N = 1 and α=β= 1/
p

2, one obtains

the single-photon path-entangled state

1p
2

(|1〉A |0〉B +|0〉A |1〉B ) . (3.68)

For N = 2 and α=−β= 1/
p

2, one obtains

1p
2

(|2〉A |0〉B −|0〉A |2〉B ) , (3.69)

which is the state associated with the Hong–Ou–Mandel effect [126].

When αβ ̸= 0, NOON states are entangled. They are also non-Gaussian, since they involve

finite superpositions of Fock states (which are non-Gaussian for N ∈N>0).
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3.3 Quantum-optical operations

In quantum mechanics, closed-system evolutions are described by unitary operators. In

quantum optics, many important operations, especially in the continuous-variable setting,

are Gaussian, i.e., they map Gaussian states to Gaussian states and admit a simple description

in phase space [243]. These include displacements, phase shifts, squeezing operations, beam

splitters, and two-mode squeezing operations. Measurements, on the other hand, are not

unitary operations and must be treated separately. Some of them, such as homodyne and

heterodyne detection, are Gaussian measurements. Others, such as photon-number-resolving

detection, are non-Gaussian, since they project onto the Fock basis.

3.3.1 Gaussian unitaries

We first recall the definition of a Gaussian unitary operation [243]. In quantum mechanics,

the dynamics of a closed system is generated by a Hermitian Hamiltonian Ĥ . Since we set

ħ= 1, the corresponding time-evolution operator is

Û (t ) = e−i Ĥ t , (3.70)

which is unitary, i.e., Û †Û = 1̂. In the following, we absorb the time dependence into the

parameters of the transformation.

For an N -mode system, a Gaussian unitary is generated by a Hamiltonian that is at most

quadratic in the annihilation and creation operators. We denote by

â= (â1, . . . , âN )T (3.71)

the column vector of annihilation operators, and by â† its adjoint row vector. Thus, â†T

denotes the corresponding column vector of creation operators. Such a Hamiltonian can be

written as

Ĥ = i
(︂
â†η+ â†F â+ â†Gâ†T

)︂
+H.c., (3.72)

where η ∈CN , F,G ∈CN×N , and H.c. denotes the Hermitian conjugate.

A Gaussian unitary operation is represented by a unitary operator ÛG . At the level of states,

it acts as

ρ̂′ = ÛG ρ̂Û †
G . (3.73)

Equivalently, in the Heisenberg picture, it induces an affine Bogoliubov transformation of the

mode operators,

Û †
G âÛG = Aâ+Bâ†T +η, (3.74)

where A,B ∈CN×N .



42 3.3. Quantum-optical operations

Preservation of the canonical commutation relations of Eq. (3.17) imposes

AB T = B AT , A A† = BB † + IN , (3.75)

where IN is the N -dimensional identity matrix.

3.3.1.1 Symplectic formalism

In phase space, the same Gaussian unitary ÛG is described by an affine symplectic transfor-

mation of the quadrature operators,

r̂′ = Û †
G r̂ÛG =SG r̂+δ, (3.76)

where r̂ is the quadrature vector (see Eq. (3.18)), δ ∈R2N , and SG is a real symplectic matrix,

i.e.,

SGΩS T
G =Ω. (3.77)

Thus, SG preserves the symplectic formΩ defined in Eq. (3.20). At the level of the displace-

ment vector, one has

d′ =SGd+δ, (3.78)

whereas the covariance matrix transforms as

γ′ =SGγS T
G . (3.79)

Williamson’s theorem is a powerful tool in symplectic analysis, since it reduces the study

of a covariance matrix to the study of its so-called symplectic eigenvalues.

Theorem 3.1 (Williamson’s theorem [243, 246]). Let γ be a real, positive-definite N -mode

covariance matrix. Then, there exists a symplectic matrix S such that

γ=S γ⊕S T , (3.80)

where

γ⊕ =
N⨁︂

k=1

νk I2. (3.81)

The positive numbers νk are called the symplectic eigenvalues of γ.
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Equivalently, the eigenvalues of iΩγ come in pairs ±νk . Hence, the symplectic eigenvalues of

γ are the N positive eigenvalues of iΩγ. In terms of these quantities, the uncertainty relation

of Eq. (2.66), namely

γ+ i

2
Ω≥ 0, (3.82)

is equivalent to

νk ≥ 1

2
, ∀k = 1, . . . , N . (3.83)

This decomposition has a direct physical interpretation. For an N -mode Gaussian state

with zero displacement vector ρ̂0,γ, we can write

ρ̂0,γ = ÛS ρ̂0,γ⊕Û †
S

, (3.84)

where ÛS is the Gaussian unitary operator implementing the symplectic transformation S .

In this case, ρ̂0,γ⊕ is a tensor product of N thermal states. Indeed, the covariance matrix γ⊕

corresponds to the direct sum of covariance matrices of thermal states with mean photon

numbers n̄k = νk −1/2, see Eq. (3.40). That is,

γ⊕ =
N⨁︂

k=1

γth(n̄k ) =
N⨁︂

k=1

(︃
n̄k +

1

2

)︃
I2, (3.85)

where γth(n̄k ) denotes the covariance matrix of a thermal state with mean photon number n̄k .

Equivalently, in state space,

ρ̂0,γ⊕ =
N⨂︂

k=1

ρ̂th(n̄k ), (3.86)

where ρ̂th(n̄k ) denotes a thermal state with mean photon number n̄k , see Eq. (3.37) for its

Fock-basis expression.

In general, any N -mode Gaussian state with arbitrary displacement vector can be written

using displacement operators as

ρ̂d,γ = D̂(d)ÛS ρ̂0,γ⊕Û †
S

D̂†(d), (3.87)

where D̂(d) denotes the displacement operator associated with the phase-space displacement

vector d, see Eq. (3.93) for its mathematical expression.

3.3.1.2 Single-mode operations

We now discuss the main single-mode Gaussian unitary operations in state space and in

phase space.
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Phase shift As a first elementary single-mode Gaussian unitary operation, a phase shift

corresponds to a rotation in phase space and represents the free evolution of a harmonic

oscillator. It is passive in the sense that it preserves the number of photons. Its expression

is [4]

R̂(θ) = e−iθâ†â = e−iθn̂ , (3.88)

where θ ∈R, and we used the number operator introduced in Eq. (3.11). Since [R̂(θ), n̂] = 0,

this operation indeed preserves the photon number. Its action on the annihilation and

creation operators is

R̂†(θ)âR̂(θ) = e−iθ â, R̂†(θ)â†R̂(θ) = e iθ â†. (3.89)

Hence, for the quadratures,

R̂†(θ)x̂R̂(θ) = cosθ x̂ + sinθ p̂, R̂†(θ)p̂R̂(θ) =−sinθ x̂ +cosθ p̂. (3.90)

Therefore, the corresponding symplectic matrix is

SR (θ) =
(︄

cosθ sinθ

−sinθ cosθ

)︄
. (3.91)

This is indeed a phase-space rotation. There is no affine displacement term, so the first and

second moments transform as

d′ =SR (θ)d, γ′ =SR (θ)γS T
R (θ). (3.92)

Displacement A displacement in phase space is implemented by the displacement opera-

tor [4]

D̂(α) = eαâ†−α∗â , (3.93)

where α ∈C. This operation is not photon-number preserving. Its inverse is another displace-

ment, namely

D̂†(α) = D̂−1(α) = D̂(−α). (3.94)

The coherent states described in Section 3.2.2.1 are generated by displacing the vacuum

state, i.e.,

|α〉 = D̂(α) |0〉 . (3.95)

In the Heisenberg picture, the annihilation and creation operators transform as

D̂†(α)âD̂(α) = â +α, D̂†(α)â†D̂(α) = â† +α∗. (3.96)
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Equivalently, the quadratures transform as

D̂†(α)x̂D̂(α) = x̂ +p
2Re(α), D̂†(α)p̂D̂(α) = p̂ +p

2Im(α). (3.97)

Therefore, in phase space, a displacement is represented by the transformation

r̂′ = r̂+δα, (3.98)

with the affine displacement term δα and symplectic matrix SD ,

δα =p
2(Re(α), Im(α))T , SD = I2. (3.99)

At the level of first and second moments, one obtains

d′ =d+δα, γ′ = γ. (3.100)

Hence, displacements change only the first moments of the state and leave the covariance

matrix unchanged.

Squeezing Squeezing is an operation that reduces the fluctuations of one quadrature while

increasing those of the conjugate quadrature. It is represented by the squeezing operator [4]

Ŝ(ξ) = e
1
2

(︁
ξ∗â2−ξâ†2

)︁
, (3.101)

where ξ= r e iφ, with r ≥ 0 and φ ∈R. This operation does not preserve the photon number. Its

inverse is also a squeezing operator, namely

Ŝ†(ξ) = Ŝ−1(ξ) = Ŝ(−ξ). (3.102)

The squeezed vacuum states described in Section 3.2.2.3 are obtained by applying this

operator to the vacuum state,

|0,r,φ〉 = Ŝ(r e iφ) |0〉 . (3.103)

Its action on the annihilation and creation operators reads

Ŝ†(ξ)âŜ(ξ) = cosh(r )â −e iφ sinh(r )â†, Ŝ†(ξ)â†Ŝ(ξ) = cosh(r )â† −e−iφ sinh(r )â. (3.104)

For φ= 0, this gives, for the quadratures,

Ŝ†(r )x̂Ŝ(r ) = e−r x̂, Ŝ†(r )p̂Ŝ(r ) = er p̂, (3.105)

showing that the x̂ quadrature is squeezed, while the p̂ quadrature is anti-squeezed.
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Therefore, for φ= 0, the corresponding symplectic matrix is

SS(r ) =
(︄

e−r 0

0 er

)︄
. (3.106)

There is no affine displacement term, so the first and second moments transform as

d′ =SS(r )d, γ′ =SS(r )γS T
S (r ). (3.107)

General single-mode Gaussian unitary A general single-mode Gaussian unitary can be

decomposed into a combination of displacements, squeezing operations, and phase shifts.

Up to a global phase, it can be written as [243]

ÛG = D̂(α)R̂(θ)Ŝ(r )R̂(ϕ), (3.108)

where α ∈ C and r,θ,ϕ ∈ R. When this unitary acts on the vacuum, the rightmost rotation

leaves the vacuum unchanged, since R̂(ϕ) |0〉 = |0〉. The remaining phase shift can be absorbed

into the squeezing phase, because with our conventions

R̂(θ)Ŝ(r ) |0〉 = Ŝ
(︂
r e−2iθ

)︂
|0〉 . (3.109)

Thus, a pure single-mode Gaussian state can be written as the following displaced squeezed

state

|α,r,φ〉 = D̂(α)Ŝ(r e iφ) |0〉 . (3.110)

3.3.1.3 Two-mode operations

We review here the two standard two-mode Gaussian unitary operations, namely the beam

splitter and the two-mode squeezing operation. The former conserves the total number of

photons, while the latter does not. Let b̂ and b̂† denote the annihilation and creation operators

of the second mode B .

Beam splitter A beam splitter mixes the two modes A and B and is represented by the

unitary operator [243]

ÛBS(θ) = eθ
(︁
â†b̂−âb̂†

)︁
, (3.111)

where θ ∈R is related to the transmissivity of the beam splitter by

T = cos2θ. (3.112)

For T = 1/2, equivalently θ =π/4, the beam splitter is called balanced.
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In the Heisenberg picture, the modes transform as

Û †
BS(θ)âÛBS(θ) = cosθ â + sinθ b̂, Û †

BS(θ)b̂ÛBS(θ) =−sinθ â +cosθ b̂. (3.113)

The corresponding transformation for the creation operators is obtained by taking the Her-

mitian conjugate. Hence, for the quadrature ordering r̂ = (x̂A, p̂ A, x̂B , p̂B )T , the symplectic

matrix is

SBS(θ) =

⎛⎜⎜⎜⎜⎜⎝
cosθ 0 sinθ 0

0 cosθ 0 sinθ

−sinθ 0 cosθ 0

0 −sinθ 0 cosθ

⎞⎟⎟⎟⎟⎟⎠ . (3.114)

There is no affine displacement term. Therefore,

d′ =SBS(θ)d, γ′ =SBS(θ)γS T
BS(θ). (3.115)

When a balanced beam splitter is applied to the input state |1〉A |1〉B , which contains

exactly one photon in each mode, the output is the well-known Hong–Ou–Mandel state [126]

(which is a NOON state, see Eq. (3.69)),

ÛBS

(︂π
4

)︂
|1〉A |1〉B = 1p

2
(|2〉A |0〉B −|0〉A |2〉B ) . (3.116)

This entangled state expresses the fact that the two photons always leave through the same

output mode: They are detected either both in the first output mode or both in the second

one, while coincidence events are suppressed by two-photon interference.

Two-mode squeezer The two-mode squeezing operation couples the two modes, by ampli-

fying them with photons created in pairs. For ξ= r e iφ, with r ≥ 0 and φ ∈R, it is represented

by the unitary operator [4]

ÛTMS(ξ) = e
(︁
ξâ†b̂†−ξ∗âb̂

)︁
. (3.117)

In the Heisenberg picture, the mode operators transform as

Û †
TMS(ξ)âÛTMS(ξ) = cosh(r ) â+e iφ sinh(r ) b̂†, Û †

TMS(ξ)b̂ÛTMS(ξ) = cosh(r ) b̂+e iφ sinh(r ) â†.

(3.118)

The corresponding transformation for the creation operators is obtained by taking the Hermi-

tian conjugate.
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For φ= 0, and for the quadrature ordering r̂ = (x̂A, p̂ A, x̂B , p̂B )T , the symplectic matrix is

STMS(r ) =

⎛⎜⎜⎜⎜⎝
coshr 0 sinhr 0

0 coshr 0 −sinhr

sinhr 0 coshr 0

0 −sinhr 0 coshr

⎞⎟⎟⎟⎟⎠ . (3.119)

There is no affine displacement term. Therefore,

d′ =STMS(r )d, γ′ =STMS(r )γS T
TMS(r ). (3.120)

We can decompose the two-mode squeezing into a balanced beam splitter, two opposite

single-mode squeezers, and the inverse balanced beam splitter, i.e., at the symplectic level,

STMS(r ) =S T
BS

(︂π
4

)︂
[SS(−r )⊕SS(r )]SBS

(︂π
4

)︂
. (3.121)

The two-mode squeezed vacuum state introduced in Section 3.2.2.4 is generated by

applying the two-mode squeezing unitary to the two-mode vacuum, that is,

|TMSV(r,φ)〉 = ÛTMS(r e iφ) |0〉A |0〉B = 1

coshr

∞∑︂
n=0

(︂
e iφ

)︂n
(tanhr )n |n〉A |n〉B . (3.122)

3.3.1.4 General Gaussian unitary operation

The previous examples are the elementary building blocks of general Gaussian unitary opera-

tions. This is formalized by the Bloch–Messiah reduction.

Theorem 3.2 (Bloch–Messiah reduction [243]). Any N -mode Gaussian unitary operation

ÛG can be decomposed, up to displacements and a global phase, as

ÛG = ÛK

[︄
N⨂︂

k=1

Ŝ(k)(rk )

]︄
ÛL , (3.123)

where ÛK and ÛL are passive Gaussian unitaries, i.e., multiport interferometers composed

of phase shifts and beam splitters, and Ŝ(k)(rk ) is a single-mode squeezing operation

acting on mode k.

Equivalently, at the level of symplectic matrices, any N -mode symplectic matrix can be

decomposed as

SG = K

[︄
N⨁︂

k=1

SS(rk )

]︄
L, (3.124)

where K and L are orthogonal symplectic matrices, corresponding to passive linear-optical

transformations, and SS(rk ) is the symplectic matrix associated with a single-mode

squeezing operation on mode k.
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Thus, any N -mode Gaussian unitary can be realized using displacements, single-mode squeez-

ers, phase shifts, and beam splitters.

3.3.2 Measurements

We now discuss some central non-unitary operations, namely Gaussian measurements, such

as homodyne and heterodyne detection, and the non-Gaussian photon-number-resolving

detection. Since measurements are not described by unitary operations on the measured

system alone, they generally induce irreversible state changes on the measured system.

3.3.2.1 Homodyning and heterodyning

Homodyne and heterodyne detections are Gaussian measurements of continuous vari-

ables [243]. Homodyne detection gives access to one field quadrature, while heterodyne

detection gives simultaneous access to both quadratures, at the cost of adding noise due to

the impossibility of jointly measuring two conjugate quadratures without noise, since they

are non-commuting observables.

Homodyning In the ideal description, homodyne detection corresponds to a projective

measurement in the eigenbasis of a rotated quadrature [28, 243]

x̂θ = cosθ x̂ + sinθ p̂. (3.125)

The corresponding measurement projectors are

Π̂(xθ) = |xθ〉〈xθ| , (3.126)

where |xθ〉 denotes a generalized eigenstate of x̂θ. For a state ρ̂, the probability density of

obtaining the outcome xθ is

p(xθ) = Tr
[︁
ρ̂ Π̂(xθ)

]︁
. (3.127)

Therefore, p(xθ)d xθ should be understood as the probability of obtaining an outcome within

an infinitesimal interval d xθ. Equivalently, in phase space, this probability distribution is

obtained as the marginal of the Wigner function,

p(xθ) =
ˆ

d pθW (xθ, pθ), (3.128)

where pθ is the quadrature conjugate to xθ.
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In practice, homodyne detection is implemented by mixing the input signal with a strong

coherent field, called the local oscillator, on a balanced beam splitter. Two photodetectors

then measure the intensities at the output ports, and the difference between these intensities

gives access to the chosen quadrature. The measured quadrature is selected by controlling

the phase of the local oscillator.

Heterodyning In contrast to homodyne detection, heterodyne detection gives access to

both quadratures simultaneously. It is described by the coherent-state POVM [204]

Π̂(α) = 1

π
|α〉〈α| , (3.129)

which satisfies, see Eq. (3.34), ˆ
C

d 2αΠ̂(α) = 1̂. (3.130)

For a state ρ̂, the probability density of obtaining the outcome α is

p(α) = Tr
[︁
ρ̂ Π̂(α)

]︁
. (3.131)

Equivalently, this distribution is the Husimi Q function,

Q(α) = 1

π
〈α| ρ̂ |α〉 , (3.132)

which is another well-known phase-space distribution, distinct from the Wigner function.

Experimentally, heterodyne detection can be implemented by combining the input signal

with an auxiliary vacuum mode on a balanced beam splitter. Homodyne measurements are

then performed on two conjugate quadratures of the output modes, giving simultaneous

estimates of the input quadratures x̂ and p̂ [243]. Because these quadratures are conjugate,

the joint measurement comes with an added vacuum noise contribution.

3.3.2.2 Photon-number-resolving detection

Photon-number-resolving detection measures the number of photons present in a given

mode [243]. Mathematically, an ideal photon-number measurement is described by projec-

tors onto the Fock basis,

Π̂n = |n〉〈n| , (3.133)

so that, for a state ρ̂, the probability of detecting n photons is

p(n) = Tr
[︁
ρ̂ Π̂n

]︁
. (3.134)

Since Fock states are non-Gaussian for n ∈N>0, photon-number-resolving detection is gener-

ally a non-Gaussian measurement.



Chapter 3. Quantum optics 51

Experimentally, photon-number resolution is challenging, especially for large photon

numbers, due to finite detection efficiency, dark counts, and limited number resolution [218],

although many advances in superconducting detectors have been made [40, 188].

In the remainder of this thesis, Gaussian and non-Gaussian states, as well as the corresponding

operations, will be used to benchmark the criteria discussed in Chapters 5 and 6. Homodyne

measurements will play a central role in Chapter 6, while photon-number-resolving detectors

will be important in Chapter 5.
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Entanglement detection





55

4Multicopy technique
Introduced as a method for estimating polynomial functions of density matrix elements [29],

the multicopy technique provides a way to access nonlinear functionals of a quantum state

without reconstructing the full density operator. This method relies on several independently

and identically prepared replicas of the state of interest obtained by repeating the same state-

preparation procedure, rather than on cloning a single unknown quantum system, which

would be forbidden by the no-cloning theorem [69, 248]. In practice, they may be generated

by identical sources operated in parallel or by repeated preparations that are subsequently

synchronized for the multicopy measurement [174].

The central idea is to turn a nonlinear function of ρ̂ into a linear expectation value on a

larger Hilbert space by considering a n-copy state ρ̂⊗n . In quantum optics, this approach

has been used to design experimentally motivated witnesses of nonclassicality [9, 104] and

entanglement [105], thereby providing an alternative to full state tomography [50, 237] when

only a specific nonlinear quantity is required.

In this chapter, we review the fundamentals of the multicopy technique in Section 4.1. We

then discuss, in Section 4.2, examples relevant to this work, namely the purity, its extension

to higher-order moments, and matrices of mode operator moments involved in witnessing

nonclassicality or entanglement of quantum-optical states.

4.1 Description of the method
We now describe the multicopy method proposed in Ref. [29]. Let {|i 〉} be an orthonormal

basis of the Hilbert space H . The density operator can be decomposed as

ρ̂ =∑︂
i , j
ρi j |i 〉〈 j |, with ρi j := 〈i |ρ̂| j 〉. (4.1)

The corresponding n-copy state is

ρ̂⊗n := ρ̂⊗·· ·⊗ ρ̂⏞ ⏟⏟ ⏞
n copies

, (4.2)

which acts on the enlarged Hilbert space

H ⊗n :=H ⊗·· ·⊗H⏞ ⏟⏟ ⏞
n copies

. (4.3)

In the product basis

|i1, . . . , in〉 := |i1〉⊗ · · ·⊗ |in〉, (4.4)

one has

ρ̂⊗n = ∑︂
i1,...,in , j1,..., jn

ρi1 j1 · · ·ρin jn |i1, . . . , in〉〈 j1, . . . , jn |. (4.5)
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We now consider, for simplicity, a homogeneous polynomial functional of degree n in the

matrix elements of ρ̂,

f (ρ̂) = ∑︂
i1,...,in , j1,..., jn

ci1 j1···in jnρi1 j1 · · ·ρin jn , (4.6)

where the coefficients ci1 j1···in jn are complex numbers. We introduce an operator Ô f acting

on H ⊗n , defined by

Ô f := ∑︂
i1,...,in , j1,..., jn

ci1 j1···in jn | j1, . . . , jn〉〈i1, . . . , in |. (4.7)

Then, for each term in the expansion of ρ̂⊗n ,

Tr
[︁
Ô f |i1, . . . , in〉〈 j1, . . . , jn |

]︁= 〈 j1, . . . , jn |Ô f |i1, . . . , in〉 = ci1 j1···in jn . (4.8)

It follows that

Tr
[︁
Ô f ρ̂

⊗n]︁= ∑︂
i1,...,in , j1,..., jn

ci1 j1···in jnρi1 j1 · · ·ρin jn = f (ρ̂). (4.9)

Thus, a nonlinear polynomial functional of ρ̂ can be obtained as the expectation value of a

linear operator acting on n independently prepared replicas of the state. Terms of degree

smaller than n can be treated similarly, since they can be embedded into the n-copy formalism

through multiplication by suitable powers of Tr ρ̂ = 1.

In general, the operator Ô f need not be Hermitian. If it is not Hermitian, it does not

correspond directly to an observable. In that case, one may decompose it into its Hermitian

and anti-Hermitian parts,

Ô(R)
f

:=
Ô f +Ô†

f

2
, Ô(I )

f
:=

Ô f −Ô†
f

2i
. (4.10)

Both Ô(R)
f and Ô(I )

f are Hermitian operators, and they give respectively the real and imaginary

parts of f (ρ̂),

Re f (ρ̂) = Tr
[︂

Ô(R)
f ρ̂⊗n

]︂
, Im f (ρ̂) = Tr

[︂
Ô(I )

f ρ̂⊗n
]︂

. (4.11)

Therefore, even when the formal operator Ô f is not itself an observable, the complex quantity

f (ρ̂) can be reconstructed from the expectation values of two Hermitian multicopy observ-

ables.

This whole construction extends straightforwardly to multipartite states, where each

replica is a copy of the full multipartite state. This extension will be useful when considering

entanglement detection.
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4.2 Applications of the method

Let us now consider two relevant examples where the multicopy method has been used, no-

tably in quantum optics, namely, the purity, as well as higher-order density matrix moments.

4.2.1 Purity of a quantum state

The purity of a quantum state ρ̂ is defined as

P (ρ̂) := Tr
[︁
ρ̂2]︁ . (4.12)

Using the decomposition of Eq. (4.1), it can be expressed as the polynomial

P (ρ̂) =∑︂
i , j
ρi jρ j i . (4.13)

This is a homogeneous polynomial of degree 2 in the matrix elements of ρ̂. Therefore, accord-

ing to the multicopy construction presented above, it can be obtained from two independently

prepared replicas of the state [29]. In the notation introduced above, the only non-zero coeffi-

cients are

ci1 j1i2 j2 = δi1 j2δi2 j1 . (4.14)

The corresponding operator (see Eq. (4.7)) is then

ÔP = ∑︂
i1, j1,i2, j2

ci1 j1i2 j2 | j1, j2〉〈i1, i2|

=∑︂
i , j

| j , i 〉〈i , j |.
(4.15)

This operator is the swap operator Ŝ acting between the two replicas, i.e.,

Ŝ :=∑︂
i , j

| j , i 〉〈i , j |, (4.16)

which exchanges the two copies of the state. Hence,

P (ρ̂) = Tr
[︁
Ŝ

(︁
ρ̂⊗ ρ̂)︁]︁

. (4.17)

This identity shows that the purity, although nonlinear in ρ̂, is the expectation value of a linear

observable acting on two copies.
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In quantum optics, the expectation value of the swap operator can be accessed by interfer-

ing the two replicas on a balanced beam splitter [104,135]; see Section 3.3.1.3 for its definition.

For two single-mode replicas, the beam splitter transforms the input modes as

â′
1 =

â1 + â2p
2

, â′
2 =

−â1 + â2p
2

. (4.18)

These output modes correspond respectively to the symmetric and antisymmetric combina-

tions of the two input modes. Indeed, in terms of the output modes,

Ŝ†â′
1Ŝ = â′

1, Ŝ†â′
2Ŝ =−â′

2. (4.19)

Thus, the symmetric output mode remains unchanged under the exchange of the two replicas,

whereas the antisymmetric output mode acquires a minus sign. The latter transformation

in Eq. (4.19) is precisely the action of the photon-number parity operator (which can also be

viewed as a phase-shift unitary with phase equal to π, as introduced in Section 3.3.1.2). It is

defined as

Π̂ := (−1)n̂ = e iπn̂ , (4.20)

and satisfies

Π̂†âΠ̂=−â. (4.21)

An output state containing m1 photons in the symmetric mode and m2 photons in the

antisymmetric mode can be written as

|m1〉out sym ⊗|m2〉out antisym =
(︂
â′†

1

)︂m1
(︂
â′†

2

)︂m2

p
m1!m2!

(︁|0〉out sym ⊗|0〉out antisym
)︁

. (4.22)

Since each creation operator â′†
2 acquires a minus sign under the swap, we obtain

Ŝ
(︁|m1〉out sym ⊗|m2〉out antisym

)︁= (−1)m2
(︁|m1〉out sym ⊗|m2〉out antisym

)︁
. (4.23)

The eigenvalue of the swap is therefore determined by the parity of the photon number in

the antisymmetric output mode. In this output basis, the swap operator is thus represented

by the operator
(︁
1̂⊗ Π̂)︁

. Equivalently, if Û 1/2
BS denotes the balanced beam-splitter unitary,

transforming this output-basis operator back to the input basis gives

Ŝ = (︁
Û 1/2

BS

)︁† (︁
1̂⊗ Π̂)︁

Û 1/2
BS , (4.24)

which means that measuring the parity of the second mode after the beam splitter is equal to

measuring the swap operator on the two input replicas.
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a) purity 𝓟2

𝜌 ̂(1)

𝜌 ̂(2)

1/2

n ̂2

b) moments 𝓟n

𝜌 ̂(1)

𝜌 ̂(2)

𝜌 ̂(n−1)

𝜌 ̂(n)

Fn⋮ ⋮

n ̂2

n ̂n−1

n ̂n

Figure 4.1: a) Multicopy measurement of the purity P2 = Tr[ρ̂2]. Two independently prepared
replicas of the state interfere on a balanced beam splitter. The particle number n̂2 is measured
in the second output mode, whereas the first output mode is not detected. b) Multicopy
measurement of the nth moment Pn = Tr[ρ̂n]. The n replicas are sent through an n-mode
Fourier interferometer Fn , after which particle-number measurements are performed on
output modes 2 to n (the first output mode does not need to be measured).

Consequently, using Eq. (4.17) and the cyclicity of the trace, one finds

P (ρ̂) = Tr
[︂(︁
1̂⊗ Π̂)︁

Û 1/2
BS

(︁
ρ̂⊗ ρ̂)︁(︁

Û 1/2
BS

)︁†
]︂

=:
⟨︁
1̂⊗ Π̂⟩︁

Û 1/2
BS (ρ̂⊗ρ̂)

(︁
Û 1/2

BS

)︁† .
(4.25)

Thus, the purity is obtained by preparing many pairs of identical replicas, interfering each

pair on a balanced beam splitter, measuring the photon-number parity of the antisymmetric

output mode, and averaging the recorded parity values over all runs. This is illustrated in the

left panel of Figure 4.1.

For multimode states, the same idea applies by swapping the two full replicas, which can

be implemented by applying balanced beam splitters pairwise between corresponding modes

of the two copies, followed by suitable parity measurements.
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4.2.2 Higher-order moments

Let us now consider the higher-order moments of the density matrix,

Pn(ρ̂) := Tr
[︁
ρ̂n]︁

, (4.26)

where n ∈ N>1. For n = 2, we recover the purity, P2(ρ̂) = P (ρ̂). These moments are, for

instance, involved in the definition of the Rényi entropies,

Sn(ρ̂) := 1

1−n
log

(︁
Tr

[︁
ρ̂n]︁)︁= 1

1−n
log

(︁
Pn(ρ̂)

)︁
. (4.27)

Thus, estimating Pn(ρ̂) gives access to the Rényi entropy of integer order n ≥ 2.

Using the decomposition of Eq. (4.1), one finds

Tr
[︁
ρ̂n]︁= ∑︂

i1,...,in

ρi1i2ρi2i3 · · ·ρin i1 . (4.28)

Equivalently, in the notation of the general multicopy construction, this corresponds to the

coefficients

ci1 j1···in jn = δ j1i2δ j2i3 · · ·δ jn−1inδ jn i1 . (4.29)

The associated multicopy operator is therefore

ÔPn = ∑︂
i1,...,in , j1,..., jn

ci1 j1···in jn | j1, . . . , jn〉〈i1, . . . , in |

= ∑︂
i1,...,in

|i2, i3, . . . , in , i1〉〈i1, i2, . . . , in |.
(4.30)

This operator is the (left) cyclic-shift operator, which we denote here by V̂n . It acts on basis

states as

V̂n |i1, i2, . . . , in〉 = |i2, . . . , in , i1〉. (4.31)

Hence,

Pn(ρ̂) = Tr
[︁
V̂nρ̂

⊗n]︁
. (4.32)

The case n = 2 reduces to the swap operator discussed above. For n > 2, however, V̂n is unitary

but not Hermitian. Its adjoint is the cyclic shift in the opposite direction,

V̂ †
n |i1, i2, . . . , in〉 = |in , i1, . . . , in−1〉. (4.33)

Thus, V̂n is not itself an observable.
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Since Tr[ρ̂n] is real due to ρ̂ being Hermitian, the imaginary part of the expectation value of

the cyclic shift vanishes. We may therefore consider its Hermitian part,

V̂ (R)
n = V̂n + V̂ †

n

2
, (4.34)

so that

Pn(ρ̂) = Tr
[︁
V̂ (R)

n ρ̂⊗n]︁
. (4.35)

In quantum optics, the cyclic-shift operator V̂n can be diagonalized using an n-mode

Fourier interferometer [53]. With the convention

â′
k = 1p

n

n∑︂
ℓ=1

e
2πi

n (k−1)(ℓ−1)âℓ, (4.36)

the corresponding passive unitary ÛF is defined by

Û †
F âkÛF = â′

k . (4.37)

Since the Fourier matrix is unitary, we find

n∑︂
k=1

â′†
k â′

k =
n∑︂

k=1
â†

k âk , (4.38)

that is, the total number of photons is conserved. It can therefore be implemented using only

beam splitters and phase shifters [243].

After the Fourier interferometer, the cyclic shift is mapped onto an operator diagonal in

the output photon-number basis,

V̂n = Û †
F e− 2πi

n
∑︁n

k=1(k−1)n̂kÛF , (4.39)

where n̂k denotes the photon-number operator of the kth output mode. Since the moment

Pn(ρ̂) = Tr[ρ̂n] is real, it can be estimated by averaging the real part of this phase factor over

many experimental runs,

Pn(ρ̂) =
⟨︄

cos

[︄
2π

n

n∑︂
k=1

(k −1)nk

]︄⟩︄
ÛF ρ̂⊗nÛ †

F

. (4.40)

Thus, Pn(ρ̂) can be estimated by preparing n independent replicas of the state, sending them

through an n-mode Fourier interferometer, measuring the output photon numbers, and

averaging the corresponding cosine weights over sufficiently many runs. This is illustrated in

the right panel of Figure 4.1.
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4.2.3 Matrices of mode-operator moments

Let us now describe how the multicopy technique can be used to address experimentally

relevant questions for certifying nonclassicality and entanglement in quantum optics.

Nonclassicality In Ref. [210], Shchukin and Vogel proposed a hierarchy of necessary and

sufficient conditions for deciding whether a quantum state of light is classical or nonclassical.

Here, classicality is understood in the optical sense, i.e., a state is classical if its Glauber–

Sudarshan P-representation can be interpreted as a positive probability measure over coher-

ent states,

ρ̂ =
ˆ

d 2αP (α)|α〉〈α|. (4.41)

If no such positive P-representation exists, the state is said to be nonclassical.

The Shchukin–Vogel classicality criterion is based on an infinite matrix of normally ordered

moments. Introducing a sequence of mode-operator monomials,

f̂ := (︁
f̂1, f̂2, f̂3, . . .

)︁
:=

(︂
1̂, â, â†, â2, â†â, â†2, . . .

)︂
, (4.42)

one defines

Mi j (ρ̂) :=
⟨︂

: f̂ †
i f̂ j :

⟩︂
= Tr

[︂
: f̂ †

i f̂ j : ρ̂
]︂

, (4.43)

where : · · · : denotes normal ordering, which means creation operators are placed to the left

of annihilation operators. A state is classical if and only if the full infinite matrix M(ρ̂) is

positive semidefinite. Therefore, by Sylvester’s criterion, the negativity of any principal minor

of M(ρ̂) certifies nonclassicality. Conversely, if none of the tested minors is negative, no

general conclusion can be drawn.

We denote by di1···ir the principal minor obtained by keeping the rows and columns

indexed by i1, . . . , ir ,

di1···ir := det
[︂

Miµiν(ρ̂)
]︂r

µ,ν=1
. (4.44)

Since each entry Mi j (ρ̂) is linear in ρ̂, the determinant di1···ir is a polynomial functional of

degree r . It can therefore be accessed, in principle, by a multicopy observable acting on r

independently prepared replicas of the state. In Ref. [9], it was shown that several such minors,

including d12, d14, d23, d15, d123, and d1235, admit interferometric implementations based on

passive linear optics and photon-number-resolving detection.



Chapter 4. Multicopy technique 63

Let us focus on the minor d23, which reads

d23 := det

(︄
〈â†â〉 〈â†2〉
〈â2〉 〈â†â〉

)︄
= 〈â†â〉2 −|〈â2〉|2. (4.45)

This is a second-degree polynomial functional of ρ̂, and can therefore be written as a two-

copy expectation value. Introducing two replicas with annihilation operators â1 and â2, one

obtains

d23 = Tr
[︁
Ôd23 ρ̂

⊗2]︁ , (4.46)

with

Ôd23 = n̂1n̂2 − 1

2

(︂
â2

1 â†2
2 + â†2

1 â2
2

)︂
, (4.47)

where n̂k = â†
k âk .

This observable can be diagonalized by a simple two-mode linear-optical circuit. After

applying a π/2 phase shift on the second replica, denoted by R̂2(π/2) and explicitly given in

Section 3.3.1.2, followed by a balanced beam splitter Û 1/2
BS , explicitly given in Section 3.3.1.3,

one has

Ôd23 = R̂†
2(π/2)

(︁
Û 1/2

BS

)︁†
B̂23Û 1/2

BS R̂2(π/2), (4.48)

where B̂23 is diagonal in the output photon-number basis,

B̂23 = 1

2

[︃(︂
n̂a′

1
− n̂a′

2

)︂2 −
(︂
n̂a′

1
+ n̂a′

2

)︂]︃
. (4.49)

Thus, experimentally, one prepares two replicas, sends them through this circuit, measures the

output photon numbers na′
1

and na′
2

with photon-number-resolving detectors, and averages

the value

B23(na′
1
,na′

2
) = 1

2

[︃(︂
na′

1
−na′

2

)︂2 −
(︂
na′

1
+na′

2

)︂]︃
, (4.50)

over many experimental runs.

This witness detects, for example, the nonclassicality of squeezed vacuum states, intro-

duced in Section 3.2.2.3. Consider two identical replicas of the squeezed vacuum

|0,r,φ〉 = 1p
coshr

∞∑︂
n=0

(︂
−e iφ

)︂n
p

(2n)!

2nn!
(tanhr )n |2n〉 . (4.51)

After the π/2 phase shift on the second replica and the balanced beam splitter, the two output

modes are in a two-mode squeezed vacuum state (see Section 3.2.2.4),

|ψout〉 =
√︁

1−λ2
∞∑︂

n=0
λn |n〉a′

1
|n〉a′

2
, λ= tanhr. (4.52)
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Hence, the output photon numbers are perfectly correlated, na′
1
= na′

2
= n. For each outcome,

the measured value is therefore

B23(n,n) = 1

2

[︁
(n −n)2 − (n +n)

]︁=−n. (4.53)

Since the probability of obtaining n photons in each output mode is

pn = (1−λ2)λ2n , (4.54)

the average value is

d23 = 〈B23〉

=−
∞∑︂

n=0
n(1−λ2)λ2n

=− λ2

1−λ2

=−sinh2 r.

(4.55)

Thus, d23 < 0 for any r > 0, which certifies the nonclassicality of the squeezed vacuum.

Entanglement Soon after proposing their nonclassicality witness, Shchukin and Vogel

introduced a similar hierarchy of moment conditions for bipartite continuous-variable en-

tanglement [209]. The idea is to apply the same positivity logic not to the state ρ̂ itself, but to

its partial transpose ρ̂TB . Recall the Peres–Horodecki PPT criterion from Theorem 2.5: if ρ̂ is

separable, then ρ̂TB must be positive semidefinite. Therefore, any violation of this positivity

condition certifies entanglement.

Let â and b̂ denote the annihilation operators of the two modes. Following Shchukin and

Vogel, we consider operators f̂ admitting a normally ordered expansion in the two-mode

operators, and introduce a sequence of monomials

f̂ := (︁
f̂1, f̂2, f̂3, . . .

)︁
:=

(︂
1̂, â, â†, b̂, b̂†, . . .

)︂
, (4.56)

where each f̂i is of the form â†n âm b̂†k b̂l . For any finite linear combination f̂ = ∑︁
i ci f̂i ,

positivity of ρ̂TB implies

Tr
[︂

f̂ † f̂ ρ̂TB
]︂
≥ 0. (4.57)

This defines the partially transposed moment matrix

M TB
i j (ρ̂) := Tr

[︂
f̂ †

i f̂ j ρ̂
TB

]︂
. (4.58)
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The entries of this matrix can then be expressed in terms of experimentally accessible mo-

ments of the original state ρ̂. The Shchukin–Vogel criterion states that ρ̂TB ≥ 0 is equivalent

to the positivity of the full infinite moment matrix M TB (ρ̂). By Sylvester’s criterion, this is

equivalent to the nonnegativity of all its principal minors [105]. We denote these minors by

di1···ir := det
[︂

M TB
iµiν

(ρ̂)
]︂r

µ,ν=1
. (4.59)

Thus, if one finds di1···ir < 0, the partial transpose is not positive and the state is necessarily

entangled. As in the nonclassicality case, each entry of M TB (ρ̂) is linear in ρ̂, so di1···ir is a

polynomial functional of degree r . It can therefore be associated with a multicopy observable

acting on r independently prepared replicas of the full two-mode state.

Following the ordering above, the minor d124 is obtained by keeping the monomials f̂1 = 1̂,
f̂2 = â, and f̂4 = b̂. After rewriting the partially transposed moments as ordinary moments of

ρ̂, this minor reads

d124 = det

⎛⎜⎜⎝
1 〈â〉 〈b̂†〉

〈â†〉 〈â†â〉 〈â†b̂†〉
〈b̂〉 〈âb̂〉 〈b̂†b̂〉

⎞⎟⎟⎠ . (4.60)

This determinant is a third-degree polynomial functional of ρ̂, and thus corresponds to

a three-copy multicopy observable. In quantum optics, Ref. [105] shows that this three-

copy observable can be accessed with passive linear optics and photon-number-resolving

detection. More precisely, the measurement can be decomposed into three passive six-mode

circuits, denoted by ÛD, j with j = 1,2,3, acting on the three replicas of Alice’s and Bob’s modes.

After each circuit, one measures the same photon-number observable

Ĉ = 1

2

(︂
n̂a′

2
n̂b′

3
+ n̂a′

3
n̂b′

2

)︂
, (4.61)

which is diagonal in the output photon-number basis. The determinant is then obtained as

the linear combination

d124 = 〈Ĉ〉1 −〈Ĉ〉2 +〈Ĉ〉3, (4.62)

where

〈Ĉ〉 j = Tr
[︂
Ĉ ÛD, j ρ̂

⊗3Û †
D, j

]︂
. (4.63)

Thus, the experimental procedure consists of preparing three independent replicas of the

same two-mode state, applying the required passive interferometers, and averaging suitable

products of output photon numbers.
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For the two-mode squeezed vacuum introduced in Section 3.2.2.4, i.e.,

|TMSV(λ)〉 =
√︁

1−λ2
∞∑︂

n=0
λn |n〉A |n〉B , (4.64)

with 0 ≤λ< 1, one has

〈â〉 = 〈b̂〉 = 0, 〈â†â〉 = 〈b̂†b̂〉 = λ2

1−λ2
, (4.65)

and

〈âb̂〉 = λ

1−λ2
. (4.66)

The determinant therefore reduces to

d124 = 〈â†â〉〈b̂†b̂〉− |〈âb̂〉|2

= λ4

(1−λ2)2
− λ2

(1−λ2)2

=− λ2

1−λ2
.

(4.67)

Hence, d124 < 0 for any λ> 0, which certifies the entanglement of the two-mode squeezed

vacuum.

In Ref. [105], various multicopy measurements of selected Shchukin–Vogel entanglement

witnesses were proposed. In particular, the minor d124 was shown to provide a stronger

test than the Duan et al. criterion [72] presented in Theorem 2.7. Other minors target

genuinely non-Gaussian features. Indeed, d149 can certify entanglement in some odd two-

mode cat states (see Section 3.2.3.2 for their definition), while d1,9,13 is useful for detecting

the entanglement of NOON states (see Section 3.2.3.3 for their definition).

In the remainder of this thesis, we focus on continuous-variable entanglement. The multicopy

technique is used in Chapter 5 to measure moments of the partially transposed state, and in

Chapter 6 to measure moments of the realigned state.
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5Detecting strongly non-Gaussian
entanglement
The content of this chapter is based on the following published work: Serge Deside, Tobias

Haas, and Nicolas J. Cerf. “Detecting strongly non-Gaussian entanglement”. Physical Review

Research 8, 033064, July 2026 [63].

In this chapter, we develop continuous-variable entanglement criteria based on moments of

the partially transposed state and establish their experimental accessibility through multicopy

interferometry. We benchmark the resulting criteria on Gaussian and non-Gaussian states

and show that they are particularly effective in the strongly non-Gaussian regime, which

includes the entire class of NOON states. We further assess their performance under realistic

experimental imperfections through analytical and numerical studies of losses, noise between

state copies, and finite statistics.

5.1 Introduction

As discussed in Chapter 2, efficiently certifying entanglement becomes particularly challeng-

ing in continuous-variable systems beyond the Gaussian regime. While covariance-matrix

criteria are particularly effective for Gaussian states, the detection of strongly non-Gaussian

entanglement1 generally requires information beyond second moments. States involving

high-order Fock-space coherences, such as NOON states [71, 196], therefore provide a de-

manding benchmark for experimentally accessible criteria.

In this context, criteria implied by the seminal positive partial transpose (PPT) crite-

rion (see Theorem 2.5) and based on partially transposed (PT) moments pn := Tr
[︁(︁
ρ̂TB

)︁n]︁
have recently been developed for discrete-variable systems [80, 169, 252], together with

randomized-measurement schemes for their estimation. Here, we address both their ex-

tension to continuous-variable systems and the development of an experimentally accessible

method for measuring the corresponding moments. The measurement schemes consid-

ered in this chapter rely on particle-number-resolving detection, which is available in both

photonic [40, 162, 188] and ultracold-atom [14, 106, 134, 211] platforms.

1Here, the term strongly non-Gaussian refers qualitatively to (bipartite) states lying well outside the convex
hull of Gaussian states.



68 5.2. PT-moment-based criteria for continuous variables

The chapter is organized as follows. In Section 5.2, we extend the two sets of PT-moment-

based PPT criteria to continuous variables, with particular emphasis on experimentally

relevant third-order conditions. In Section 5.3, we derive their multicopy measurement

schemes and work out passive linear-optics implementations for the second- and third-order

moments. In Section 5.4, we compare the resulting criteria with standard approaches for

Gaussian states, coherent superpositions and mixtures of Gaussian states, and strongly non-

Gaussian states in Fock space. In Section 5.5, we investigate losses, imperfect copies, and

finite statistics, and perform a simulated experiment combining these imperfections. We

conclude in Section 5.6.

5.2 PT-moment-based criteria for continuous variables

We start with extending the pn-PPT criteria reported in [80, 169, 252] to continuous variables,

with an emphasis on criteria involving the first two nontrivial PT moments.

5.2.1 Infinite hierarchies of criteria

5.2.1.1 From the Stieltjes moment problem

The first set of criteria is motivated by the question of whether a given set of PT moments

(p1, . . . , pn), defined via pn = Tr
[︁(︁
ρ̂TB

)︁n]︁
, is compatible with a positive semidefinite partially

transposed state ρ̂TB [169, 252]. Corresponding to a quantum version of the classical Stieltjes

moment problem, compatibility can be certified upon inspecting positivity conditions formu-

lated in terms of Hankel matrices. Given the Hankel matrix over PT moments of increasing

order along rows and columns

Pn =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

p1 p2 p3 · · · p n+1
2

p2 p3 p4 · · ·
p3 p4 p5 · · ·
...

...
...

. . .

p n+1
2

pn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, n = 1,3,5, . . . , (5.1)

the pn-PPT criterion states [169, 252]

ρ̂ separable =⇒ ρ̂TB ≥ 0 ⇐⇒ Pn ≥ 0, ∀ odd n, (5.2)

such that violation of the latter inequality for some n flags entanglement. Note that the

necessary and sufficient part for PPT when considering all moments is discussed in Lemma 4

from Ref. [252].
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Since p1 = 1 and p2 equals the state’s purity Tr
[︁
ρ̂2

]︁
, we need to exploit at least the third-order

PT moment p3 to flag entanglement. Sylvester’s criterion implies

Pn+2 ≥ 0 =⇒ Pn ≥ 0, (5.3)

showing that higher-order criteria are stronger (and larger) sets of conditions on the positivity

of ρ̂TB . Although the set of criteria from Eq. (5.2) has been benchmarked and refined solely

for discrete-variable systems, it readily extends to continuous variables since the Stieltjes-

type moment problem is generally defined over non-negative numbers and, thus, does not

constrain the dimension of the spectrum of the state.

5.2.1.2 From Descartes’ rule of signs

The second set of criteria tests for PPT by linking the eigenvalues of ρ̂TB , more precisely, their

elementary symmetric polynomials, to PT moments via Newton’s identities [169], i.e.,

nen =
n∑︂

j=1
(−1) j−1en− j p j , n = 1,2, . . . , (5.4)

where en denotes the nth elementary symmetric polynomial evaluated at the eigenvalues

{λ1, . . . } of ρ̂TB , defined as

en(λ1, . . . ) := ∑︂
1≤ j1<···< jn

λ j1 · · ·λ jn , (5.5)

with e0(λ1, . . . ) = e1(λ1, . . . ) = 1. Then,

ρ̂ separable =⇒ en ≥ 0, ∀n ∈N, (5.6)

from which conditions on the PT moments can be obtained via Eq. (5.4). Analogously to the

criteria from Eq. (5.2), as a consequence of Descartes’ rule of signs [169], the set of conditions

of Eq. (5.6) becomes equivalent to the non-negativity of ρ̂TB when n →∞ (see Ref. [51]).

While the criteria from Eq. (5.6) have been formulated only for finite-dimensional Hilbert

spaces, their extension to continuous variables is straightforward: Newton’s identities hold

equally for elementary symmetric functions, which formally generalize elementary symmetric

polynomials in the limit of (countably) infinitely many eigenvalues, and so does Descartes’

rule of signs when applied to the characteristic polynomial of an infinite-dimensional matrix.

5.2.2 Third-order criteria

Albeit the apparent outperformance of higher-order criteria, PT moments decrease expo-

nentially when increasing n, thereby complicating entanglement detection in practice. This

follows from |pn | ≤
(︁
p2

)︁n/2 for n ≥ 2, which shows that higher-order PT moments are expo-

nentially suppressed, especially if the considered state is highly mixed.
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On top of that, our proposed measurement scheme for pn requires n replica states, which

further increases the experimental burden for large n (see Section 5.3).

Hence, PT-moment-based entanglement criteria limited to third order, that is, conditions

involving only the purity p2 and moment p3, are of particular relevance for experimental

applications. They are obtained from Eqs. (5.2) and (5.6) by setting n = 3, leading to what we

refer to as the quadratic [80] and linear [169] (in p2) p3-PPT criteria,

ρ̂ separable =⇒ p3 −p2
2 ≥ 0, p3 − 3p2 −1

2
≥ 0, (5.7)

respectively. Here, we have used (for the quadratic criterion) that the positivity of a 2×2 matrix

with positive elements is equivalent to the positivity of its determinant, and (for the linear

criterion) the relations 3e3 = e2 −p2 +p3 and 2e2 = 1−p2. Interestingly, the two conditions

in Eq. (5.7) coincide for pure states (p2 = 1), giving p3 ≥ 1, but also for mixed states with

purity p2 = 1/2, giving p3 ≥ 1/4. In between, the quadratic criterion is stronger than the linear

criterion for p2 < 1/2, and vice versa when 1/2 < p2 < 1.

This observation suggests the existence of an optimal criterion of third order, in the

sense that given only the two lowest-order moments p2 and p3, no stronger condition on the

separability of a state can be found. This is achieved by minimizing p3 with respect to p2 over

PPT states, which results in the optimal p3-PPT criterion [169, 252]

ρ̂ separable =⇒ p3 −αu3 − (1−αu)3 ≥ 0, (5.8)

whereα= ⌊1/p2⌋ denotes the floor function of 1/p2 and u = α+
p
α[p2(α+1)−1]
α(α+1) is a non-negative

number. It is instructive to evaluate Eq. (5.8) when 1/2 < p2 ≤ 1, in which case α = 1,u =
(1+√︁

2p2 −1)/2, such that Eq. (5.8) reduces to the linear criterion. Thus, the linear criterion

is optimal for states of purity 1/2 ≤ p2 ≤ 1. In contrast, both the quadratic and linear criteria

in Eq. (5.7) are outperformed by Eq. (5.8) for mixed states with p2 < 1/2 (see Figure 2 in

Ref. [169]). As already noted in Ref. [252], the optimal p3-PPT criterion of Eq. (5.8) is inherently

independent of the Hilbert space dimension, so it also constitutes a valid entanglement

criterion in the CV regime.

Remarkably, the third-order criteria are both necessary and sufficient conditions for

pure-state entanglement – also in the CV case. This follows directly from the Schmidt decom-

position |ψ〉 =∑︁
i ci |i , i 〉, where ci ∈C are the Schmidt coefficients such that λi = |ci |2 defines

a probability distribution over a countably infinite set. In this case, PT moments reduce to

Lp -norms, i.e., pn = ∥λ∥n
n (pn = ∥λ∥n

n/2) for odd (even) n, which implies pn ≤ 1. Equality for

n ≥ 3 holds if and only if all but one Schmidt coefficients vanish. Hence, pure product states

are characterized by all PT moments being unity, while for pure entangled states, we have

pn < 1 for n ≥ 3.
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5.3 Implementation

We now devise measurement schemes to access PT moments in CV systems. In particular, we

provide passive linear optical circuits to be applied on replicas of the state, from which the two

lowest-order moments, p2 and p3, can be extracted using particle-number measurements.

5.3.1 Multicopy method

On discrete-variable platforms like spin lattices, the PT moments are conveniently estimated

from randomized measurements [80, 169]. However, the efficiency of this ansatz – in terms of

the required measurements to extract a given PT moment with high accuracy – relies heavily

on the Hilbert space dimension of a qubit being small. More precisely, the required number

of measurements to ensure ϵ accuracy for an estimate of pn is on the order of d |AB |/ϵ2 [80],

where d denotes the single-spin Hilbert space dimension and |AB | the total number of spins

of the bipartite system. Therefore, the randomized measurement toolbox breaks down in the

CV regime.

To overcome this limitation, we propose a readout scheme using the multicopy method [29]

already introduced in Chapter 4 (see also [8,79]). This technique has been successfully applied

to entanglement witnessing in various bosonic systems [53, 103, 105, 135, 146], as sketched at

the end of Section 4.2.3. Let us briefly recall it hereafter.

The multicopy method relies on the central observation that any homogeneous polyno-

mial functional of degree n in ρ̂ can be written as

fn(ρ̂) = Tr
[︁
Ônρ̂

⊗n]︁
, (5.9)

where Ôn is a multicopy operator acting on n independently prepared replicas of the state.

For the multicopy operators considered below, their expectation value can be accessed using

passive linear-optical transformations followed by particle-number measurements, as was

done in Refs. [9, 104, 105, 122]. Counting particles is well established experimentally and

is a standard requirement for photonic quantum computing [147, 148, 191, 218], integrated

circuits [166], quantum gas microscopes [14, 106, 134, 211], and when the system under

scrutiny lacks a phase-stable local oscillator, e.g., in High Harmonic Generation [88].
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Given a multicopy observable Ôn , the remaining task is to find a passive unitary transfor-

mation U appropriate for measuring Ôn by counting particles at the output,

(â1, . . . , ân)T 7→U (â1, . . . , ân)T , (5.10)

which can be efficiently decomposed into beam splitters (notice that we use a different

convention than in Section 3.3.1.3)

Bµν(τ) =
(︄ p

τ
p

1−τp
1−τ −pτ

)︄
, (5.11)

of transmissivity τ ∈ [0,1], and phase shifts

Rµ(ϕ) = e−iϕ, (5.12)

with phase ϕ ∈ [0,2π), acting on modes µ,ν= 1, . . . ,n.

5.3.2 Measuring PT moments

The required multicopy observable for accessing the nth PT moment pn on the n-copy state

ρ̂⊗n reads [80]

pn = Tr

[︃
ρ̂⊗n

(︃−̂→
Π

A

n ⊗←̂−
Π

B

n

)︃]︃
=:

⟨︃
· · ·

⟨︃−̂→
Π

A

n ⊗←̂−
Π

B

n

⟩︃
· · ·

⟩︃
,

(5.13)

where
−̂→
Π

A

n and
←̂−
Π

B

n are normal, unitary (but not Hermitian for n > 2) operators corresponding

to cyclic shifts, i.e., permutations, of the Fock basis elements to the right on Alice’s side and to

the left on Bob’s side, that is,

−̂→
Π

A

n |i1, . . . , in〉A = |in , . . . , in−1〉A ,

←̂−
Π

B

n |i1, . . . , in〉B = |i2, . . . , in , i1〉B ,

(5.14)

respectively. Importantly, to evaluate the PT moment pn , it suffices that Alice and Bob mea-

sure
−̂→
Π

A

n and
←̂−
Π

B

n separately on their respective subsystems of the n-copy state, then evaluate

the product of their outcomes (by communicating classically), and finally average over suffi-

ciently many experimental runs. Strictly speaking, the non-Hermitian shift operators are not

measured directly. Rather, as shown below, they are diagonalized by a Fourier transform, after

which their eigenvalues are inferred from measurements of the Hermitian particle-number

operators appearing in their spectral decomposition.
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Figure 5.1: a) Measurement routine for detecting the nth PT moment pn . After preparing n
replicas, that is, independent and identical copies, of the bipartite state of interest, Alice and
Bob separately assess their subsystems A (blue) and B (red), respectively. Both use a Fourier
interferometer of order n, denoted by F(n), see Eq. (5.15), and then measure the particle
numbers on their output modes 2 to n. They obtain pn from the multicopy observable D̂ A

n ⊗
(D̂−1

n )B , see Eq. (5.18). b) Readout of the purity p2. The second-order Fourier interferometer
F(2) is realized by a balanced beam splitter, upon which both Alice and Bob just measure
particle numbers. c) Measurement of the third PT moment p3. The third-order Fourier
interferometer F(3) is implemented by a sequence of three beam splitters and three phase
shifts (only the first is needed in practice), upon which incident particles are counted in the
output modes 2 and 3. Here, Bob’s multicopy observable corresponds to the inverse of Alice’s,
which is reflected in the particle numbers corresponding to the output modes 2 and 3 being
interchanged for Bob.

To devise a suitable multicopy measurement scheme, let us first consider Alice’s side. We

introduce the discrete Fourier transform (DFT)

F(n) = 1p
n

⎛⎜⎜⎜⎜⎝
1 1 · · · 1

1 ωn · · · ωn−1
n

...
...

. . .
...

1 ωn−1
n · · · ω(n−1)(n−1)

n

⎞⎟⎟⎟⎟⎠ , (5.15)

with complex phases ωn = e−2πi /n and rank n. The matrix F(n) describes the transformation

of the mode operators. We denote by Û (n)
F the corresponding passive Fock-space unitary,

defined through (︂
Û (n)

F

)︂†
âkÛ (n)

F =
n∑︂
ℓ=1

[F(n)]kℓ âℓ. (5.16)

The Fourier transformation diagonalizes the right cyclic shift,

−̂→
Πn =

(︂
Û (n)

F

)︂†
D̂nÛ (n)

F , (5.17)

where

D̂n =ω
∑︁n

j=1( j−1)N̂ j

n . (5.18)
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The operator D̂n is diagonal in the output particle-number basis. Since the coefficient associ-

ated with N̂1 vanishes, only the particle numbers in output modes 2 to n need to be recorded.

The corresponding state transformation is

ρ̂⊗n 7−→ Û (n)
F ρ̂⊗n

(︂
Û (n)

F

)︂†
, (5.19)

and therefore

Tr

[︃
ρ̂⊗n−̂→Πn

]︃
= Tr

[︃
D̂nÛ (n)

F ρ̂⊗n
(︂
Û (n)

F

)︂†
]︃

. (5.20)

This procedure can easily be extended to the bipartite case, where Bob measures the

left-shift operator
←̂−
Πn . Using the fact that the latter is the inverse of the right-shift operator

together with the unitarity of the Fourier transform, we find

←̂−
Πn =

(︂
Û (n)

F

)︂†
D̂−1

n Û (n)
F . (5.21)

Therefore, for the readout of the nth PT moment, Alice and Bob need to perform the same nth-

order Fourier interferometer on their respective sides. This results in the state transformation

ρ̂⊗n 7→
[︂
Û (n)

F,A ⊗Û (n)
F,B

]︂
ρ̂⊗n

[︃(︂
Û (n)

F,A

)︂† ⊗
(︂
Û (n)

F,B

)︂†
]︃

(5.22)

and the subsequent measurements [see Figure 5.1a)]

pn = ⟨︁· · ·⟨︁D̂ A
n ⊗ (D̂−1

n )B⟩︁ · · ·⟩︁ . (5.23)

We note here that this implementation is reminiscent of the method put forward in Ref. [53]

to access Rényi entropies, i.e., moments of the state ρ̂ itself. The key difference in our case –

the partial transpose ρ̂TB – results in Bob having to measure the inverse of Alice’s observable.

Alternatively, one may use the identity
←̂−
Πn = Û (n)

F D̂n

(︂
Û (n)

F

)︂†
, showing that the left shift

operator can also be diagonalized by applying an inverse Fourier transform. In this case,

Alice and Bob would have to measure precisely the same observables, but Bob would have to

reverse the optical circuit Alice used.

5.3.3 Optical circuits for low-order moments

It is left to decompose the DFT of Eq. (5.15) into passive optical elements. In general, any

n-mode passive linear-optical unitary can be decomposed into at most n(n − 1)/2 beam

splitters (each possibly followed by a phase shift), which stems from the decomposition of

the n-dimensional unitary group U (n) into U (2) subgroups [37, 47, 187]. In the following, we

explicitly devise optical circuits implementing F(2) and F(3), enabling the measurements of

p2 and p3, respectively.
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5.3.3.1 Purity p2

The protocol for obtaining the state’s purity using two copies is arguably the most prominent

application of the multicopy method [9, 29, 53, 104] (see Section 4.2.1) and has been success-

fully implemented in cold-atom systems [135, 146] and integrated photonic devices [101]. It is

well known that the two-mode DFT is nothing but a 50:50 beam splitter operation, i.e.,

F(2) = 1p
2

(︄
1 1

1 −1

)︄
. (5.24)

Note that in this case, the DFT matrix is involutory; i.e., F−1(2) = F(2) since a shift in any

direction corresponds to the swap operation, which is another way of seeing that p2 equals

the purity. Hence, a single beam splitter on each side suffices for Alice and Bob to access p2.

The multicopy observable after the beam splitter has been applied reads

p2 =
⟨︃⟨︃

ω
N̂ A

2
2 ⊗ωN̂ B

2
2

⟩︃⟩︃
=

⟨︂
(−1)N̂ A

2 +N̂ B
2

⟩︂
(5.25)

and relates to a parity measurement of the total particle number across the second modes,

specifically, the output modes displaying destructive interference. Thus, the experimental

procedure consists of Alice and Bob counting the number of particles in these modes, sharing

their information via classical communication, and assigning the values +1 or −1 for an even

or odd total number of particles, respectively, and thereupon averaging over sufficiently many

experimental runs [see Figure 5.1b)].

5.3.3.2 Third-order PT moment p3

Following Eq. (5.15), the third-order DFT evaluates to

F(3) = 1p
3

⎛⎜⎜⎝
1 1 1

1 e−i 2π
3 e i 2π

3

1 e i 2π
3 e−i 2π

3

⎞⎟⎟⎠ , (5.26)

whose implementation requires a combination of three beam splitters and three phase shifts,

namely,

F(3) = R3

(︂π
6

)︂
R2

(︂
−π

6

)︂
B23

(︃
1

2

)︃
R3

(︂π
2

)︂
B13

(︃
2

3

)︃
B12

(︃
1

2

)︃
(5.27)

[see Figure 5.1c)]. However, as we conduct particle-number measurements at the output, the

two last phase shifts of ±π/6 (light gray) can be left out.
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Then, the third-order PT moment p3 is encoded in the multicopy observable

p3 =
⟨︃⟨︃⟨︃

ω
N̂ A

2 +2N̂ A
3

3 ⊗ω2N̂ B
2 +N̂ B

3
3

⟩︃⟩︃⟩︃
=

⟨︃(︂
e−2πi /3

)︂N̂ A
2 +2N̂ A

3 +2N̂ B
2 +N̂ B

3

⟩︃
.

(5.28)

Importantly, the prefactors of Alice’s number operators appearing in the exponent are now

interchanged for Bob’s. Although each experimental outcome is assigned a generally complex

phase, their statistical average equals p3, which is real because ρ̂TB is Hermitian.

5.4 Benchmarks

Next, we benchmark the detection capabilities of the various third-order criteria discussed

in Section 5.2.2. We discuss their performance in the form of a general comparison to other

strong criteria, upon which we explore a variety of typical state families. This includes Gaus-

sian states and strongly (also referred to as quantum [241]) non-Gaussian states – divided into

superpositions of coherent or Fock states – including, e.g., NOON states, whose entanglement

is known to be hard to certify.

5.4.1 Comparison

5.4.1.1 Shchukin–Vogel criteria

As already discussed in Section 4.2.3, the well-known Shchukin–Vogel hierarchy constitutes

another complete set of criteria testing for PPT [163, 164, 209]. In contrast to PT-moment-

based criteria, they involve moments of mode operators. The central idea is that the partially

transposed state ρ̂TB is non-negative if and only if Tr
[︁(︁
ρ̂TB

)︁
f̂ † f̂

]︁≥ 0 for all normally ordered f̂ .

It is convenient to expand f̂ =∑︁
i , j ,k,l ci j kl â†i â j b̂†k b̂l for some complex-valued c, leading to

a reformulation in terms of the matrix Dqr st ,i j kl = Tr
[︁
ρ̂ â†r âq â†i â j b̂†t b̂s b̂†k b̂l

]︁
, namely [105],

∑︂
q,r,s,t
i , j ,k,l

c∗qr st ci j kl D̃qr st ,i j kl ≥ 0, (5.29)

for all complex c. This is, in fact, equivalent to all principal minors of D̃ being non-negative,

as implied by Sylvester’s criterion. A specific criterion is then obtained by choosing a certain

f̂ (or equivalently c), which corresponds to selecting some submatrix of D̃. For instance,

setting f̂ = c1 +c2â +c3b̂ leads to a second-order criterion that is necessary and sufficient for

Gaussian entanglement.
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It is natural to ask how Eq. (5.29) relates to PT-moment-based criteria. When considered

over all c, the three infinite hierarchies from Eqs. (5.29), (5.2), and (5.6) are all equivalent

to PPT. Still, their main conceptual difference is that while practically useful criteria of the

Shchukin–Vogel hierarchy comprise only a few low-order mode-operator moments, PT mo-

ments can involve mode-operator moments of arbitrarily high order, depending on the state.

To make a more precise statement, we derive a relation between the linear p3-PPT cri-

terion of Eq. (5.7) and Eq. (5.29). Starting from the state’s normally ordered expansion

ρ̂ = ∑︁
i , j ,k,l ρi j kl â†i â j b̂†k b̂l for complex-valued ρ, normally ordering its powers allows to

write any PT moment as

pn = ∑︂
i , j ,k,l

[︁
pn−1(ρ)

]︁
i j kl d̃i j lk , (5.30)

where d denotes the matrix of mode-operator moments di j kl = Tr
[︁
ρ̂ â†i â j b̂†k b̂l

]︁
. Note here

that d̃i j lk = di j kl , and hence moments of the partially transposed state correspond to re-

ordered moments of the state itself. Further, pn ’s, as defined in (5.30), are polynomials in ρ

of order n that arise by repeatedly applying the bosonic commutation relations to ensure

normal order in the trace. For the two lowest-order polynomials p1 and p2, which are required

for p2 and p3, respectively, we obtain

[p1(x)]i j kl = x,

[p2(x)]i j kl =
∑︂

q,r,s,t

min(q,s)∑︂
u=0

min(r,t )∑︂
v=0

u! v !

(︄
q

u

)︄(︄
s

u

)︄(︄
r

v

)︄(︄
t

v

)︄
xi−s+u q r l−t+v xs j−q+u k−r+v t .

(5.31)

We find a similar decomposition for the Shchukin–Vogel criteria after normally ordering

f̂ † f̂ , namely,

Tr
[︂(︁
ρ̂TB

)︁
f̂ † f̂

]︂
= ∑︂

i , j ,k,l
[f2(c)]i j kl d̃i j lk ≥ 0, (5.32)

where f2 is defined in analogy to p2, with the main difference being that indices are slightly

reordered since f2 stems from f̂ † f̂ , whereas p2 stems from
(︁
ρ̂TB

)︁3
. In general, the map c 7→ f2(c)

is not surjective for complex-valued c. However, when identifying linear combinations of

Eq. (5.30) with Eq. (5.32), f2(c) must be Hermitian, in which case it can always be expressed as

a bilinear form of some complex-valued c.

Therefore, the linear p3-PPT criterion of Eq. (5.7) equals the Shchukin–Vogel criterion of

Eq. (5.32), with the matrix c being defined implicitly via [f2(c)]i j kl =
[︁
p2(ρ)

]︁
i j kl − (3/2)ρi j kl +

(1/2)δi 0δ j 0δk0δl0. This shows that the set of mode-operator moments constrained by a

PT-moment-based criterion depends solely on the state and can, in principle, range up to

arbitrarily high orders – a crucial property for capturing higher-order correlations (we provide

a worked-out example for NOON states in Appendix A.4.1). Given that the efficient readout of

low-order Shchukin–Vogel criteria also requires multiple copies [105], the herein proposed

scheme is expected to outrange the Shchukin–Vogel method for strongly non-Gaussian states

in terms of both detection capability and experimental resources (see, e.g., Section 5.4.4.1).
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5.4.1.2 Criteria based on non-local variables

In another common approach, PPT is assessed via the non-local quadrature operators

x̂± = x̂A ± x̂B and p̂± = p̂ A ± p̂B from the EPR argument [76]. By noting that taking the partial

transpose in subsystem B translates into pB →−pB in phase space [216], physicality (meaning

non-negativity) of ρ̂TB implies that uncertainty relations must be fulfilled by the mixed com-

muting variable pairs (x̂±, p̂∓) for all separable states. More generally, uncertainty relations

provide another way to construct separability criteria and entanglement witnesses [57].

Many entanglement criteria have been formulated in terms of the outcome distributions of

a homodyne measurement f±(x±) = 〈x±|ρ̂|x±〉, g∓(p∓) = 〈p∓|ρ̂|p∓〉. This includes constraints

on their second moments, such as σ2
x± +σ2

p∓ ≥ 2 [72] (see Theorem 2.7, and also [99, 151,

160, 216, 244]), and entropies, like h( f±)+h(g∓) ≥ log(2πe) [239] (see Theorem 2.10, and

also [195, 200, 228, 238]). Recently, entanglement criteria were introduced for the Husimi-Q

distribution Q±(x±, p∓) associated with a heterodyne measurement, ranging from entropic

variants h(Q±) ≥ log(2e) [84] (see also [85]) to majorization relations Q± ≺Q±,vacuum [92, 93].

While all these methods fully characterize Gaussian entanglement, the entropic criteria

also witness some forms of non-Gaussian entanglement, such as superpositions of Gaussian

states, e.g., the entangled cat state (see Section 5.4.3.1) and close-to-Gaussian states, e.g.,

the Hermite-Gauss state [see Eq. (5.50)]. However, entanglement cannot be certified over

the whole parameter range in both cases. Additionally, strongly non-Gaussian entanglement

arising from finite superpositions in Fock space is entirely overlooked. Thus, such methods are

efficient when dealing with Gaussian and Gaussian-like entanglement, but remain insensitive

beyond.

Intuitively, this is rooted in how (quantum) correlations are analyzed: The non-local

variables (x±, p∓) are linear and hence capture mostly linear correlations between the two

subsystems, while lacking information about higher-order correlations. Therefore, we expect

our method to outrange all criteria based on EPR-type variables in the strongly non-Gaussian

regime (see, e.g., Section 5.4.4).

5.4.2 Gaussian entanglement

5.4.2.1 Symplectic formalism and Simon’s criterion

It is convenient to group the two pairs of canonical operators into a single vector in phase

space as

χ̂= (x̂1, p̂1, x̂2, p̂2)T . (5.33)

Then, the canonical commutation relations take the form
[︁
χ̂ j ,χ̂ j ′

]︁= iΩ j j ′ 1̂, whereΩ denotes

the symplectic metric. We denote with the “~” symbol partially transposed-state quantities.
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A partially transposed Gaussian state is fully characterized by its mean vector and covariance

matrix

χ̃= Tr
[︁(︁
ρ̂TB

)︁
χ̂

]︁
, γ̃ j j ′ = Tr

[︁(︁
ρ̂TB

)︁ {︁
χ̂ j ,χ̂ j ′

}︁]︁−2χ̃ j χ̃ j ′ , (5.34)

respectively. While the former is irrelevant for separability, the latter is non-negative for all

states but fulfills the stronger condition γ̃+ iΩ≥ 0 if and only if ρ̂ is Gaussian and separable,

which is known as Simon’s criterion [216], see Theorem 2.9 (other well-known criteria have

been introduced by Duan et al. [72], see Theorem 2.7, and Mancini et al. [99, 160], see Theo-

rem 2.8). It can be recast into a simple form in terms of the so-called symplectic eigenvalues

of γ̃. To this end, we employ Williamson’s theorem [246] introduced in Section 3.3.1.1, which

ensures the existence of a symplectic matrix S that diagonalizes the covariance matrix such

that S γ̃S T = diag(ν̃1, ν̃1, ν̃2, ν̃2), where ν̃1 and ν̃2 denote the symplectic eigenvalues. Hence,

a Gaussian state is separable if and only if

ν̃1, ν̃2 ≥ 1 (5.35)

[see the straight black curves in Figures 5.2a) and 5.2b)].

5.4.2.2 pn-PPT criteria for Gaussian states

A closed formula for the nth moment of a Gaussian state in terms of its symplectic eigenvalues

has been derived in [204, 206]. For the partially transposed state, it reads

pn =
2∏︂

j=1

2n

(ν̃ j +1)n − (ν̃ j −1)n
. (5.36)

For n = 2 and n = 3, the formula evaluates to

p2 = 1

ν̃1ν̃2
= 1√︁

det γ̃
, p3 = 16(︁

1+3ν̃2
1

)︁(︁
1+3ν̃2

2

)︁ , (5.37)

respectively. Hence, a Gaussian state is pure if and only if the product of symplectic eigen-

values equals unity, i.e., ν̃1ν̃2 = 1. This implies that all states have to respect the physicality

condition ν̃1ν̃2 ≥ 1 (see dashed black curves) Notice that ν̃1ν̃2 = ν1ν2 is ensured by symplectic

matrices having unit determinant.

With Eq. (5.37) at hand, we can express the p3-PPT criteria in terms of the symplectic

eigenvalues (ν̃1, ν̃2) only. The quadratic p3-PPT criterion reads (blue curves)

7ν̃2
1ν̃

2
2 −3

(︁
ν̃2

1 + ν̃2
2

)︁−1 ≥ 0, (5.38)

while the linear criterion evaluates to (green curves)

(ν̃2
1 +3ν̃2

1ν̃
2
2 + ν̃2

2)(ν̃1ν̃2 −3)+11ν̃1ν̃2 −1 ≥ 0. (5.39)
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It is straightforward to check that both conditions and the optimal criterion (red curves)

are implied by Simon’s criterion of Eq. (5.35), showing that all three are necessary but not

sufficient conditions for Gaussian separability. Sufficiency is retained in the limit n →∞, see

Appendix A.1.2, in accordance with PPT being equivalent to separability for 1×1 Gaussian

states [244].

5.4.2.3 Optimal PT-moment-based criterion for Gaussian entanglement

When expressing Simon’s criterion of Eq. (5.35) through the two lowest-order PT moments p2

and p3, we find that a Gaussian state is separable if and only if

p3 ≥
4p2

2

3+p2
2

, (5.40)

which is the optimal p3-PPT criterion for Gaussian entanglement (see straight black curves).

However, note that this criterion is biased in the sense that it only holds under the assumption

that the underlying state is of Gaussian form. Translating also the physicality condition

ν̃1ν̃2 ≥ 1 to PT moments by using ν̃2 = 1/(ν̃1p2) for p3 and maximizing over ν̃1 yields an upper

bound constraining all Gaussian states (see dashed black curves)

p3 ≤
(︃

4p2

3+p2

)︃2

. (5.41)

Of course, one might argue that requiring copies of an entangled Gaussian state to witness its

entanglement is unnecessarily demanding; however, the method becomes powerful in the

non-Gaussian regime.

5.4.3 Strongly non-Gaussian entanglement from coherent states

5.4.3.1 Mixed entangled cat states

Non-Gaussianity naturally arises from mixtures of Gaussian states, while coherent superposi-

tions are required to generate strongly non-Gaussian states, for which Schrödinger cat states

display an important example [241, 253]. In the following, we consider the dephased [even (+)

or odd (−)] entangled Schrödinger cat states

ρ̂ = 1

C

[︁|α,β〉〈α,β|+ |−α,−β〉〈−α,−β|± (1− z)
(︁|α,β〉〈−α,−β|+ |−α,−β〉〈α,β|)︁]︁ , (5.42)

with normalization C = 2
[︁
1± (1− z)e−2(|α|2+|β|2)

]︁
, displacements α,β ∈C, and mixing (dephas-

ing) parameter2 z ∈ [0,1].

2Centering both cats (α=β= 0), i.e., reducing the state to the vacuum, requires z > 0 for a well-defined state.
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The state’s purity decreases monotonically3 for increasing z, with p2 = 1 if and only if z = 0,

and p2 = 1/2 for z = 1 and |α|, |β| →∞. When z = 1, α = 0, or β = 0, the state of Eq. (5.42)

is separable, but entanglement is challenging to reveal for odd cat states: Second-moment-

based criteria fail to witness entanglement, while entropic criteria flag entanglement only if

the two cats are well separated, i.e., beyond |α| = |β|≳ 3/2 [84, 195, 239].

We provide expressions for the second and third PT moments in Appendix A.2. Since

p2 ≥ 1/2 over the full parameter range, the linear criterion is optimal. Entanglement is always

witnessed for even cat states (as in Ref. [95]). For odd cat states, we obtain the separability

condition

|α|2 +|β|2 ≤−1

2
ln(1− z) (5.43)

[see Figure 5.2c)]. For given z, entanglement is certified in the complement of a disk of radiusp−(1/2) ln(1− z) in the (|α|, |β|)-plane. For |α| = |β|, this amounts to |α| ≥p− ln(1− z)/2 (see

inset), which is smaller than 3/2 up to z = 1−e−9 ≈ 0.99988. Hence, all entropic criteria are

outperformed by the p3-PPT criteria. Note also that entanglement is certified for all |α|, |β| > 0

when the state is pure (z = 0).

5.4.3.2 High Harmonic Generation (HHG)

Assessing entanglement by counting photons is particularly relevant for applications where

other standard readout methods are inapplicable. A prime example of recent interest is the

process of High Harmonic Generation (HHG), in which intense laser fields are directed at

atomic media to generate high-order harmonics of the driving field [86]. In the strongly inter-

acting regime, i.e., when the generated light lies in the extreme ultraviolet (XUV) spectrum, a

phase-stable reference beam is often lacking, thereby preventing quadrature measurements

via both the homodyne and heterodyne detection protocols [88].

In a recently proposed multimode quantum description of HHG, the initial coherent-state

driving field α (mode 1) is depleted by δα> 0, which causes displacements χ j in the N −1

harmonic modes j = 2, . . . , N , leading to entanglement between the driving laser and the

higher harmonics, as well as among the harmonics themselves [222]. The corresponding

global state reads

|ψ〉 = 1p
C

(︂
|α−δα〉⊗N

j=2 |χ j 〉−〈α|α−δα〉 |α〉⊗N
j=2 〈0 j |χ j 〉 |0 j 〉

)︂
, (5.44)

with normalization C = 1−e−|δα|2−∑︁N
j=2 |χ j |2 .

In the following, we consider all harmonic modes to be displaced equally, i.e., χ=χ j , in

which case |χ|∝ |δα| by energy conservation and only odd harmonics are populated.

3The only exception being when |α|, |β|≲ 1 for the odd cat state.
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We analyze entanglement across the bipartition of the driving field and one harmonic de-

scribed by the mixed state

ρ̂ = Tr j>2
[︁|ψ〉〈ψ|]︁ ; (5.45)

see Appendix A.3 for an explicit expression and the corresponding PT moments.

Entanglement is detected by the linear p3-PPT criterion (optimal because p2 ≥ 1/2 in the

considered regime), also for many harmonic modes [see Figure 5.2d)]. Note that the purity p2

is monotonically increasing with δα, and that p2 = 1 for N = 1, while p2 ≳ 4/5 for all N > 1.

The amount of entanglement behaves very similarly when considered as a function of δαwith

a pure product state being attained in the limit δα→∞, see also Figure 3 in Ref. [222], and

hence entanglement is harder to certify for more pure states. Further, we observe a decrease

in absolute violation for increasing N , as the entanglement is split among more modes.

It was proposed in Ref. [222] that entanglement can be enhanced by using conditioning

measurements on complementary modes instead of the partial trace. In this case, the re-

maining bipartition is always pure, and thus entanglement is fully witnessed by any p3-PPT

criterion.

5.4.4 Strongly non-Gaussian entanglement from Fock states

5.4.4.1 NOON states

Entanglement detection is hardest when considering finite superpositions in Fock space. Of

particular importance is the class of bosonic NOON states [196]

|ψ〉 =α |N ,0〉+β |0, N〉 , (5.46)

with mode population N ∈N+ and phases α,β ∈C constrained by |α|2 +|β|2 = 1 due to state

normalization. This class comprises the first two Bell states for N = 1 and α = 1/
p

2,β =
±1/

p
2, and the Hong-Ou-Mandel state for N = 2 and α=−β= 1/

p
2. States of the form of

Eq. (5.46) have successfully been prepared deterministically for N ≤ 2, e.g., using Hong-Ou-

Mandel interferometry. In contrast, higher-order NOON states with N > 2 were generated

probabilistically by additionally invoking post-selection (see Refs. [3, 136, 165, 168, 189, 219,

242]). Although NOON states are evidently entangled whenever neither of the complex

phases is zero, detecting their entanglement is notoriously difficult – both theoretically and

experimentally. Non-local EPR-type criteria – whether based on second moments or entropies

– never flag entanglement [72,84,85,92,93,99,160,195,200,228,238,239], while mode-operator-

based criteria require moments up to order 2N [35], for which no practical readouts exist

when N becomes large. For instance, a recent criterion formulated for a spin-like multicopy

observable encoding fourth-order moments witnesses entanglement only up to N = 2 [105].
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Figure 5.2: a) Detected Gaussian entanglement by PT-moment-based criteria of order 3
(shaded regions) in terms of the symplectic eigenvalues ν̃1, ν̃2. The set of physical Gaussian
states constrained by ν̃1ν̃2 ≥ 1 (above and to the right of the black dashed line) is divided by
Simon’s criterion (5.35) (black straight line) into separable (ν̃1 ≥ 1 and ν̃2 ≥ 1) and entangled
(ν̃1 < 1 or ν̃2 < 1) regions. The performance across the criteria is governed by the purity p2,
with the tipping point at p2 = 1/2 (yellow dashed line). This purity is realized, for instance,
by a two-mode squeezed state at finite temperature, see Appendix A.1.1, with n̄ = (

p
2−1)/2

particles per mode. No third-order criterion detects entanglement when ν1 ≲ 1,ν2 ≫ 1 (or
vice versa). b) Complementary analysis in terms of the PT moments p2 and p3. c) Certified
entanglement for the odd Schrödinger cat state (5.42) by the optimal (= linear since p2 ≥ 1/2)
p3-PPT criterion for various mixing parameters z = 0,0.5,0.9,0.99 (blue, green, red, and yellow,
respectively) and (without loss of generality real) phases α,β. Entanglement is flagged well
below α = β ≈ 3/2 (see inset), thereby outperforming all entropic methods. d) Absolute
violation of the linear p3-PPT criterion for the entanglement between the driving field and
the first harmonic mode in High Harmonic Generation (HHG), see Eq. (5.45), as a function of
the (without loss of generality real) depletion δα of the laser field for various total numbers
of excited harmonics N . Entanglement is witnessed over the full parameter range. e) The
same as in panel d) for the family of NOON states (5.46) as a function of the (without loss
of generality real) phase α. Entanglement is detected for all mode numbers N and α ̸= 0,1,
with the strongest violation −3/4 occurring at α= 1/

p
2 ≈ 0.707, independent of N . All other

standard methods are significantly outperformed.
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Since NOON states are pure (p2 = 1), their entanglement is certified by all third-order

criteria. More precisely, after a straightforward calculation, we find for p3

p3 = Tr
[︂
|α|6 |N ,0〉〈N ,0|+αβ∗|α|2|β|2 |N , N〉〈0,0|

+α∗β|α|2|β|2 |0,0〉〈N , N |+ |β|6 |0, N〉〈0, N |
]︂

= |α|6 +|β|6.

(5.47)

Remarkably, this result is independent of the mode population N (which generalizes to all

PT moments) and p3 is strictly less than unity if and only if α or β ̸= 0 [see Figure 5.2e)]. This

demonstrates that PT-moment-based criteria significantly outperform all other approaches

in the strongly non-Gaussian regime (see Appendix A.4.1 for an in-depth analysis of which

mode-operator-moments appear in the PT moments). These findings also persist under

realistic experimental constraints, which effectively render the underlying state mixed (see

Section 5.5.2).

5.4.4.2 Other pure-state families

In the following, we list a few important pure entangled states that belong to the class of

strongly non-Gaussian states, which are all automatically witnessed by any p3-PPT criterion.

Some of them are typical benchmarks for entanglement criteria, while others are of particular

experimental relevance.

• Entangled Fock-state superpositions

|ψ〉 =
N ,N ′∑︂
j , j ′=0

c j j ′ | j , j ′〉 , (5.48)

which includes, e.g., the photonic qutrit state [190,239] |ψ〉 = (︁p
2 |0,0〉+ |2,0〉+ |0,2〉)︁/2,

whose entanglement remains undetected by entropic methods [84, 85, 92, 93, 195, 200,

228, 238, 239].

• Photon-added and photon-subtracted states, which are obtained by adding or subtract-

ing photons from a pure Gaussian state, i.e.,

|ψ+〉∝
(︂
â†

)︂ j |ψGauss〉 , |ψ−〉∝ (â) j |ψGauss〉 , (5.49)

respectively [241]. Both processes enhance the entanglement in the initial Gaussian

state. Therefore, entanglement is typically witnessed also by second-moment criteria

as long as j remains small [72, 99, 151, 160, 216, 244].
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• The Hermite-Gauss state described by the wavefunction [190, 239]

ψ(x1, x2) = x1 +x2√︂
πσ−σ3+

e
−
(︁

(x1+x2)2

4σ2+
+ (x1−x2)2

4σ2−

)︁
, (5.50)

whose generation involves the non-Gaussian input |0,1〉 fed into a Gaussian circuit [121].

No entropic criterion detects entanglement over the full parameter range, i.e., when

σ+,σ− > 0 [84, 85, 92, 93, 195, 200, 228, 238, 239].

5.5 Application

Robustness to experimental imperfections is an essential requirement of any practically

useful entanglement criterion. First, we discuss typical sources of errors encountered in our

detection schemes and how to model them. Then, we explore their influence in detail for

NOON states.

5.5.1 Imperfections

We are interested in the three main types of imperfections: the inherent losses that occur in

state preparation, the optical circuit and detection; the noise-induced discrepancies between

different state copies; and the limitations of finite measurement statistics.

5.5.1.1 Losses

Particle losses are inevitable in the preparation process of a given input state ρ̂, the optical cir-

cuit, and the detection of single particles. With advances in superconducting photon-number-

resolving detectors, efficiencies in photonic setups are now on the order of ∼ 95% [162, 188]

and single photons can be resolved up to 100 photons [40] (see also [218] and references

therein). In ultracold atom experiments, quantum gas microscopes enable single-particle

resolution up to ∼ 1000 particles [14, 134, 211] (see [106] for a review). Therefore, losses are

most detrimental during state preparation and optical processing.

The effect of losses is conveniently characterized by a lossy quantum channel Lτ, where

τ is the loss parameter, being unity in the lossless case [243]. Since losses can primarily be

attributed to the optical circuit, we assume equal losses for both subsystems A and B , as well

as among the copies of ρ̂ (on average, see below), which results in the input-state modification

ρ̂→ (Lτ⊗Lτ)(ρ̂). (5.51)
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This quantum channel can be represented via its Stinespring dilation as the interference of

the state of interest with a vacuum state |0〉〈0|E on a beam splitter with transmissivity τ ∈ [0,1],

after which the environmental mode E is traced out, that is,

Lτ(ρ̂A) = TrE

[︂
B̂ AE (τ)

(︁
ρ̂A ⊗|0〉〈0|E

)︁
B̂ †

AE (τ)
]︂

, (5.52)

for subsystem A, and analogously for B .

5.5.1.2 Noisy copies

In real-world experiments, input-state and circuit parameters can vary from one experimental

realization to another. The resulting variations among the state copies and subsequent

experimental runs are commonly referred to as noise. We account for both effects by drawing

any continuous parameter x, such as the complex phase α of the input state or the loss

parameter τ, from a narrow Gaussian distribution with standard deviation δx ≤ x/10 centered

around the corresponding expected value x.

We note that noise is sometimes accounted for by replacing the environmental vacuum

state in Eq. (5.52) with a thermal state, where the mean particle number acts as the noise

parameter, corresponding to a noisy and lossy channel [243]. Although we expect the resulting

effects to be very similar, this modeling presents two practical drawbacks. First, mixing the

input with a thermal state leads to (exponentially suppressed) excitations of arbitrarily high

Fock states. Therefore, any reasonable numerical simulation of our method would require

truncating the Fock spectrum above a specific threshold. Second, while this approach handles

the noise during state preparation and within the optical circuit, it does not take into account

fluctuations between different experimental realizations.

5.5.1.3 Finite statistics

In every experiment, an observable of interest is ultimately estimated from a finite number

of repetitions of the experiment, which can greatly influence the statistical significance

of the expected outcome. In the context of entanglement detection, where the standard

smoking-gun signal is the negativity of some witness function, finite statistics can significantly

deteriorate detection capabilities by resulting in small confidence intervals.

We analyze the statistical behavior of the PT moments and the third-order criteria in

terms of the means and variances of their estimators when sampled from k independent and

identically distributed (i.i.d.) experimental runs.
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We define the estimate of pn based on k samples as

p(k)
n := 1

k

k∑︂
i=1

pn,(i ), (5.53)

where pn,(i ) =ω
∑︁n

j=1( j−1)
[︂

N A
j ,(i )−N B

j ,(i )

]︂
n , with N A

j ,(i ) representing the number of particles in Alice’s

j th mode during experiment i (analogously for Bob) and pn,(i ) being an i.i.d. complex random

variable.

By linearity of the expectation value, we have

E
[︂

p(k)
n

]︂
= E

[︁
pn,(i )

]︁= pn . (5.54)

Further, Var
[︁
pn,(i )

]︁= E
[︂⃓⃓

pn,(i )
⃓⃓2

]︂
− ⃓⃓

E
[︁
pn,(i )

]︁⃓⃓2 = 1−p2
n , where |pn,(i )| = 1 since pn,(i ) is one of

the n roots of unity. Then, the variance of p(k)
n is simply

Var
[︂

p(k)
n

]︂
= 1−p2

n

k
. (5.55)

Upon defining the estimators for the linear and quadratic criteria given in Eq. (5.7) as

W (k)
l

:= p(k)
3 − 3p(k)

2 −1

2
, W (k)

q := p(k)
3 − k|p(k)

2 |2 −1

k −1
, (5.56)

which ensures unbiased estimators

E[W (k)
l ] = p3 − 3p2 −1

2
, E[W (k)

q ] = p3 −p2
2, (5.57)

we obtain the variances

Var
[︂

W (k)
l

]︂
= 1−p2

3

k
+ 9

4

1−p2
2

k
, Var

[︂
W (k)

q

]︂
= 1−p2

3

k
+ 2(1−p2

2)[1+ (2k −3)p2
2]

k(k −1)
. (5.58)

5.5.2 NOON states – a case study

5.5.2.1 Analysis of individual errors

We analyze the influence of all considered experimental imperfections on the prospects of

witnessing higher-order NOON-state entanglement with our proposed method. To this end,

we first incorporate losses following Eq. (5.52), which renders the underlying state mixed,

thereby impeding entanglement detection. Expressions for the resulting state and its PT

moments can be found in Appendix A.4.2.
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We show the absolute violation of the optimal p3-PPT criterion as a function of the loss

parameter τ for balanced (α= 1/
p

2) NOON states up to N = 10 in Figure 5.3a). As N increases,

fewer losses are tolerable for the state’s entanglement to remain certified (see colored rings

for the zero crossings). However, even for high occupations (N = 10), our method detects

entanglement up to ∼ 20% loss (note that entanglement is never certified when losses exceed

50% – regardless of N – although the states remain entangled).

To investigate noise effects (and to be able to sample the PT moments), we have to

calculate the photon-number distributions at the outputs of the two circuits required for

measuring p2 and p3, see Figures 5.1b) and 5.1c), respectively – with generally different state

and loss parameters for both subsystems and all copies. Note that this task resembles boson

sampling [1], which becomes inefficient on a classical computer rapidly with increasing N .

Therefore, we restrict to N = 1 for the analysis of noise and also for a full simulation of the

experiment. We provide explicit expressions for the case where all parameters are equal and

show the resulting output distributions for various loss parameters τ in Appendix A.4.3.

We depict the impact of imperfect state copies on entanglement detection for N = 1 in

Figure 5.3b). In both panels, the first copy remains unaltered (α1 = 1/
p

2 and τ1 = 0.9,0.75,0.6

corresponding to the blue, red, and green regions, respectively), while the second and third

copies are described by arbitrary (α2,τ2) and (α3,τ3), respectively. We examine noisy phases

in the left panel and noisy losses in the right panel. In all cases, entanglement is certified

substantially beyond the perfect-copy scenario (see points). We observe a maximum of

≈ 30% allowed variations for τ= 0.6 (green). This marks the minimum tolerance among the

considered cases, thereby demonstrating strong robustness against noisy state copies.

At last, we study statistical effects. Using Eq. (5.58), we compute the least amount of

samples needed to witness entanglement with the quadratic criterion within one standard

deviation [see Figure 5.3c)]. For the Bell state (N = 1), only ≈ 10 samples are required at 10%

losses (blue point), while ≈ 103 samples are still sufficient in the very lossy regime τ = 0.6

(green point). Remarkably, our method certifies higher-order NOON entanglement up to

N = 10 at ≈ 15% losses for a reasonable measurement budget of 105 experimental runs,

showcasing its efficiency also in the strongly non-Gaussian regime.

5.5.2.2 Full simulation

To complete the picture, we combine all sources of imperfections by sampling from the

photon-number-output distribution of the lossy and noisy Bell state (N = 1,α= 1/
p

2). For

each individual copy and each experimental run, we draw the phases α and the losses τ

from Gaussian distributions centered around α= 1/
p

2 and τ= 0.9,0.75,0.6 (blue, red, green),

respectively, and with standard deviations 5% and 0.05, respectively, to represent the overall

noisiness of a real-world experiment. Then, we compute the optimal p3-PPT criterion for a

given number of samples, which we repeat 500 times to gather statistics on the mean and its

error.
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Figure 5.4: Simulated experiment for detecting the entanglement of the first NOON state
(N = 1), including the effects of losses, noisy copies, and finite statistics. We plot the absolute
violation of the optimal p3-PPT criterion over the number of samples. The data points and
their error bars representing one standard deviation are obtained after averaging over 500
repetitions. The dashed horizontal lines depict the perfect-copy (but still lossy) case. At
the same time, the surrounding shaded areas indicate the one standard deviation intervals
from the analytical error model for the linear criterion [see Eq. (5.58)]. Given that all curves
fall below zero for less than 103 samples, our method is capable of detecting strongly non-
Gaussian entanglement in a close-to-experimental setting.

We showcase the performance of the optimal criterion as a function of the sample size

in Figure 5.4. The simulated data points fluctuate around the analytical predictions (dashed

lines, with losses taken into account), and their one-standard-deviation intervals fall within

the analytical error bounds of the linear witness [cf. Eq. (5.58)]. For a detailed comparison of

the three third-order criteria and the error models without additional noise effects, we refer

to Appendix A.4.4. We observe that entanglement is witnessed within one standard deviation

up to 40% loss using 103 samples only (green points and curves), which is well within the

capabilities of current experimental technologies. To conclude, our method remains robust

against the typical errors occurring in a realistic experimental setting for the studied cases.

5.6 Discussion

In summary, we generalized entanglement criteria based on moments of the density operator’s

partial transpose to continuous variables and exploited the multicopy approach in order to

access low-order PT moments.
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Our measurement schemes use linear interferometers and a few replicas of the state, together

with particle-number-resolving detectors. Compared to standard approaches, our method

exhibits strong advantages regarding both detection capability – especially in the strongly

non-Gaussian regime – and robustness against experimental imperfections, including losses,

noise, and finite statistics. In particular, we demonstrated that our criteria can witness higher-

order NOON-type entanglement under realistic experimental conditions, highlighting their

usefulness in practical applications such as photonic quantum processors.

In comparison, in Ref. [95], a metrological witness is proposed. It relies on local variances

and provides a necessary and sufficient criterion for pure-state entanglement, but does not

address the role of imperfections or the regime of strongly non-Gaussian entanglement.

More recently, in Ref. [90], neural networks are employed to certify non-Gaussian-state

entanglement using homodyning. They also account for losses, using the same model as in

this work, in the context of single-photon-subtracted and entangled coherent states, whereas

our focus is on NOON-state entanglement. A more detailed comparative study of these

different approaches would be an interesting direction for future work.

The need for interferometric stability over several state copies – though not necessarily

perfect – is arguably the most significant experimental burden of our method. Hence, we

believe that it is of particular interest to extend our criteria, and more generally the multicopy

method, to arbitrary auxiliary states, which would further reduce this experimental hurdle.

We refer to Ref. [35] for a recently introduced entanglement detection scheme where higher-

order correlations of a given bipartite state are accessed via its interference with an arbitrary

two-mode auxiliary state.

A remaining challenge lies in generating non-Gaussian states. While probabilistic prepara-

tion makes producing several copies more demanding, not all schemes are probabilistic [176],

and the success rate depends on the specific state [226]. Moreover, probabilistic preparation

is effectively equivalent to reduced statistics, and our results show that only about 103 samples

are sufficient to witness NOON-state entanglement within realistic experimental conditions.

We consider several other directions to be interesting for future work. First, since we

have exclusively discussed a two-mode bipartition, one may generalize our setup to both

multimode and multipartite cases to analyze many-body and/or multipartite entanglement.

The extension to a multimode bipartition is straightforward: The optical circuits for measuring

PT moments have to be applied to each mode individually, upon which the particle numbers

within one subsystem are summed up. As the number of copies remains constant, the total

system size still scales linearly with the number of target state modes. Further, a possible

generalization that would allow one to certify multipartite entanglement could be based on

the corresponding variant of the PPT criterion [145].
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Second, in a somewhat different direction, one may ask whether the preferred readout

scheme in the discrete-variable case, that is, randomized measurements in spin bases, can be

transferred directly to the CV regime via the Jordan-Schwinger map [73] (see also Refs. [17, 89]

for CV shadow tomography). This would not only constitute another way of accessing PT

moments, but could be a general alternative to the multicopy method. Since the required

number of randomized measurements diverges for an infinite-dimensional Hilbert space, one

would have to impose a finite energy (or particle-number) cutoff, which is fairly reasonable

from an experimental perspective and a standard procedure in CV quantum information [243].
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6Measurable realignment criteria for
entanglement in continuous-variable
quantum systems
The content of this chapter is based on the following work: Serge Deside, Vojtěch Kala, and

Nicolas J. Cerf. “Measurable realignment criteria for entanglement in continuous-variable

quantum systems” [65].

As discussed in previous chapters, certifying entanglement is a central problem in quantum

information theory, especially in continuous-variable systems where full state tomography is

experimentally demanding. Here, we introduce separability criteria based on the realignment

map and show how the corresponding quantities can be accessed within a quantum-optical

measurement scheme. We illustrate the method on Gaussian and non-Gaussian states,

including two-mode entangled cats and lossy NOON states.

6.1 Preliminaries

Similar to the Schmidt decomposition for pure states, bipartite mixed states can be expanded

using the operator Schmidt decomposition [120, 254], which is essentially a singular value

decomposition of the bipartite density operator ρ̂, namely,

ρ̂ =∑︂
i
λi Âi ⊗ B̂i , (6.1)

where λi ≥ 0 for all i , and the operators Âi and B̂i form orthonormal sets with respect to the

Hilbert–Schmidt inner product, i.e.,

Tr
[︂

Â†
i Â j

]︂
= Tr

[︂
B̂ †

i B̂ j

]︂
= δi j . (6.2)

We refer to the subsystem associated with the operators Âi as Alice’s side and to the one

associated with the operators B̂i as Bob’s side. The singular values λi are unique, whereas the

associated operators are not. Since ρ̂ is Hermitian, the operators can be chosen Hermitian

too, although this choice is not necessary.
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Using this notation, the realignment criterion (i.e., Theorem 2.6), also known as the

computable cross-norm criterion [194], states that every separable state satisfies

∑︂
i
λi ≤ 1. (6.3)

Therefore, if
∑︁

i λi > 1, the state is necessarily entangled.

In the realignment picture, this translates as follows. We introduce the realignment map

R, defined by its action on product operators as

R
(︁|i 〉〈k|⊗ | j 〉〈l |)︁ := |i 〉〈 j |⊗ |k〉〈l | . (6.4)

Then, using the following vectorization [44, 140]

X̂ =∑︂
i j

Xi j |i 〉〈 j | 7→ |X 〉 =∑︂
i j

Xi j |i 〉⊗ | j 〉 , (6.5)

which associates vectors |A〉 and |B〉 with the corresponding operators Â and B̂ , we find [120]

R(ρ̂) =∑︂
i
λi |Ai 〉〈B∗

i | . (6.6)

Here, |B∗
i 〉 denotes the vectorization of the complex conjugate of B̂i . Since the vectorized

operators satisfy

〈Ai |A j 〉 = 〈Bi |B j 〉 = δi j , (6.7)

we see that Eq. (6.6) is a singular-value decomposition of R(ρ̂). Hence, the singular values of

R(ρ̂) are precisely the coefficients λi . Defining the trace norm of an operator X̂ as

⃦⃦
X̂

⃦⃦
1 := Tr

√︁
X̂ †X̂ , (6.8)

we obtain ⃦⃦
R(ρ̂)

⃦⃦
1 =

∑︂
i
λi . (6.9)

The realignment criterion can therefore be written in the equivalent form

ρ̂ separable =⇒ ⃦⃦
R(ρ̂)

⃦⃦
1 ≤ 1. (6.10)

Although the trace norm of the realigned operator gives a powerful separability criterion,

it is generally not directly accessible experimentally in continuous-variable systems. This

motivates the weak realignment criterion, which is based instead on the trace of the realigned

operator and can be measured [120].
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In the following, whenever Tr[R(ρ̂)] is used, we assume that the Hilbert spaces of Alice and

Bob satisfy

H A ≃HB ≃H . (6.11)

Consequently,

H A ⊗H A ≃HB ⊗HB , (6.12)

so that the vectorized operators |Ai 〉 and |B∗
i 〉 belong to the same Hilbert–Schmidt space and

R(ρ̂) can be regarded as a square operator.

For every trace-class operator X̂ , Hölder’s inequality gives [215]

⃓⃓
Tr[X̂ ]

⃓⃓= ⃓⃓
Tr[X̂ 1̂]

⃓⃓≤ ⃦⃦
X̂

⃦⃦
1

⃦⃦
1̂
⃦⃦
∞ = ⃦⃦

X̂
⃦⃦

1 . (6.13)

Applying this inequality to X̂ = R(ρ̂), together with Eq. (6.10), gives the weak realignment

criterion in the following form [120]

ρ̂ separable =⇒ ⃓⃓
Tr

[︁
R(ρ̂)

]︁⃓⃓≤ 1. (6.14)

Thus, a violation of Eq. (6.14) certifies entanglement.

Using Eq. (6.6), the weak quantity can be written as

Tr
[︁
R(ρ̂)

]︁=∑︂
i
λi 〈B∗

i |Ai 〉. (6.15)

The weak and full realignment criteria coincide for Schmidt-symmetric states [120], for which

〈B∗
i |A j 〉 = δi j , ∀i , j . (6.16)

In that case,

Tr
[︁
R(ρ̂)

]︁=∑︂
i
λi =

⃦⃦
R(ρ̂)

⃦⃦
1 . (6.17)

Outside this Schmidt-symmetric case, however, the weak criterion may be strictly weaker

than the full realignment criterion. The aim of the criteria introduced below is to partially

bridge this gap while keeping the required quantities experimentally measurable.
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6.2 Beyond the weak realignment criterion

Here, we present a criterion that improves upon the weak realignment criterion and is based

on easily measurable quantum-optical quantities. The measurement schemes are provided

in Section 6.3. Under the same identification of the local spaces as in the previous section, we

introduce the two families of moments

rn := Tr

[︃(︂
R(ρ̂)†R(ρ̂)

)︂n/2
]︃

, wn := Tr
[︁
R(ρ̂)n]︁

, (6.18)

which satisfy wn ≥ 0, rn ≥ 0, and wn ≤ rn , as well as rn ≥ rn+1, for all n ∈N>0 (see Appendix B.1

for the different proofs). With these new notations, the cross-norm and weak realignment

criteria are simply rephrased, for all separable states, as r1 ≤ 1 and w1 ≤ 1, respectively.

Using the vectorized expression of Eq. (6.6), we can rewrite w1 as

w1 =
∑︂

i
λi 〈B∗

i |Ai 〉. (6.19)

To simplify the discussion, we define the matrix M as

Mi j := 〈B∗
i |A j 〉 = Tr

[︁
B̂ T

i Â j
]︁

. (6.20)

Therefore,

w1 =
∑︂

i
λi Mi i . (6.21)

Similarly, the trace norm of the realigned state reads

r1 =
⃦⃦

R(ρ̂)
⃦⃦

1 =
∑︂

i
λi . (6.22)

Generally, the coefficients of the operator Schmidt decomposition and their sum are not

directly accessible from w1, since w1 also depends on the overlaps

Mi i = Tr
[︁
B̂ T

i Âi
]︁

. (6.23)

This can be illustrated by the example of a balanced NOON state

|ψN 〉 = 1p
2

(|N ,0〉+ |0, N〉) , (6.24)

with N ∈N>0 the photon number.
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This state has the following vector of operator Schmidt coefficients,

λ=
(︃

1

2
,

1

2
,

1

2
,

1

2

)︃
, (6.25)

together with the operator sets

{Âi }4
i=1 = {|0〉〈0| , |0〉〈N | , |N〉〈0| , |N〉〈N |} , (6.26)

and

{B̂i }4
i=1 = {|N〉〈N | , |N〉〈0| , |0〉〈N | , |0〉〈0|} . (6.27)

While r1 = 2, thereby certifying inseparability, w1 = 0 since

Mi i = Tr[B̂ T
i Âi ] = 0 (6.28)

for i = 1, . . . ,4. The weak realignment criterion is therefore inconclusive. Unlike Schmidt-

symmetric states, for which M = I (see Eq. (6.16)), the NOON state in Eq. (6.24) has a corre-

sponding matrix M whose diagonal terms all vanish.

This motivates us to call an operator Schmidt decomposition Schmidt-asymmetric when

Mi i = 0 for all i . For such a decomposition, the first moment of the realigned density matrix

satisfies w1 = 0. Thus, the weak realignment criterion cannot certify entanglement for these

states. This Schmidt asymmetry can be circumvented by considering the trace of the second

power of the realigned density matrix,

w2 = Tr
[︁
R(ρ̂)2]︁ . (6.29)

Using the vectorized expression of Eq. (6.6), it can be expressed as

w2 =
∑︂
i j
λiλ j Mi j M j i . (6.30)

Information on the Schmidt coefficients is then accessible through the off-diagonal elements

of M , providing information not contained in w1. To make use of the moment w2, we need a

criterion involving products of Schmidt coefficients, which can be obtained from r 2
1 . Note

that the realignment criterion can equivalently be written as r 2
1 ≤ 1 for all separable states.
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Let us now prove the following two inequalities, valid for all states,

r2 ±w2 ≤ r 2
1 ±w 2

1 . (6.31)

Using Eqs. (6.21) and (6.30), together with the fact that rn =∑︁
i λ

n
i , we obtain

r 2
1 ±w 2

1 − (r2 ±w2) = ∑︂
i ̸= j

λiλ j
[︁
1± (︁

Mi i M j j −Mi j M j i
)︁]︁

. (6.32)

In Appendix B.3, we prove that

⃓⃓
Mi i M j j −Mi j M j i

⃓⃓≤ 1. (6.33)

The quantities di j := Mi i M j j −Mi j M j i need not be real. Since the left-hand side of Eq. (6.32)

is real (because wn ≥ 0 and rn ≥ 0, see Appendix B.1), we take the real part of di j and obtain

r 2
1 ±w 2

1 − (r2 ±w2) = ∑︂
i ̸= j

λiλ j
[︁
1±Re(di j )

]︁
. (6.34)

The bound |di j | ≤ 1 implies |Re(di j )| ≤ 1, so every term in the last sum is non-negative. This

proves Eq. (6.31).

From the realignment criterion, separable states satisfy r1 ≤ 1, and thus r 2
1 ≤ 1. Therefore,

the inequalities in Eq. (6.31) imply the following separability criteria

ρ̂ separable =⇒ r2 ± (w2 −w 2
1) ≤ 1. (6.35)

Equivalently, entanglement is certified whenever

r2 +|w2 −w 2
1 | > 1. (6.36)

Moreover, since w2 ≤ r2 (see Appendix B.1), any violation of the weak criterion, w1 > 1, also

implies

r2 −w2 +w 2
1 > 1. (6.37)

In this sense, the order-2 criterion contains the weak realignment criterion. Also, r2 is simply

the purity of ρ̂, as can be checked straightforwardly. The development for the order-2 criteria

can be extended to higher orders (see Appendix B.4). However, these criteria have not been

proven to lead to better entanglement certification, since only even moments r2n can be

measured using the multicopy method (see Appendix B.6).
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Let us now reexamine the NOON state case. Since the state is pure, r2 = 1, and since it is

Schmidt-asymmetric, w1 = 0. Further, r2 = w2 since R(ρ̂) is Hermitian in this case. Hence,

r2 +|w2 −w 2
1 | = 2, (6.38)

and entanglement is certified. In Section 6.4, we pursue this analysis for lossy NOON states.

Let us now examine the behavior of the criteria for states interpolating between a Schmidt-

asymmetric case and a Schmidt-symmetric one. In addition to the asymmetric state from

Eq. (6.24) with N = 1, which we denote by |ψa〉, we consider the Schmidt-symmetric state

|ψs〉 = 1p
2

(|0,0〉+ |1,1〉) . (6.39)

The density operator |ψs〉〈ψs | has the following operator Schmidt decomposition:

λ=
(︃

1

2
,

1

2
,

1

2
,

1

2

)︃
, (6.40)

with

{Âi }4
i=1 = {|0〉〈0| , |0〉〈1| , |1〉〈0| , |1〉〈1|} , (6.41)

and

{B̂i }4
i=1 = {|0〉〈0| , |0〉〈1| , |1〉〈0| , |1〉〈1|} . (6.42)

Thus, it is Schmidt-symmetric, with M = I . We then consider the superposition

|ψα〉 =
√︃

1

2
−α |ψa〉+

√︃
1

2
+α |ψs〉 , (6.43)

where α ranges from −1
2 , corresponding to the asymmetric case, to 1

2 , corresponding to the

symmetric case. We have

r1 = 1+2|α|, w1 = 1+2α, w2 = r2 = 1. (6.44)

and the dependence of the criteria on α is displayed in Figure 6.1.

Similarly, we can evaluate the criteria for the mixture of the symmetric and asymmetric

states

ρ̂α =
(︃

1

2
−α

)︃
|ψa〉〈ψa |+

(︃
1

2
+α

)︃
|ψs〉〈ψs | . (6.45)

Here again, α ∈ [−1/2,1/2] so that the coefficients define a valid convex mixture. We have

r1 = 1+2|α|, w1 = 1+2α, w2 = r2 = 1

2
+2α2, (6.46)

and the results are shown in Figure 6.2.

The Werner state of two qubits, a typical discrete-variable entangled state, is considered

in Appendix B.5.
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Figure 6.1: Different criteria for the state |ψα〉 from Eq. (6.43). As soon as a criterion attains
a value greater than 1, entanglement is certified. We observe that the original realignment
criterion, based solely on r1, flags entanglement for all α ̸= 0, whereas the weak realignment
criterion, based solely on w1, flags entanglement only in the region α> 0 (notice that in the
range α ∈ [0,1/2], the blue and red curves coincide). The order-2 criteria, based on r2, w2, and
w1, certify entanglement for the whole entangled parameter range.

Figure 6.2: Different criteria for the state ρ̂α from Eq. (6.45). As soon as a criterion attains
a value greater than 1, entanglement is certified. We observe that the original realignment
criterion, based solely on r1, flags entanglement for all α ̸= 0, whereas the weak realignment
criterion, based solely on w1, flags entanglement only in the region α> 0 (notice that in the
range α ∈ [0,1/2], the blue and red curves coincide). The order-2 criteria, based on r2, w2, and
w1, certify entanglement for α ∈ [−1/2,−1/4)∪ (0,1/2].
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6.3 Implementation

In this section, we describe measurement schemes for the quantities r2, w1, and w2 using

multicopy [29] and interferometric techniques (see Appendix B.6 for the multicopy operators

associated with wn and r2n , with n ∈ N>0, as well as the corresponding quantum-optical

measurement schemes). For the optical implementation, we assume that subsystems A and

B are encoded in bosonic modes with annihilation operators âA and âB .

We first consider the purity of the bipartite state ρ̂, namely,

r2 = Tr[ρ̂2]. (6.47)

Let ρ̂A1B1 ⊗ ρ̂A2B2 denote two identical copies of the state. The swap operator between two

copies of a system α is denoted by Ŝα1α2 and is defined as

Ŝα1α2

(︁|i 〉α1 ⊗| j 〉α2

)︁= | j 〉α1 ⊗|i 〉α2 . (6.48)

Using the following identity, valid for all operators X̂ , Ŷ acting on system α,

Tr
[︁
Ŝα1α2 (X̂ ⊗ Ŷ )

]︁= Tr[X̂ Ŷ ], (6.49)

one obtains

r2 = Tr
[︁
(Ŝ A1 A2 ⊗ ŜB1B2 )(ρ̂A1B1 ⊗ ρ̂A2B2 )

]︁
. (6.50)

Thus, r2 can be measured by applying local swap measurements between the two copies of

Alice’s and Bob’s modes.

For bosonic modes, the swap measurement can be implemented by interfering the two

copies on balanced beam splitters followed by parity detection [104,135]. We define the parity

operator on mode X as

Π̂X = (−1)n̂X , (6.51)

where n̂X = â†
X âX . The balanced beam splitter between modes X and Y (see Section 3.3.1.3)

is defined as

B̂X Y = e
π
4

(︂
â†

X âY −âX â†
Y

)︂
, (6.52)

such that

B̂ †
X Y âX B̂X Y = âX + âYp

2
, B̂ †

X Y âY B̂X Y = −âX + âYp
2

. (6.53)

With this convention, the swap operator is mapped onto the parity operator of the second

output mode, namely,

ŜX Y = B̂ †
X Y (1̂X ⊗ Π̂Y )B̂X Y . (6.54)
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Therefore, the purity can be written as

r2 = Tr
[︂(︁
Π̂A2 ⊗ Π̂B2

)︁(︁
B̂ A1 A2 ⊗ B̂B1B2

)︁(︁
ρ̂A1B1 ⊗ ρ̂A2B2

)︁(︂
B̂ †

A1 A2
⊗ B̂ †

B1B2

)︂]︂
. (6.55)

Equivalently, r2 is obtained from the expectation value of the product of the parities measured

in the output modes A2 and B2 after locally interfering the two copies on balanced beam

splitters. For the measurement, only the photon-number parity of each antisymmetric output

mode is required. Thus, the detectors need only discriminate between even and odd photon

numbers (resolving the exact photon number is unnecessary).

We now introduce the maximally correlated vector that will be used in the measurement

of both w1 and w2. It is given by

|Ω〉AB =∑︂
i
|i 〉A ⊗|i 〉B . (6.56)

In the continuous-variable optical setting, |Ω〉AB is understood as the corresponding unnor-

malizable EPR-type vector. With the quadrature convention

x̂ = â + â†

p
2

, p̂ = â − â†

i
p

2
, [x̂, p̂] = i , (6.57)

and with generalized eigenstates normalized as

〈x|x ′〉 = δ(x − x ′), 〈p|p ′〉 = δ(p −p ′), (6.58)

one has [120]

|Ω〉AB =p
π B̂ †

AB

(︁|p = 0〉A ⊗|x = 0〉B
)︁

. (6.59)

Equivalently,

|Ω〉〈Ω|AB =πB̂ †
AB

(︁|p = 0〉〈p = 0|A ⊗|x = 0〉〈x = 0|B
)︁

B̂ AB . (6.60)

The projectors onto |x = 0〉 and |p = 0〉 are understood in the usual distributional sense.

Experimentally, the corresponding probability density is estimated from finite-resolution

homodyne data.

The measurement of w1 follows directly from this representation [120]. By definition,

w1 = Tr
[︁
ρ̂|Ω〉〈Ω|AB

]︁
. (6.61)

Using the optical expression for |Ω〉〈Ω|AB , this becomes

w1 =πTr
[︂(︁|p = 0〉〈p = 0|⊗ |x = 0〉〈x = 0|)︁ B̂ AB ρ̂B̂ †

AB

]︂
. (6.62)
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Thus, after applying a balanced beam splitter B̂ AB to the two modes A and B , one performs

homodyne detection of the p quadrature in the symmetric output mode and of the x quadra-

ture in the antisymmetric output mode. If Pp A ,xB (0,0) denotes the joint probability density at

the origin,

Pp A ,xB (0,0) = Tr
[︂(︁|p = 0〉〈p = 0|⊗ |x = 0〉〈x = 0|)︁ B̂ AB ρ̂B̂ †

AB

]︂
, (6.63)

then

w1 =πPp A ,xB (0,0). (6.64)

The measurement of w2 can also be implemented using two copies of the bipartite state.

We write

w2 = Tr
[︁
(ρ̂A1B1 ⊗ ρ̂A2B2 )Ô2

]︁
, (6.65)

where Ô2 is a two-copy observable. This observable can be expressed using two copies of

|Ω〉〈Ω| and a swap between Bob’s two modes:

Ô2 = ŜB1B2

(︁|Ω〉〈Ω|A1B1 ⊗|Ω〉〈Ω|A2B2

)︁
ŜB1B2 . (6.66)

Hence, using the cyclicity of the trace,

w2 = Tr
[︁
ŜB1B2

(︁
ρ̂A1B1 ⊗ ρ̂A2B2

)︁
ŜB1B2

(︁|Ω〉〈Ω|A1B1 ⊗|Ω〉〈Ω|A2B2

)︁]︁
. (6.67)

For compactness, define

Q̂ A j B j = |p = 0〉〈p = 0|A j ⊗|x = 0〉〈x = 0|B j , j = 1,2. (6.68)

Substituting the optical representation of |Ω〉〈Ω| into the above expression gives

w2 =π2 Tr
[︂(︁

Q̂ A1B1 ⊗Q̂ A2B2

)︁(︁
B̂ A1B1 ⊗ B̂ A2B2

)︁
ŜB1B2

(︁
ρ̂A1B1 ⊗ ρ̂A2B2

)︁
ŜB1B2

(︂
B̂ †

A1B1
⊗ B̂ †

A2B2

)︂]︂
.

(6.69)

Thus, w2 can be obtained by swapping Bob’s two copies, applying balanced beam splitters to

the pairs A1B1 and A2B2, and measuring the joint homodyne probability density at

p A1 = 0, xB1 = 0, p A2 = 0, xB2 = 0. (6.70)

Equivalently, one may avoid a physical swap by routing the modes so that the two beam

splitters mix the pairs A1B2 and A2B1 instead of A1B1 and A2B2. The quantum-optical devices

required for measuring the purity r2, w1 and w2 are illustrated in Figure 6.3.
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a) purity r2
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Figure 6.3: Quantum-optical measurement schemes for the three quantities entering the
criterion in Eq. (6.36). Vertical bars represent balanced beam splitters. Half ellipses denote
photon-number-parity detectors in panel a) and homodyne detectors in panels b) and c). a)
The purity r2 is measured by locally interfering two copies on balanced beam splitters and
measuring the photon-number parity of each antisymmetric output mode. Only even–odd
discrimination is required. The product of the two parity outcomes is averaged over the
experimental runs. b) The quantity w1 is accessed using a balanced beam splitter followed
by homodyne detection of two conjugate quadratures. c) The quantity w2 is accessed by
extending the scheme of panel b) to two copies, up to an exchange of Bob’s two modes.

A useful consequence of the homodyne protocol is that, for a certain class of states, it also

provides an indirect determination of the purity. Since, for every bipartite state,

r2 = Tr
[︂

R(ρ̂)†R(ρ̂)
]︂
= Tr

[︁
ρ̂2]︁ , (6.71)

if, in the fixed local bases used to define the realignment map, the realigned operator is

Hermitian, i.e.,

R(ρ̂) = R(ρ̂)†, (6.72)

then

r2 = Tr
[︁
R(ρ̂)2]︁= w2. (6.73)

In this case, one may estimate w2 with the two-copy homodyne protocol described above

and then infer the purity r2 = Tr(ρ̂2), without performing the photon-number-parity mea-

surement that would directly access r2. This is an indirect determination of the purity, that

is, the homodyne experiment estimates w2, while the identification with r2 relies on the

independently established Hermiticity of R(ρ̂).
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6.4 Benchmarks

In this section, we investigate whether the order-2 criteria we proposed can be used to certify

entanglement for several typical quantum-optical states. We begin by looking at Gaussian

states (that were introduced in Section 3.2.2). Then, we look at two important families of

non-Gaussian states, namely the two-mode entangled cats (introduced in Section 3.2.3.2)

and the lossy NOON states.

6.4.1 Gaussian states

We consider an n ×n continuous-variable system, where Alice and Bob each hold n bosonic

modes. We collect the quadrature operators in the vector

r̂ := (︁
x̂A1 , p̂ A1 , . . . , x̂An , p̂ An , x̂B1 , p̂B1 , . . . , x̂Bn , p̂Bn

)︁T . (6.74)

The covariance matrix γ of a state ρ̂ is defined by

γi j := 1

2
Tr

[︁
ρ̂

{︁
∆r̂i ,∆r̂ j

}︁]︁
, ∆r̂i := r̂i −Tr[ρ̂r̂i ], (6.75)

where {·, ·} denotes the anti-commutator. The displacement vector is

d := Tr[ρ̂ r̂]. (6.76)

A Gaussian state is fully characterized by its first and second moments, d and γ. Its Wigner

function is

Wρ̂(r) = 1

(2π)2n
√︁

detγ
e− 1

2 (r−d)T γ−1(r−d). (6.77)

Since first moments can be removed by local displacement operations, which do not affect

separability, we focus below on centered Gaussian states, namely states with d= 0.

The purity of a Gaussian state is directly obtained from its covariance matrix. For a total of

2n modes, one has

r2 = Tr[ρ̂2] = 1

22n
√︁

detγ
. (6.78)

We now turn to w1, whose expression for Gaussian states was already given in Ref. [120].

Let

SBS = 1p
2

(︄
I2n I2n

−I2n I2n

)︄
(6.79)

be the symplectic matrix describing n balanced beam splitters, each mixing Alice’s j th mode

with Bob’s j th mode.
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After this beam-splitter transformation, the covariance matrix becomes

γ(1) = SBSγST
BS. (6.80)

The measurement of w1 consists, for each balanced beam splitter, in measuring the p quadra-

ture of the first, symmetric output mode and the x quadrature of the second, antisymmetric

output mode. We therefore introduce the restricted covariance matrix

γw1 =Πw1 γ
(1)ΠT

w1
, (6.81)

whereΠw1 is the projection matrix that keeps only the measured quadratures

(p A1 , . . . , p An , xB1 , . . . , xBn )T . (6.82)

at the output of the beam splitters. The joint probability density of obtaining zero outcomes

for all these quadratures is

Pw1 (0) = 1

(2π)n
√︁

detγw1

. (6.83)

Using the relation between the maximally correlated vector |Ω〉 and the homodyne projection

discussed above, we obtain

w1 =πnPw1 (0) = 1

2n
√︁

detγw1

. (6.84)

The same reasoning applies to w2, but now two copies of the Gaussian state are used. The

covariance matrix of the two-copy state is

γ⊕γ. (6.85)

Let P (12)
B denote the permutation matrix that exchanges Bob’s modes between the two copies.

This is the covariance-matrix representation of the swap ŜB1B2 appearing in the operator

expression of w2. After this swap, we apply balanced beam splitters to the pairs A1B1 and

A2B2. At the covariance-matrix level, this gives

γ(2) = S(2)
BSP (12)

B (γ⊕γ)
(︂
P (12)

B

)︂T (︂
S(2)

BS

)︂T
, (6.86)

where

S(2)
BS := SBS ⊕SBS. (6.87)
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For both copies, the measured quadratures are the p quadratures of the symmetric output

modes and the x quadratures of the antisymmetric output modes. We define the correspond-

ing restricted covariance matrix as

γw2 =Πw2γ
(2)ΠT

w2
, (6.88)

whereΠw2 keeps the quadratures

(︂
p(1)

A1
, . . . , p(1)

An
, x(1)

B1
, . . . , x(1)

Bn
, p(2)

A1
, . . . , p(2)

An
, x(2)

B1
, . . . , x(2)

Bn

)︂T
. (6.89)

The corresponding zero-outcome probability density is

Pw2 (0) = 1

(2π)2n
√︁

detγw2

, (6.90)

and hence

w2 =π2nPw2 (0) = 1

22n
√︁

detγw2

. (6.91)

Let us restrict the following discussion to a 1×1 Gaussian state. The covariance matrix

can be brought by local Gaussian unitaries to the standard form [243]

γ=

⎛⎜⎜⎜⎜⎜⎝
a 0 c 0

0 a 0 d

c 0 b 0

0 d 0 b

⎞⎟⎟⎟⎟⎟⎠ . (6.92)

In this case, the above expressions reduce to simple closed formulas. The purity is

r2 = 1

4
√︁

(ab −c2)(ab −d 2)
. (6.93)

For w1, the restricted covariance matrix is

γw1 =
1

2

(︄
a +b +2d 0

0 a +b −2c

)︄
. (6.94)

so that

w1 = 1p
(a +b +2d)(a +b −2c)

. (6.95)
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For w2, after swapping Bob’s two copies and applying the two balanced beam splitters, the

restricted covariance matrix is

γw2 =
1

2

⎛⎜⎜⎜⎜⎝
a +b 0 2d 0

0 a +b 0 −2c

2d 0 a +b 0

0 −2c 0 a +b

⎞⎟⎟⎟⎟⎠ . (6.96)

Therefore,

w2 = 1√︂[︁
(a +b)2 −4c2

]︁[︁
(a +b)2 −4d 2

]︁ . (6.97)

Let us now consider a locally phase-flipped noisy two-mode squeezed vacuum (TMSV)

state (see Eq. (3.51) for the covariance matrix of a noiseless TMSV state with no phase-flip).

It is related to the noisy TMSV by a local phase shift of π on Bob’s mode and therefore has

the same entanglement (in the entropy of entanglement sense, see Eq. (2.19)). Its covariance

matrix is of the form of Eq. (6.92), with

a = b = νcosh(2r )

2
, c =−νsinh(2r )

2
, d = νsinh(2r )

2
, (6.98)

where r > 0 and ν ≥ 1. It is pure when ν = 1, and mixed otherwise. Its entanglement is

not detected by the weak realignment criterion of Eq. (6.14), but it can be detected by the

improved criterion of Eq. (6.35). Indeed, using Eq. (6.95), we obtain

w1 = e−2r

ν
. (6.99)

Since r > 0 and ν≥ 1, one has w1 ≤ 1. Hence, the weak realignment criterion does not certify

entanglement for this family of states. Let us now evaluate the improved criterion. From

Eq. (6.93), the purity is r2 = 1/ν2. Similarly, using Eq. (6.97), we obtain w2 = 1/ν2. Therefore,

r2 +
(︁
w2 −w 2

1

)︁= 2−e−4r

ν2
. (6.100)

The improved criterion detects entanglement whenever

ν<
√︁

2−e−4r . (6.101)

Thus, for all parameters satisfying

1 ≤ ν<
√︁

2−e−4r , (6.102)

the state is detected as entangled by the improved criterion, while remaining undetected by

the weak realignment criterion.
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In particular, for pure TMSV states, corresponding to ν= 1, the improved criterion gives

r2 +
(︁
w2 −w 2

1

)︁= 2−e−4r . (6.103)

Since r > 0, one has

2−e−4r > 1, (6.104)

so every pure TMSV state with nonzero squeezing is certified as entangled.

6.4.2 Non-Gaussian states

6.4.2.1 Schrödinger cat states

We next consider a partially dephased two-mode Schrödinger cat state,

ρ̂± = 1

N±

[︁|α,β〉〈α,β|+ |−α,−β〉〈−α,−β|± (1− z)
(︁|α,β〉〈−α,−β|+ |−α,−β〉〈α,β|)︁]︁ , (6.105)

where

N± = 2
[︂

1± (1− z)exp−2(|α|2+|β|2)
]︂

(6.106)

ensures normalization. Here, α,β ∈ C, and the parameter z ∈ [0,1] controls the coherence

between the two product states |α,β〉 and |−α,−β〉. For z = 0, the coherence is maximal. By

contrast, for z = 1, the coherence is minimal (equal to zero). The + and − signs correspond to

the even and odd cat states, respectively.

The first realignment moment of the state in Eq. (6.105) evaluates to

w1 = 2[1± (1− z)]

N±
e−|α|2−|β|2+2Re(αβ). (6.107)

The second realignment moment is expressed as

w2 = 4e−2(|α|2+|β|2)

N 2
±

{︁[︁
1+ (1− z)2]︁cosh

[︁
4Re(αβ)

]︁±2(1− z)cos
[︁
4Im(αβ)

]︁}︁
. (6.108)

Finally, the purity, r2 = Tr
[︁
ρ̂ 2
±
]︁
, is given by

r2 = 1

N 2
±

{︂
2
[︂

1+e−4[|α|2+|β|2]
]︂[︁

1+ (1− z)2]︁±8(1− z)e−2(|α|2+|β|2)
}︂

. (6.109)

These moments allow us to evaluate the measurable order-two realignment criterion of

Eq. (6.35) as displayed in Figure 6.4.
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Figure 6.4: Detection boundary for odd cat states with positive and real parameters α = β.
The order-two criterion detects entanglement above the curve a(z) = 1

2

p− ln(1−2z), with
0 ≤ z < 1

2 . No violation occurs for z ≥ 1/2. For the even cats, the weak criterion detects all
states with α=β> 0 and z < 1; the cases α=β= 0 or z = 1 are separable.

6.4.2.2 Lossy NOON states

We now consider the experimentally motivated case of lossy NOON states. We start from the

pure two-mode state (often simply called generalized NOON state)

|ψN 〉 =α|N ,0〉+β|0, N〉, |α|2 +|β|2 = 1, (6.110)

and assume that the two modes undergo independent pure-loss channels L with transmis-

sivities τA and τB . The resulting state is

ρ̂loss
N = (︁

LτA ⊗LτB

)︁(︁|ψN 〉〈ψN |)︁. (6.111)

Explicitly, this gives

ρ̂loss
N = (p0 +q0)|0,0〉〈0,0|+

N∑︂
k=1

pk |k,0〉〈k,0|+
N∑︂

k=1
qk |0,k〉〈0,k|+κ|N ,0〉〈0, N |+κ∗|0, N〉〈N ,0|,

(6.112)

where the different terms introduced are defined as

pk := |α|2
(︄

N

k

)︄
τk

A(1−τA)N−k , qk := |β|2
(︄

N

k

)︄
τk

B (1−τB )N−k , κ :=αβ∗(τAτB )N /2. (6.113)
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Applying the realignment map gives

R(ρ̂loss
N ) = (p0+q0)|0,0〉〈0,0|+

N∑︂
k=1

pk |k,k〉〈0,0|+
N∑︂

k=1
qk |0,0〉〈k,k|+κ|N ,0〉〈0, N |+κ∗|0, N〉〈N ,0|.

(6.114)

Therefore,

w1 = Tr
[︂

R(ρ̂loss
N )

]︂
= p0 +q0. (6.115)

Equivalently,

w1 = |α|2(1−τA)N +|β|2(1−τB )N . (6.116)

Since 0 ≤ τA,τB ≤ 1 and |α|2 +|β|2 = 1, one has w1 ≤ 1. Hence, the weak realignment criterion

never certifies entanglement for this family.

Let us now compute the quantities entering the improved criterion. The purity is

r2 = (p0 +q0)2 +
N∑︂

k=1

(︁
p2

k +q2
k

)︁+2|κ|2. (6.117)

Similarly, the w2 term is

w2 = (p0 +q0)2 +2
N∑︂

k=1
pk qk +2|κ|2. (6.118)

For this family,

w2 −w 2
1 = 2

N∑︂
k=1

pk qk +2|κ|2 ≥ 0. (6.119)

Hence, the absolute-value criterion of Eq. (6.36) reduces here to the plus branch,

r2 +|w2 −w 2
1 | = r2 + (w2 −w 2

1). (6.120)

Combining the above expressions for w1, w2, and r2, we obtain

r2 +
(︁
w2 −w 2

1

)︁= N∑︂
k=0

(pk +qk )2 +4|κ|2. (6.121)

Therefore, the improved criterion detects entanglement whenever

N∑︂
k=0

(pk +qk )2 +4|κ|2 > 1. (6.122)

In Figure 6.5, we plot the value of the improved criterion as a function of the transmissivity

τ= τA = τB for balanced NOON states, i.e.,α=β= 1/
p

2, and for photon numbers N = 1, . . . ,5.

For these states, the realigned operator is Hermitian, and hence r2 = w2. The purity can

therefore be inferred from the homodyne data used to estimate w2.



112 6.5. Discussion

Figure 6.5: Value of the realignment criterion r2 + (w2 −w 2
1) for balanced NOON states sub-

jected to symmetric losses, τA = τB = τ, for photon numbers N = 1, . . . ,5. The horizontal
dashed line indicates the separability bound equal to 1. Entanglement is certified whenever a
curve lies above this line. For each N , the criterion is therefore violated when the transmissiv-
ity exceeds a critical value, increasing with N .

In the lossless limit, when τA = τB = 1, one has

w1 = 0, r2 = 1, w2 = 4|α|2|β|2. (6.123)

Thus,

r2 +
(︁
w2 −w 2

1

)︁= 1+4|α|2|β|2. (6.124)

Hence, every entangled NOON state (every state with αβ ̸= 0) is detected by the improved

criterion in the lossless case, whereas it remains undetected by the weak realignment criterion.

6.5 Discussion

We have introduced experimentally accessible continuous-variable separability criteria based

on the realignment criterion. In particular, our approach improves upon the weak realignment

criterion proposed in Ref. [120], which can be interpreted as the first-order member of a

hierarchy (see Appendix B.4). Although higher-order criteria may also be useful in certain

situations, we have shown that the second-order criteria already certify entanglement for

several classes of states that are not detected by the weak realignment criterion, including

Gaussian states, two-mode entangled cat states, and NOON states.
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So far, however, we have not demonstrated that these detection capabilities outperform

the separability criteria based on partial transposition presented in Chapter 5. A potential

advantage of the present approach is instead experimental. The moments of the realigned

operator can be accessed using homodyne detection together with photon-number-parity

measurements when the realigned operator is not known to be Hermitian1. If R(ρ̂) = R(ρ̂)†,

the purity satisfies r2 = w2 and can therefore be inferred from the homodyne measurement of

w2, without requiring parity detection.

The total number of copies required by the realignment-based second-order criteria and

the partial-transpose-based third-order criteria schemes is the same, namely five. Their

optical implementations are nevertheless different. In the realignment-based protocol, the

measurements involving one and two copies can be performed separately. The corresponding

interferometric networks therefore require coherence between fewer copies at a time. By

contrast, the third-order criteria based on partial transposition require all three copies to be

processed within a single interferometric network, hence it requires a higher interferometric

stability.

An important direction for future work is to determine whether there exist physically

relevant states that are not detected by the partial-transpose-based criteria considered here

but are detected by one or more realignment-based criteria. It would also be worthwhile to

identify specific regimes in which higher-order realignment moments provide a significant

advantage over the second-order criteria, and to investigate the robustness of the resulting

protocols against realistic experimental imperfections.

1In specific settings, photon-number parity can be measured more easily than the exact photon number [184].
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7Lattice structure of majorization
Introduced and developed independently in the early twentieth century by mathematicians

and economists1 [161], the theory of majorization gives a means to compare vectors in terms

of their intrinsic disorder. It has seen applications, e.g., in econometrics to measure the

distribution of income within a given population [167], in information theory to bound

entropic quantities to estimate the capacity of communication channels [109], or in quantum

information theory to characterize the allowed transformations between bipartite pure states

under physically meaningful constraints [171].

In lattice theory, non-increasingly arranged probability vectors can be ordered by majoriza-

tion, yielding the so-called majorization lattice introduced in the early twenty-first century

in the context of (classical) information theory [46]. This nontrivial structure unveils two

essential operations: the greatest lower bound, called the meet, and the least upper bound,

called the join. The majorization lattice has recently been used in quantum information

theory [26, 149, 199, 250]. In particular, in Chapter 8, based on Ref. [62], we use this structure

to propose new conversion protocols between bipartite pure states.

In this chapter, we first review the basic notions of majorization theory in Section 7.1. We

then recall the relevant lattice-theoretic terminology in Section 7.2, before presenting the

majorization lattice in Section 7.3.

7.1 Theory of majorization

When two vectors are related by majorization, this relation can be understood from several

equivalent viewpoints. Informally, if u is majorized by v, denoted u≺ v, then u is spread out

more evenly than v, conversely v is more concentrated than u. This can be expressed in terms

of inequalities between partial sums of ordered entries of u and v or, equivalently, by the

existence of a random mixing of the entries of v to obtain u, or also, by an inequality relation

satisfied for every convex function. These formulations are made precise in this section.

7.1.1 Definition with inequalities

We work with finite-dimensional vectors. Although majorization can be defined for arbitrary

real vectors with the same total sum, this manuscript considers only non-negative vectors,

and in particular, probability vectors.

1Notably, Lorenz (1905), Dalton (1920), Schur (1923), and Hardy, Littlewood and Pólya (1929).
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We therefore restrict ourselves to the finite-dimensional, discrete setting; see, e.g., Refs. [161,

231] for extensions to infinite-dimensional vectors, vectors with negative entries, and den-

sities. Throughout this section, we primarily rely on the broad overview of inequalities and

majorization that is Ref. [161].

Given a vector u ∈ Rd , let u↓ denote the vector obtained by arranging the entries of u

in non-increasing order, and let u↑ denote the vector obtained by arranging them in non-

decreasing order.

Definition 7.1 (Cumulative sums). For u ∈Rd , we define the decreasing and increasing

cumulative sums by

s↓k (u) :=
k∑︂

i=1
u↓

i , s↑k (u) :=
k∑︂

i=1
u↑

i , k = 1, . . . ,d . (7.1)

We also fix s↓0(u) = s↑0(u) = 0.

Definition 7.2 (Majorization [116]). For u,v ∈Rd , we say that u is majorized by v, and

write u≺ v, if

s↓k (u) ≤ s↓k (v), ∀k = 1, . . . ,d −1, and s↓d (u) = s↓d (v). (7.2)

Equivalently, the same relation can be expressed in terms of increasing cumulative sums

as

s↑k (u) ≥ s↑k (v), ∀k = 1, . . . ,d −1, and s↑d (u) = s↑d (v). (7.3)

The equivalence between Eqs. (7.2) and (7.3) follows, for k = 1, . . . ,d , from the identity

s↓k (u) = sd (u)− s↑d−k (u), (7.4)

together with the equality sd (u) = sd (v). Since s↓d (u) = s↑d (u), we simply write sd (u) for the

total sum of the entries of u. In the remainder of this thesis, we usually make use of Eq. (7.2)

rather than Eq. (7.3).

Two vectors u and v are said to be comparable under majorization if either u≺ v or v ≺u.

If both relations hold, then u and v have the same decreasing rearrangement, i.e., they differ

at most by a permutation of their entries. In this case, we write u ≡ v and say that u and

v are equivalent under majorization. If neither u ≺ v nor v ≺ u holds, then u and v are

incomparable2.

2For d = 2, any two vectors with the same total sum are comparable under majorization. Incomparability can
occur only from dimension d = 3 onward.
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The vectors considered in this manuscript are often probability vectors. We denote the

probability simplex in dimension d by

Pd :=
{︄
u ∈Rd | ui ≥ 0 for all i = 1, . . . ,d , and

d∑︂
i=1

ui = 1

}︄
. (7.5)

If u,v ∈Pd , the equality condition in the definition of majorization is automatically satisfied,

since sd (u) = sd (v) = 1.

Importantly, for all u ∈Pd , we have(︃
1

d
, . . . ,

1

d

)︃T

≺u≺ (1,0, . . . ,0)T . (7.6)

That is, within Pd , the uniform vector is the least concentrated element, whereas the peaked

vector is the most concentrated one. For instance, in dimension 3, let

u=
(︃

1

3
,

1

3
,

1

3

)︃T

, v =
(︃

1

2
,

1

3
,

1

6

)︃T

. (7.7)

Then, u≺ v, since

s↓1(u) = 1

3
≤ 1

2
= s↓1(v), s↓2(u) = 2

3
≤ 5

6
= s↓2(v), s3(u) = 1 = s3(v). (7.8)

Thus, v is more concentrated than u. By contrast, the vectors

u=
(︃

1

2
,

1

4
,

1

4

)︃T

, v =
(︃

2

5
,

2

5
,

1

5

)︃T

(7.9)

are incomparable. Indeed, s↓1(u) = 1
2 > 2

5 = s↓1(v), while s↓2(u) = 3
4 < 4

5 = s↓2(v).

When the equality condition in majorization is removed, two variants of majorization can

prove useful.

Definition 7.3 (Submajorization [161]). For u,v ∈Rd , we say that u is submajorized by

v, and write u≺w v, if

s↓k (u) ≤ s↓k (v), ∀k = 1, . . . ,d . (7.10)

Definition 7.4 (Supermajorization [161]). For u,v ∈Rd , we say that u is supermajorized

by v, and write u≺w v, if

s↑k (u) ≥ s↑k (v), ∀k = 1, . . . ,d . (7.11)

If both u≺w v and u≺w v hold, then the inequalities at k = d imply sd (u) = sd (v). Hence,

the usual majorization relation u≺v is recovered.
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7.1.2 Equivalent formulations

Depending on the context, several equivalent formulations of majorization are useful. We

now review some of them. We first introduce doubly stochastic matrices, namely square

matrices with non-negative entries whose rows and columns each sum to 1.

Definition 7.5 (Doubly stochastic matrix). We say that D ∈Rd×d is doubly stochastic if

Di j ≥ 0, ∀i , j = 1, . . . ,d ,
d∑︂

i=1
Di j = 1, ∀ j = 1, . . . ,d ,

d∑︂
j=1

Di j = 1, ∀i = 1, . . . ,d .

(7.12)

Majorization has the following characterization in terms of doubly stochastic matrices [117].

Theorem 7.1. For u,v ∈Rd , we have u≺ v if and only if there exists a doubly stochastic

matrix D such that

u= Dv. (7.13)

Notice that such a doubly stochastic matrix is not unique in general.

Birkhoff’s theorem [161] states that the extreme points of the set of doubly stochastic

matrices are the permutation matrices. Hence, any doubly stochastic matrix can be written

as a convex combination of permutation matrices, i.e.,

D =∑︂
i

pi Pi , (7.14)

where p is a probability vector and the Pi are permutation matrices. Combining this decom-

position with Eq. (7.13), the relation u ≺ v can be interpreted as obtaining u by randomly

permuting the entries of v and averaging the result.

We can adopt a similar view by introducing T -transforms, which are elementary averaging

operations that act on two coordinates. When applied to a larger and a smaller coordinate,

such an operation transfers weight from the larger to the smaller, making the vector more

evenly distributed. For this reason, T -transforms are also called Robin-Hood transformations.

Definition 7.6 (T -transform). A T -transform is a matrix of the form

T =λI + (1−λ)Pi j , (7.15)

where 0 ≤λ≤ 1, I ∈Rd×d is the identity matrix, and Pi j ∈Rd×d is the permutation matrix

that swaps coordinates i and j , with i ̸= j .



Chapter 7. Lattice structure of majorization 121

Given u ∈Rd , we have

Tu= (u1, . . . ,λui + (1−λ)u j , . . . ,λu j + (1−λ)ui , . . . ,ud ), (7.16)

with 1 ≤ i < j ≤ d . Thus, applying T to u leaves all coordinates unchanged except the i th and

j th ones, which are replaced by convex combinations of each other. The following theorem

makes the link with majorization [116].

Theorem 7.2. For u,v ∈Rd , we have u≺ v if and only if u can be obtained from v by a

finite sequence of T -transforms; that is, there exist T -transforms T1, . . . ,Tm such that

u= Tm · · ·T1v. (7.17)

When working with decreasing rearrangements, one may choose m ≤ d −1.

Finally, majorization can also be characterized by inequalities involving convex (or con-

cave) functions [116].

Theorem 7.3. For u,v ∈ Rd , we have u ≺ v if and only if, for every convex function

φ :R→R,
d∑︂

i=1
φ(ui ) ≤

d∑︂
i=1

φ(vi ). (7.18)

Equivalently, u≺ v if and only if, for every concave function ψ :R→R,

d∑︂
i=1

ψ(ui ) ≥
d∑︂

i=1
ψ(vi ). (7.19)

There exist order-preserving functions under majorization, which we introduce now.

Definition 7.7 (Schur-convexity and Schur-concavity [203]). Let A ⊆ Rd be a set on

which majorization is defined. A function f : A →R is said to be Schur-convex if, for all

u,v ∈A ,

u≺ v =⇒ f (u) ≤ f (v). (7.20)

Similarly, a function g : A →R is said to be Schur-concave if, for all u,v ∈A ,

u≺ v =⇒ g (u) ≥ g (v). (7.21)
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Obviously, if f is Schur-convex, then − f is Schur-concave. Ifφ :R→R is a convex function,

the function

fφ :Rd →R :u 7→ fφ(u) =
d∑︂

i=1
φ(ui ), (7.22)

is Schur-convex by Theorem 7.3. For instance, choosing φ(x) = x2 shows that u 7→ ∑︁
i u2

i is

Schur-convex.

7.1.3 Lorenz curves

In order to get a visual representation of majorization, we introduce the notion of a (concave)

Lorenz curve. For vectors with the same total sum, u≺ v if and only if the Lorenz curve of u

lies below that of v.

Definition 7.8 (Lorenz curve [157]). Given u ∈ Rd , its (concave) Lorenz curve is the

concave polygonal curve passing through points
(︂
k, s↓k (u)

)︂
, for k = 0, . . . ,d . This curve

is concave because its successive slopes are u↓
1, . . . ,u↓

d , which form a non-increasing

sequence.

A similar definition could be given using the increasing cumulative sums s↑k (u), which would

yield a convex polygonal curve. Since majorization is formulated throughout this manuscript

in terms of Eq. (7.2), we work with concave Lorenz curves in what follows. Figure 7.1 illustrates

Lorenz curves for both comparable and incomparable vectors.

7.1.4 The Shannon entropy: a weaker notion of disorder

A standard real-valued measure of disorder on probability vectors is the Shannon entropy,

often simply called entropy. As such, it quantifies the uncertainty associated with a probability

distribution and can be interpreted as a measure of how spread out the distribution is.

Definition 7.9 (Shannon entropy [208]). Given u ∈Pd , we define its Shannon entropy

H(u) as

H(u) :=−
d∑︂

i=1
ui logui , (7.23)

with the convention 0log0 = 0.
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Figure 7.1: Lorenz curves for different choices of probability vectors in P4. At each integer
k = 0, . . . ,d = 4, the curve takes the value s↓k (u), and consecutive points are joined by straight
line segments. For vectors with the same total sum, if one Lorenz curve lies everywhere above
another, then the associated vector majorizes the other (as can be deduced from Eq. (7.2)). On
the left, we exemplify the general relation of Eq. (7.6), i.e., the comparable case, with the choice
u= (0.5,0.25,0.2,0.05)T , the peaked vector (1,0,0,0)T in light dashed line (majorizing every
other vector in P4), and the uniform vector (0.25,0.25,0.25,0.25)T in solid line (majorized
by every other vector in P4). On the right, we depict the case of two incomparable vectors
in P4, as illustrated by the crossing of the curves. Indeed, if u = (0.5,0.25,0.2,0.05)T and
v = (0.6,0.15,0.15,0.1)T , we have s↓1(u) < s↓1(v) together with s↓3(u) > s↓3(v), which shows that
neither vector majorizes the other.

It is straightforward to check that H is minimal on the peaked vectors, namely on the permu-

tations of (1,0, . . . ,0)T , for which H vanishes. Its maximum is attained at the uniform vector,

for which

H

(︃(︃
1

d
, . . . ,

1

d

)︃T )︃
= logd . (7.24)

Since the function η : [0,∞) → R defined by η(x) = −x log x, with η(0) = 0, is concave, the

Shannon entropy is Schur-concave (see the development surrounding Eq. (7.22)), i.e., if

u,v ∈Pd , then

u≺ v =⇒ H(u) ≥ H(v). (7.25)

Thus, majorization implies an ordering by entropy. The converse implication is false in

general: knowing only that H (u) ≥ H (v) does not imply u≺ v. In this sense, entropy provides

a weaker, scalar notion of disorder, whereas majorization gives a preorder on Pd . For example,

consider

u=
(︃

1

2
,

1

4
,

1

4

)︃T

, v =
(︃

2

5
,

2

5
,

1

5

)︃T

. (7.26)

These vectors are incomparable under majorization, since

s↓1(u) > s↓1(v), s↓2(u) < s↓2(v). (7.27)



124 7.2. A brief look at the theory of lattices

Nevertheless, one has H(u) < H(v). Thus, entropy ranks these two distributions, although

majorization does not.

Interestingly, an improvement over Schur-concavity of entropy [see Eq. (7.25)] has been

proven, and reads as follows.

Theorem 7.4 (Ho and Verdú [124]). Let u,v ∈Pd , and assume that, ∀i = 1, . . . ,d, u↓
i = 0

implies v↓
i = 0. If u≺ v, then

H(u)−H(v) ≥ D(v↓∥u↓), (7.28)

where D(v↓∥u↓) denotes the Kullback–Leibler divergence

D(v↓∥u↓) :=
d∑︂

i=1
v↓

i log
v↓

i

u↓
i

. (7.29)

The Kullback–Leibler divergence [49] D(v∥u) (also called relative entropy), defined in Eq. (7.29),

can be understood as a measure of “how far” the probability vector u is from the probability

vector v. As can be immediately deduced from its expression, this measure is not a true

distance since it does not satisfy the symmetry property, nor the triangle inequality. However,

it can be made symmetric with the notion of Jensen–Shannon entropy [154].

7.2 A brief look at the theory of lattices
Before studying the majorization lattice, we recall a few basic notions from order and lattice

theory. The goal is not to give a complete account of lattice theory, but only to introduce the

terminology needed to discuss partial order, meet, join, down-sets, up-sets, and a lattice in

the context of majorization. This section is based on the following introduction to lattices

and order [56].

Definition 7.10 (Partially ordered set). Let S be a set. A partial order on S is a binary

relation ≤ on S that is reflexive, antisymmetric, and transitive. That is, for all x, y, z ∈ S,

x ≤ x, (7.30)

x ≤ y and y ≤ x =⇒ x = y, (7.31)

and

x ≤ y and y ≤ z =⇒ x ≤ z. (7.32)

The pair (S,≤) is called a partially ordered set, or poset.
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If the binary relation is reflexive and transitive but not necessarily antisymmetric, it is called

a preorder. This distinction is important for majorization: On arbitrary probability vectors,

majorization is only a preorder, because two vectors that differ by a permutation majorize

each other. After restricting to non-increasingly arranged probability vectors, this ambiguity

disappears, and majorization becomes a partial order.

Definition 7.11 (Down-set and up-set). Let (S,≤) be a partially ordered set. A subset

D ⊆ S is called a down-set if, whenever x ∈ D and y ≤ x, one also has y ∈ D . Similarly, a

subset U ⊆ S is called an up-set if, whenever x ∈U and x ≤ y , one also has y ∈U .

For any x ∈ S, the set of all elements below x is a down-set, while the set of all elements above

x is an up-set.

Before defining the so-called meet and join operations, it is useful to recall the notions of

lower and upper bounds. Let (S,≤) be a partially ordered set and let x, y ∈ S. An element z ∈ S

is a lower bound of x and y if

z ≤ x, and z ≤ y. (7.33)

Similarly, z is an upper bound of x and y if

x ≤ z, and y ≤ z. (7.34)

There may be many lower or upper bounds, or none at all. When a greatest lower bound or a

least upper bound exists, it is unique.

Definition 7.12 (Meet). Let (S,≤) be a partially ordered set and let x, y ∈ S. The meet of

x and y , denoted x ∧ y , is the greatest lower bound of x and y , if it exists. Thus,

x ∧ y ≤ x, x ∧ y ≤ y, (7.35)

and for every lower bound z of x and y , one has

z ≤ x ∧ y. (7.36)

Definition 7.13 (Join). Let (S,≤) be a partially ordered set and let x, y ∈ S. The join of x

and y , denoted x ∨ y , is the least upper bound of x and y , if it exists. Thus,

x ≤ x ∨ y, y ≤ x ∨ y, (7.37)

and for every upper bound z of x and y , one has

x ∨ y ≤ z. (7.38)
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The definition of a lattice then follows naturally.

Definition 7.14 (Lattice). Let (S,≤) be a non-empty partially ordered set. If, for all

x, y ∈ S, a greatest lower bound x∧ y and a least upper bound x∨ y exist, then (S,≤,∧,∨)

is a lattice.

Thus, a lattice is a partially ordered set in which any two elements can be combined in two

ways: their meet is the best approximation from below, and their join is the best approximation

from above.

The greatest lower bound and the least upper bound can be straightforwardly generalized

to sets of more than two elements. Given P ⊆ S, we write
⋀︁

P the greatest lower bound (that is,

the meet) of all elements of P , and
⋁︁

P the least upper bound (that is, the join) of all elements

of P .

Definition 7.15 (Complete lattice). Let (S,≤) be a non-empty partially ordered set. If,

for every subset P ⊆ S, both
⋀︁

P and
⋁︁

P exist, then (S,≤,∧,∨) is a complete lattice.

In particular, taking P = S shows that a complete lattice has both a least element, namely
⋀︁

S,

and a greatest element, namely
⋁︁

S.

The meet and join operations are not arbitrary binary operations; they satisfy several

algebraic identities.

Theorem 7.5. Let (S,≤,∧,∨) be a lattice. The operations ∧ and ∨ satisfy, for all a,b,c ∈ S,

the associative, commutative, idempotency, and absorption laws, i.e.,

• (a ∨b)∨ c = a ∨ (b ∨c); (a ∧b)∧ c = a ∧ (b ∧ c).

• a ∨b = b ∨a; a ∧b = b ∧a.

• a ∨a = a; a ∧a = a.

• a ∨ (a ∧b) = a; a ∧ (a ∨b) = a.

Conversely, these identities can be used to define lattices algebraically.

Some lattices satisfy additional compatibility properties between meet and join. Two

important such properties are distributivity and modularity. Distributivity is stronger than

modularity, and both properties can fail in general lattices.
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Definition 7.16 (Distributive lattice). A lattice (S,≤,∧,∨) is distributive if, for all a,b,c ∈
S,

a ∧ (b ∨c) = (a ∧b)∨ (a ∧c). (7.39)

Definition 7.17 (Modular lattice). A lattice (S,≤,∧,∨) is modular if, for all a,b,c ∈ S such

that c ≤ a,

a ∧ (b ∨c) = (a ∧b)∨ c. (7.40)

Since every distributive lattice is modular (which is easily deduced from Eqs. (7.39) and (7.40)),

showing that a lattice is not modular immediately implies that it is not distributive.

7.3 Theory of the majorization lattice

The preceding section explains why we restrict the majorization order to non-increasingly

arranged probability vectors. Indeed, on this set, majorization is antisymmetric and hence

defines a genuine partial order. Studying the lattice structure of non-increasingly arranged

probability vectors, ordered by majorization, actually reveals some of the complexity hidden

by this order and helps clarify the structure of majorization.

7.3.1 General definitions

First, we denote by P ↓
d the set of non-increasingly ordered probability vectors, i.e.,

P ↓
d

:= {u ∈Pd | ui ≥ ui+1, i = 1, . . . ,d −1} . (7.41)

Thus, according to Definition 7.10, (P ↓
d ,≺) is a partially ordered set. Second, we define two

sets of interest in the majorization lattice:

• The majorized set of u in P ↓
d is

S ≺
u :=

{︂
w ∈P ↓

d |w≺u
}︂

; (7.42)

• The majorizing set of u in P ↓
d is

S ≻
u :=

{︂
w ∈P ↓

d |u≺w
}︂

. (7.43)

In the terminology of Definition 7.11, S ≺
u is a down-set of P ↓

d , while S ≻
u is an up-set of P ↓

d .
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Definition 7.18 (Majorization lattice [46]). The lattice (P ↓
d ,≺,∧,∨) is called the ma-

jorization lattice, and the operations ∧ and ∨ are defined as follows. For u,v ∈P ↓
d :

• The meet u∧v is the greatest lower bound of u and v with respect to majorization.

That is,

u∧v ≺u, u∧v ≺ v, (7.44)

and for every w ∈P ↓
d such that w≺u and w≺ v, one has

w≺u∧v; (7.45)

• The join u∨v is the least upper bound of u and v with respect to majorization.

That is,

u≺u∨v, v ≺u∨v, (7.46)

and for every w ∈P ↓
d such that u≺w and v ≺w, one has

u∨v ≺w. (7.47)

It follows from these definitions that we can write the majorized set of the meet u∧v as the

intersection between the majorized sets of u and v, i.e., S ≺
u∧v =S ≺

u ∩S ≺
v . Similarly, we can

write the majorizing set of the join u∨v as the intersection between the majorizing sets of u

and v, i.e., S ≻
u∨v =S ≻

u ∩S ≻
v . Notice that the majorization lattice is complete in the sense of

Definition 7.15.

If u and v are comparable, e.g., if u≺ v, we find u∧v =u and u∨v = v. When u and v

are incomparable, the lattice becomes nontrivial; see Figure 7.2 for a graphical depiction of

the majorization lattice for two incomparable vectors u,v ∈P ↓
d to grasp some intuition.

7.3.2 Constructing the meet and the join

Let us now present how knowing the components of u and v enables finding the components

of the meet u∧v and the join u∨v [46]. The idea is simple: the meet is obtained directly

by taking the lower envelope of the Lorenz curves of u and v. The join is subtler: taking

the upper envelope of the Lorenz curves of u and v yields the correct cumulative sums

only if the corresponding components are in non-increasing order. Otherwise, the resulting

pseudo-Lorenz curve must be “concavified”.
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Figure 7.2: Schematic representation of the majorization lattice. Let u and v in P ↓
d . The blue

cone up from u contains all vectors in P ↓
d that are majorized by u (i.e., the majorized set of u,

denoted by S ≺
u ), while the blue cone down from u contains all vectors in P ↓

d that majorize u
(i.e., the majorizing set of u, denoted by S ≻

u ). Similarly, the orange cone up from v contains
all vectors in P ↓

d that are majorized by v, while the orange cone down from v contains all

vectors in P ↓
d that majorize v. Note as an important caveat that, in order to match the usual

schematic representation of the majorization lattice having the thermodynamic arrow of
time pointing upwards [149], we call an “up cone” the actual down-set, whereas we call a
“down-cone” the actual up-set. The meet u∧v is located at the intersection of the two up
cones, whereas the join u∨v is located at the intersection of the two down cones. Since the
up cones contain more disordered (in the sense of majorization) elements, the meet u∧v
stands for the most ordered element among those that are more disordered than both u and
v. Conversely, since the down cones contain more ordered elements, the join u∨v stands
for the most disordered element among those that are more ordered than both u and v. The
majorization diamond S ⋄

u∧v,u∨v, introduced in Section 9.3, corresponds to the intersection
of the cone down from u∧v and the cone up from u∨v (see Eq. (9.8)).
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More precisely, for the meet, since u∧v ≺u and u∧v ≺ v, we write, using Eq. (7.2),

s↓k (u∧v) ≤ min
(︁
s↓k (u), s↓k (v)

)︁
, ∀k = 1, . . . ,d −1, (7.48)

and saturate it for all k = 1, . . . ,d −1, giving its components when subtracting the (k −1)th

cumulative sum from the kth, that is,

(u∧v)k = min
(︁
s↓k (u), s↓k (v)

)︁−min
(︁
s↓k−1(u), s↓k−1(v)

)︁
, k = 1, . . . ,d , (7.49)

which is a vector belonging to P ↓
d by construction. Remember that sd (u) = sd (v) = 1, and

s0(u) = s0(v) = 0. The left panel of Figure 7.3 illustrates the Lorenz curve of the meet.

For the join, the reasoning follows the same path but with an important caveat; since

u≺u∨v and v ≺u∨v, we write similarly, using Eq. (7.2),

max
(︁
s↓k (u), s↓k (v)

)︁≤ s↓k (u∨v), ∀k = 1, . . . ,d −1. (7.50)

If we formally saturate these inequalities for all k = 1, . . . ,d −1, we obtain the intermediate

vector β(u,v). However, doing so leads to a vector that does not always belong to P ↓
d (since it

is not always in non-increasing order, see the left panel of Figure 7.3 for an illustration), which

implies that it cannot always be the join u∨v. Nonetheless, because this intermediate vector

is useful in the development for finding the join, we write it explicitly, subtracting its (k −1)th

cumulative sum from its kth, that is

β(u,v)k = max
(︁
s↓k (u), s↓k (v)

)︁−max
(︁
s↓k−1(u), s↓k−1(v)

)︁
, k = 1, . . . ,d . (7.51)

As mentioned, two situations occur: either β(u,v) is a non-increasingly ordered vector3 and

u∨v =β(u,v), or β(u,v) is not an ordered vector and an algorithm is used to obtain u∨v

from β(u,v). At first, one might try to reorder β(u,v) non-increasingly and take β(u,v)↓ as

the join. However, this generally gives an upper bound that is too large in majorization order.

More precisely, the true join satisfies

u∨v ≺β(u,v)↓, (7.52)

so β(u,v)↓ is more concentrated than necessary. To find the actual least upper bound, we use

the following algorithm to correct “just enough” where concavity breaks in Lorenz coordinates,

that is, we use a linear correction where needed. This gives a non-increasingly ordered vector,

which is the least upper bound. The right panel of Figure 7.3 illustrates the discrepancies

between the different curves in Lorenz coordinates. We now detail the complete construction

of the join.

3This is always the case for d = 2, which is a trivial lattice since all vectors are comparable in this situation,
and also for d = 3.
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Let u,v ∈P ↓
d . We start by introducing singleton blocks Ii = {i } with i = 1, . . . ,d , and attach

to each block a value hi = β(u,v)i . Hence, we begin with h = β(u,v). After the first step,

we use Greek indices α to label the current blocks, since these blocks may contain multiple

coordinates. At every step, hα denotes the constant slope assigned to the current block Iα.

Now, we scan the list of blocks from left to right and, as soon as hα < hα+1, we merge the two

blocks Iα and Iα+1. The value of the new block is the weighted average of the two block values,

i.e.,

hnew = |Iα|hα+|Iα+1|hα+1

|Iα|+ |Iα+1|
. (7.53)

We then relabel the current blocks consecutively. After merging, we still need to check with

the previous block because the new value may have created a violation with the left block. We

continue until

h1 ≥ ·· · ≥ hr , (7.54)

for all blocks (we suppose there are r ≤ d at the end of the process). Then, the join is obtained

by setting

(u∨v)i = hα, ∀i ∈ Iα. (7.55)

This is the pool-adjacent-violators algorithm [58] applied to the slopes of the pseudo-Lorenz

curve. Equivalently, it constructs the least concave majorant of the pseudo-Lorenz curve of

β(u,v). Notice that Ref. [46] proposes an alternative way of constructing u∨v from β(u,v).

7.3.3 Properties

We now present some structural properties of the majorization lattice. In particular, although

it has well-defined meet and join operations, it does not satisfy some of the stronger identities

that hold in special classes of lattices.

There exist different pairs (u,v) and (u′,v′) such that

u∧v =u′∧v′ and u∨v =u′∨v′. (7.56)

This occurs, for example, by choosing u=u′ = (0.6,0.15,0.15,0.1)T , v = (0.5,0.25,0.2,0.05)T ,

and v′ = (0.5,0.275,0.175,0.05)T . These vectors also provide a counterexample to modularity,

and therefore to distributivity, of the majorization lattice [118].
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Figure 7.3: Lorenz curves associated with the meet and join constructions for the incom-
parable vectors u = (0.5,0.25,0.2,0.05)T and v = (0.6,0.15,0.15,0.1)T . In the left panel, we
depict the Lorenz curves of the original vectors (in dotted and dashed black lines) together
with that of their meet u∧v = (0.5,0.25,0.15,0.1)T in green, and the pseudo-Lorenz curve
of the intermediate vector β(u,v) = (0.6,0.15,0.2,0.05)T in blue. We observe that, while the
Lorenz curve of the meet is concave, the pseudo-Lorenz curve of the intermediate vector is
not concave, and hence it is not its actual Lorenz curve. To resolve this issue, the intermediate
vector is reordered (its actual Lorenz curve is in a dotted blue line in the right panel). In the
right panel, we zoom on the region where concavity fails for β(u,v) (see the dotted rectangle
in the left panel) and compare the pseudo-Lorenz curve of β(u,v) in solid blue line, the
Lorenz curve of its reordered version β(u,v)↓ = (0.6,0.2,0.15,0.05)T in dotted blue line, and
that of the join u∨v = (0.6,0.175,0.175,0.05)T in solid red line, obtained by “concavifying”
the pseudo-Lorenz curve of β(u,v). Since the Lorenz curve of β(u,v)↓ lies above that of the
join, we have u∨v ≺β(u,v)↓. Thus, β(u,v)↓ is an upper bound, but it is not the least one.

Proposition 7.1. The majorization lattice is non-modular and, thus, non-distributive.

Proof. Choose

u=u′ = (0.6,0.15,0.15,0.1)T , v = (0.5,0.25,0.2,0.05)T , v′ = (0.5,0.275,0.175,0.05)T .

(7.57)

Since v ≺v′, we require that (see Definition 7.17)

v∧ (u∨v′) = (v∧u)∨v′. (7.58)

However, in this example,

v∧ (u∨v′) = v ̸= v′ = (v∧u)∨v′. (7.59)

Thus, the lattice is not modular, and therefore it is not distributive.
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When the majorization lattice was introduced in information theory, two entropic proper-

ties were proposed [46].

Proposition 7.2 (Subadditivity of entropy on the majorization lattice). For u,v ∈P ↓
d , we

have

H(u∧v) ≤ H(u)+H(v). (7.60)

Proof. We present an alternative, shorter proof than the original from Ref. [46]. When com-

paring probability vectors of different lengths, we pad the shorter ones with zeros. This does

not affect either majorization relations or Shannon entropy. Let (U ,V ) be any coupling of

the distributions u and v, and let pUV be its joint distribution. Its marginals are pU =u and

pV = v. Since pUV is a refinement of each marginal distribution, we have

p↓
UV ≺ pU =u, p↓

UV ≺ pV = v. (7.61)

Hence, pUV is a lower bound of both u and v in majorization order. By the definition of the

meet, we can thus write

p↓
UV ≺u∧v. (7.62)

Using Schur-concavity of entropy (see Eq. (7.25)), we get

H(pUV ) ≥ H(u∧v). (7.63)

On the other hand, by the subadditivity of Shannon entropy [49],

H(pUV ) = H(U ,V ) ≤ H(U )+H(V ) = H(u)+H(v). (7.64)

Combining the last two inequalities gives

H(u∧v) ≤ H(u)+H(v), (7.65)

as desired.

Proposition 7.3 (Supermodularity of entropy on the majorization lattice). For u,v ∈P ↓
d ,

we have

H(u)+H(v) ≤ H(u∧v)+H(u∨v). (7.66)
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In Ref. [223], Proposition 7.3 is obtained from the stronger majorization relation

(u∧v)⊕ (u∨v) ≺u⊕v, (7.67)

where ⊕ denotes the direct sum. By Schur-concavity of entropy,

H

(︃
(u∧v)⊕ (u∨v)

2

)︃
≥ H

(︂u⊕v

2

)︂
. (7.68)

Using the following entropy identity, valid for every a,b ∈P ↓
d ,

H

(︃
a⊕b

2

)︃
= 1

2
H(a)+ 1

2
H(b)+ log2, (7.69)

we recover Eq. (7.66). The majorization lattice also admits a distance defined in terms of the

Shannon entropy H and the join operation.

Definition 7.19 (Entropic distance in the majorization lattice [45]). For u,v ∈P ↓
d , the

entropic distance between u and v in the majorization lattice is defined as

dH (u,v) := H(u)+H(v)−2H(u∨v). (7.70)

If u and v are comparable, e.g., if u≺ v, we get dH (u,v) = H (u)−H (v) since u∨v =v. Notice

that we could think of defining an analogous distance using the meet instead of the join, such

as

d̃H (u,v) := 2H(u∧v)−H(u)−H(v). (7.71)

Similarly, ifu andv are comparable, e.g., ifu≺ v, then d̃H (u,v) = H (u)−H (v), sinceu∧v =u.

However, d̃H (u,v) does not satisfy all the requirements of a distance measure; in particular, it

can fail the triangle inequality. Indeed,

d̃H (u,v)≰ d̃H (u,u∨v)+ d̃H (u∨v,v), (7.72)

since it can be rewritten as

H(u)+H(v) ≥ H(u∧v)+H(u∨v), (7.73)

which is forbidden for incomparable u,v ∈ P ↓
d in general, due to Proposition 7.3. In con-

trast, dH defines a proper distance on the majorization lattice, as shown in Ref. [45]. The

supermodularity of entropy can also be rephrased using the entropic distance dH as

dH (u∧v,u) ≥ dH (v,u∨v). (7.74)
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In Chapter 8, we make use of the majorization lattice notions of meet and join to propose

two new optimal protocols for converting bipartite pure states, whereas in Chapter 9, we

investigate new geometric aspects of the majorization lattice in order to strengthen entropic

inequalities.
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8Probabilistic pure-state conversion on
the majorization lattice
The content of this chapter is based on the following published work: Serge Deside, Matthieu

Arnhem, Célia Griffet, and Nicolas J. Cerf. “Probabilistic pure state conversion on the ma-

jorization lattice”. Physical Review Research 6, 023156, May 2024 [62].

In this chapter, we show that the majorization lattice provides an efficient framework for

characterizing the allowed transformations of pure entangled states under local operations

and classical communication (LOCC). The underlying notions of meet ∧ and join ∨ in the

majorization lattice lead us to define, respectively, the optimal common resource and optimal

common product states. Based on these two states, we introduce two optimal probabilistic

protocols for the (single-copy) conversion of incomparable bipartite pure states, which we

name greedy and thrifty. Both protocols reduce to Vidal’s protocol [233] when the initial and

final states are comparable. When they are incomparable, however, the thrifty protocol is

superior to the greedy protocol in the sense that it yields a more entangled residual state upon

failure, while both protocols yield the target state with the same optimal success probability

upon success. Finally, we consider the generalization of these protocols to entanglement

transformations involving multiple initial or final states.

8.1 Introduction

As discussed in Chapter 2, quantum entanglement has long been recognized as a necessary

resource in many quantum information protocols [21, 22, 133] and is often regarded as the

paramount quantum resource [42]. In this context, separable states are defined as resource-

free states and LOCC are viewed as free operations, that is, operations that map separable

states onto separable states (hence, do not create any resource). An important aspect of such a

resource theory of entanglement concerns the study of allowed entanglement transformations,

i.e., the conversions between entangled states of a system shared between several parties

that can be achieved using LOCC only. Note that the conversions of bipartite pure states are

asymptotically (in the limit of many copies) always allowed with some yield [19]. Instead,

here, we focus on the case of single-copy transformations between bipartite pure states. The

most notable result on this subject, due to Nielsen [171], consists in a simple characterization

of deterministic bipartite pure state conversions using LOCC by means of majorization theory.

A related result, due to Vidal [233], further extends this characterization to probabilistic

transformations.
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As presented in Chapter 7, the theory of majorization allows one to compare probability

distributions in terms of intrinsic disorder. These majorization relations play a central role in

entanglement theory, as implied by Nielsen’s theorem (see Theorem 2.1), i.e., if Alice and Bob

share a bipartite pure state |ψ〉AB ,

|ψ〉AB =
d∑︂

i=1

√︂
λ(i )
ψ |i 〉A |i 〉B . (8.1)

It is convertible into another pure state

|φ〉AB =
d∑︂

i=1

√︂
λ(i )
φ |i 〉A |i 〉B (8.2)

if and only if the two Schmidt vectors λψ, λφ obey the following majorization relation,

λψ ≺λφ. (8.3)

Notice that, by an abuse of language, we write |ψ〉AB ≺ |φ〉AB , and say that |ψ〉AB is majorized

by |φ〉AB , whenever λψ ≺λφ. Protocols achieving such a transformation have been discussed,

for example, in Refs. [141, 230]. The characterization of entanglement transformations via

majorization relations has been generalized to probabilistic LOCC transformations by Vidal

(see Theorem 2.2), and an optimal protocol achieving the desired probabilistic transformation

was also provided (it will be detailed in Section 8.3). Optimality refers here to a protocol that

reaches the exact state |φ〉AB with the highest possible success probability.

In this chapter, we exploit the majorization lattice (presented in Section 7.3) in order to

revisit the probabilistic entanglement transformations between bipartite pure states. Our

analysis builds upon the two central elements of a lattice theory, the so-called meet and join

(see Figure 7.2), and yields two corresponding optimal protocols (see Figure 8.1). Considering

an entanglement lattice, where each node is a bipartite pure state and the lattice structure

emerges from majorization relations, we associate the meet and the join with two specific

states that we call, respectively, the optimal common resource (OCR)1 and optimal common

product (OCP) states. We first build a protocol using the OCP state and show that it is akin

to Vidal’s optimal protocol. More interestingly, we then build a second protocol making

use of the OCR state and prove that, while being again optimal, it better preserves average

entanglement. Both protocols trivially reduce to Vidal’s in the special case where |ψ〉 and |φ〉
are comparable states in the sense of majorization theory, so we focus on the interesting case

of incomparable states.

1This term was first coined in Ref. [110] but with no reference to the majorization lattice.
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The protocol based on the OCP state can be viewed as a greedy protocol. In the context of

optimization, a greedy algorithm evolves towards the solution by choosing the local optimal

move at each stage. In analogy, our greedy protocol favors the immediate gain of a determin-

istic move and postpones the probabilistic move (see red arrows in Figure 8.1). Our second

protocol based on the OCR state can be understood, in contrast, as a thrifty protocol. A thrifty

optimization algorithm prefers not to choose immediate gain at each stage. Here, our thrifty

protocol indeed tolerates starting with a probabilistic move (see green arrows in Figure 8.1).

The main results of this chapter consist in Theorems 8.1 and 8.2, which prove, respectively,

the optimality and better average entanglement preservation of the thrifty protocol.

This chapter is organized as follows. In Section 8.2, we first introduce the majorization lat-

tice and, specifically for bipartite entanglement, the OCR and OCP states. Then, in Section 8.3,

we present Vidal’s theorem for the probabilistic conversion of bipartite pure states as well as

the corresponding optimal protocol. This provides us with the tools for introducing the greedy

and thrifty protocols in Section 8.4. We further establish in Section 8.5 the generalization of

the greedy and thrifty protocols to an arbitrary number of initial or final states. Finally, we

give our conclusions in Section 8.6.

8.2 From the majorization lattice to the entanglement
lattice

Let us briefly recall the majorization lattice introduced in Definition 7.18, that is, (P ↓
d ,≺,∧,∨).

The meet of two vectors u,v ∈ P ↓
d , denoted u∧v, is the sole element of P ↓

d such that, for

every w ∈P ↓
d with w ≺u and w ≺ v, we have w ≺u∧v. Analogously, the join of two vectors

u,v ∈P ↓
d , denoted u∨v, is the sole element of P ↓

d such that, for every w ∈P ↓
d with u≺w

and v ≺w, we have u∨v ≺w. Thus, it implies u∧v ≺u≺u∨v and u∧v ≺v ≺u∨v.

In the following, we will consider an entanglement lattice whose elements are bipartite

pure states (see Figure 8.1). Since the entanglement of a bipartite pure state is uniquely

characterized by its Schmidt vector, we may equivalently view the elements of the lattice as

probability vectors2 in P ↓
d . Hence, according to Nielsen’s theorem, a state can be obtained

from any state belonging to its majorized set by using only deterministic LOCC. Conversely, a

state can be converted into any state of its majorizing set by using only deterministic LOCC.

In other words, the lattice structure translates the allowed entanglement transformations.

2In what follows, when we say that one bipartite pure state majorizes another, we mean that the corresponding
relation holds between their Schmidt vectors.
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Accordingly, the meet of two (or more) states denotes the least entangled state that can still

be deterministically converted into any one of them. We refer to it as the optimal common re-

source (OCR)1 state. Reciprocally, the join of two (or more) states denotes the most entangled

state that can still be deterministically produced from any one of them. We refer to it as the

optimal common product (OCP) state, where “product” refers to an output of the conversion

process. The OCP and OCR states will be used in Section 8.4 in order to construct the greedy

and thrifty protocols, respectively, as pictured in Figure 8.1.

Instructively, the optimality of the OCP and OCR states can be rephrased as follows. For

ease of notation, from now on, we drop the subscript AB for bipartite states (all pure states

are bipartite in the following). Considering two bipartite pure states |ψ〉 and |φ〉, any state

|τ〉 that is majorized by both |ψ〉 and |φ〉 (i.e., any state |τ〉 lying inside the intersection of the

two up cones emerging from |ψ〉 and |φ〉 in Figure 8.1) must also be majorized by the OCR

state |ψ∧φ〉. Thus, according to Nielsen’s theorem, all “resource states” (i.e., states |τ〉 that

are convertible into either |ψ〉 or |φ〉 via a deterministic LOCC) can also produce the OCR

state |ψ∧φ〉. Since the latter is itself convertible into either |ψ〉 or |φ〉, it is the resource state

that requires the lowest amount of resource. Conversely, any state |σ〉 that majorizes both

|ψ〉 and |φ〉 (i.e., any state |σ〉 lying inside the intersection of the two down cones emerging

from |ψ〉 and |φ〉 in Figure 8.1) must necessarily also majorize the OCP state |ψ∨φ〉. This

means that all “producible states” (i.e., states |σ〉 that can be deterministically produced with

LOCC either from |ψ〉 or from |φ〉) can also be produced from the OCP state |ψ∨φ〉. Since the

latter is itself obtainable either from |ψ〉 or from |φ〉, it is the producible state that contains

the highest amount of resource.

8.3 Probabilistic state-conversion protocol

When a deterministic state conversion is impossible according to Nielsen’s theorem, the same

transformation may sometimes be achieved probabilistically. This is the content of Vidal’s

theorem (see Theorem 2.2), which we now recall, before giving its associated protocol.

Let |ψ〉 be the initial state of a bipartite system shared between Alice and Bob, and let

|φ〉 be the target state they wish to obtain using only LOCC. We suppose that it is possible to

perform the desired transformation from |ψ〉 to |φ〉 with non-vanishing probability, i.e., the

number of non-zero coefficients of λψ must be at least as large as that of λφ (in the following,

we consider, without loss of generality, that they are equal)3. Vidal’s theorem states that there

exists a probabilistic protocol converting |ψ〉 into |φ〉 with probability p if and only if

El (ψ) ≥ p El (φ), ∀l = 1, . . . ,d , (8.4)

where El (ψ) :=∑︁d
i=l λ

(i )↓
ψ , as defined in Section 2.2.2.

3If the number of Schmidt coefficients of the initial state is strictly smaller than the number of Schmidt
coefficients of the target state, the optimal conversion probability is equal to zero by Theorem 2.2.
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Figure 8.1: Schematic representation of the majorization lattice applied to bipartite entangle-
ment. Let |ψ〉 and |φ〉 be two bipartite pure states that are assumed to be incomparable. Any
state lying in the up cone of |ψ〉 is convertible into |ψ〉 via deterministic LOCC, while any state
in the down cone of |ψ〉 is reachable from |ψ〉 via deterministic LOCC (this is pictured with a
collection of grey arrows pointing downwards). The same holds true, of course, for the cones
associated with |φ〉. The OCR state |ψ∧φ〉 is located at the intersection of the two up cones
and can be understood as the least entangled state capable of deterministically producing
either |ψ〉 or |φ〉. In contrast, the OCP state |ψ∨φ〉 is located at the intersection of the two
down cones and can be viewed as the most entangled state that both |ψ〉 and |φ〉 are capable
to produce deterministically. We highlight the greedy (red) and thrifty (green) protocols as
discussed in Section 8.4 for converting |ψ〉 into |φ〉 (bold arrows correspond to deterministic
LOCC transformations and dashed arrows to probabilistic LOCC transformations). The greedy
protocol (in red) starts with a deterministic LOCC towards the OCP state and postpones the
probabilistic LOCC. In contrast, the thrifty protocol (in green) starts with a probabilistic LOCC
towards the OCR state before making the deterministic LOCC.

Thus, the optimal (maximum) probability with which Alice and Bob can perform the desired

transformation is given by

pmax = min
l∈{1,...,d}

El (ψ)

El (φ)
. (8.5)

Note that pmax ≤ 1 because when l = 1, we have E1(ψ) = E1(φ) = 1. Vidal described a protocol

achieving this optimal probability in Ref. [233], which we review hereafter.
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First, Alice and Bob apply a deterministic LOCC in order to transform |ψ〉 into an inter-

mediate state |χ〉 which maximizes the fidelity with respect to the target state |φ〉 while being

deterministically reachable from |ψ〉 using only LOCC [235], namely,

|χ〉 = argmax
|α〉 : |ψ〉LOCC−→ |α〉

|〈α|φ〉|2. (8.6)

Second, Alice performs a two-outcome measurement on her share of the system, leading,

with some probability pmax, to the target state |φ〉 (in which case we say that the protocol

has succeeded) or, with probability 1−pmax, to a state denoted as |ξ〉 (in which case we say

that the protocol has failed). We show below that this residual state |ξ〉 always possesses a

strictly smaller number of non-vanishing Schmidt coefficients than |φ〉, hence the conversion

from |ξ〉 to |φ〉 is fully impossible, even probabilistically. Note that Vidal’s conversion protocol,

which we simply refer to as a probabilistic LOCC transformation in the following, involves

both a deterministic step and a probabilistic step.

The construction of the intermediate state |χ〉 works as follows. We make use of the d

entanglement monotones defined in Eq. (8.4) in order to define a sequence of ratios r j ’s. First,

we define r1, which corresponds to the maximum conversion probability from |ψ〉 to |φ〉, as

r1 = min
l∈{1,...,d}

El (ψ)

El (φ)
:= El1 (ψ)

El1 (φ)
, (8.7)

where l1 is the value of l that reaches the minimum (it is chosen as the smallest value of l

in case of several minima). Then, we define the next ratios r j ’s with j = 2,3, . . . ,d as follows

(each r j is associated with a corresponding l j )

r j = min
l∈{1,...,l j−1−1}

El (ψ)−El j−1 (ψ)

El (φ)−El j−1 (φ)
:=

El j (ψ)−El j−1 (ψ)

El j (φ)−El j−1 (φ)
, (8.8)

until we find some value of j , which we call k, satisfying lk = 1. Finally, we define l0 = d +1.

On a side note, it can easily be shown that the sequences of r j ’s and l j ’s satisfy 0 < r1 < ·· · < rk

and l0 > l1 > ·· · > lk = 1 [233].

From the ratios r j ’s, we define the Schmidt coefficients of the intermediate state

λ(i )
χ = r jλ

(i )
φ , if i ∈ {l j , . . . , l j−1 −1}, with j ∈ {1, . . . ,k}, (8.9)

which, by construction, satisfies λψ ≺λχ. Hence, |ψ〉 is convertible to |χ〉 by using a deter-

ministic LOCC.
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The generalized measurement performed by Alice is described by the two Kraus operators

M̂ =

⎛⎜⎜⎝
M̂k

. . .

M̂1

⎞⎟⎟⎠ , (8.10)

N̂ =

⎛⎜⎜⎜⎝
√︂
1̂[lk−1−lk ] − M̂ 2

k
. . . √︂

1̂[l0−l1] − M̂ 2
1

⎞⎟⎟⎟⎠ , (8.11)

with

M̂ j =
√︄

r1

r j
1̂[l j−1−l j ], for j ∈ {1, . . . ,k}, (8.12)

where 1̂[l j−1−l j ] is the identity operator in a (l j−1 − l j )-dimensional Hilbert space. We have,

of course, the completeness relation M̂ †M̂ + N̂ †N̂ = 1̂[d ]. If Alice obtains the measurement

outcome linked to M̂ , she obtains the target state |φ〉. This happens with probability r1 since

we have (︁
M̂ ⊗ 1̂[d ]

)︁ |χ〉 =p
r1 |φ〉 . (8.13)

Otherwise, if she obtains the outcome linked to N̂ , she gets the residual state |ξ〉 such that

(︁
N̂ ⊗ 1̂[d ]

)︁ |χ〉 =√︁
1− r1 |ξ〉 . (8.14)

It is clear from Eq. (8.11) that N̂ possesses at least one vanishing diagonal element, hence

|ξ〉 has strictly less non-vanishing Schmidt coefficients than |φ〉. Therefore, it is impossible for

Alice and Bob to obtain state |φ〉 from |ξ〉 by using (even probabilistic) LOCC transformations.

Note that in the special case where λψ ≺λφ, Vidal’s protocol reduces to a deterministic

(pmax = 1) protocol for converting |ψ〉 into |φ〉, which exists as a consequence of Nielsen’s

theorem.

8.4 Greedy and thrifty protocols on the majorization lat-
tice

We now introduce the two optimal probabilistic state conversion protocols which take ad-

vantage of the notions of OCP and OCR states in the majorization lattice (see Figure 8.2 for

a diagrammatic representation of both protocols). As usual, Alice and Bob initially share a

pure bipartite state |ψ〉 that they wish to transform into a target state |φ〉 by using only LOCC

operations. Further, we assume that |ψ〉 and |φ〉 are incomparable.
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The protocol passing through the OCP state works as follows. First, Alice and Bob transform

|ψ〉 into the OCP of the initial and target states, denoted as |ψ∨φ〉, via a deterministic LOCC

transformation. This conversion is possible as a consequence of Nielsen’s theorem since,

by definition, λψ ≺ λψ∨φ. Then, Alice and Bob apply to |ψ∨φ〉 the probabilistic LOCC

transformation4 presented in Section 8.3 in order to obtain the target state |φ〉. This clearly

cannot be done deterministically since λψ∨φ ⊀ λφ (actually, λψ∨φ ≻ λφ). We name this

protocol greedy because the deterministic (rewarding) LOCC transformation is given priority

and precedes the probabilistic (less rewarding) LOCC transformation.

Following a similar logic, we define another protocol using the OCR state instead. In

this protocol, Alice and Bob first transform |ψ〉 into the OCR of the initial and target states,

denoted as |ψ∧φ〉, using the probabilistic LOCC transformation5 presented in Section 8.3.

This transformation can only be made probabilistically because λψ⊀λψ∧φ (actually, λψ ≻
λψ∧φ). Then, the second phase consists in Alice and Bob transforming |ψ∧φ〉 into |φ〉 via a

deterministic LOCC operation, which is obviously possible because λψ∧φ ≺λφ. We name this

protocol thrifty because the deterministic (rewarding) LOCC transformation is postponed

after the probabilistic (less rewarding) LOCC transformation.

Interestingly, we will prove that the greedy and thrifty protocols both reach the optimal

conversion probability [the same as that of Vidal’s protocol, see Eq. (8.5)]. Furthermore, we

will show that the thrifty protocol better preserves entanglement, on average, than the greedy

protocol. More precisely, if the thrifty protocol fails, the residual state, which we call |ν〉, is

more entangled than the residual state of the greedy protocol, called |ξ〉, in the sense that

λν ≺λξ, or equivalently |ν〉 LOCC−→ |ξ〉.
Note that if |ψ〉 and |φ〉 were comparable instead of incomparable states, then the greedy

and thrifty protocols would be equal and would coincide with Vidal’s conversion protocol

from |ψ〉 to |φ〉 (which is probabilistic when λφ ≺λψ, or even deterministic when λψ ≺λφ).

Hence, we will only be interested in the case of incomparable Schmidt vectors λψ and λφ, i.e.,

situations where a deterministic LOCC conversion is impossible in both directions, from |ψ〉
to |φ〉 and from |φ〉 to |ψ〉.

Let us first consider the easiest case of the greedy protocol, which can be brought to Vidal’s

protocol simply by merging the sequence of two deterministic steps |ψ〉→ |ψ∨φ〉→ |χ〉 into

a single deterministic step |ψ〉→ |χ〉. Indeed, in the second phase of the greedy protocol (i.e.,

the probabilistic LOCC transformation from |ψ∨φ〉 to |φ〉), the intermediate state happens

to be the same as the intermediate state |χ〉 of the transformation from |ψ〉 to |φ〉 in Vidal’s

protocol, defined in Eq. (8.9).

4It consists of a deterministic step from |ψ∨φ〉 to the intermediate state |χ〉, followed by a probabilistic step
from |χ〉 to |φ〉.

5It consists of a deterministic step from |ψ〉 to the intermediate state |ζ〉, followed by a probabilistic step from
|ζ〉 to |ψ∧φ〉.
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Figure 8.2: Diagrammatic representation of the greedy (red) and thrifty (green) protocols
converting |ψ〉 into |φ〉 on the majorization lattice. The probabilistic LOCC transformation
of both protocols is itself split into two steps: a deterministic step (represented by a bold
arrow) towards an intermediate state (either |χ〉 or |ζ〉) followed by a purely probabilistic
step (represented by a dashed arrow) involving a local two-outcome measurement. If the
conversion is successful, the resulting state is majorized by (is more entangled than) the
initial state (|φ〉 ≺ |ψ∨φ〉 and |ψ∧φ〉 ≺ |ψ〉). The left inset represents the residual states if
the conversion has failed, emphasizing that the residual state |ν〉 of the thrifty protocol is
majorized by (hence, is more entangled than) the residual state |ξ〉 of the greedy protocol.
Note also that |ζ〉 ≺ |χ〉.
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This is true because this intermediate state |χ〉 has been shown to belong to the down cone of

|ψ∨φ〉 in Ref. [26], and is thus deterministically reachable from |ψ〉. Since, by definition, the

intermediate state is the closest state to |φ〉 that is deterministically attainable from |ψ〉 [see

Eq. (8.6)], both intermediate states coincide. Hence, the greedy protocol is also optimal.

The rest of this section is devoted to the analysis of the thrifty protocol, which is more

involved. Before proving the optimality of the thrifty protocol, let us prove the following rather

intuitive lemma.

Lemma 8.1. The entanglement monotone for the OCR of two bipartite pure states |ψ〉
and |φ〉, El (ψ∧φ), is equal to the maximum between the entanglement monotones of the

initial state El (ψ) and target state El (φ), i.e.,

El (ψ∧φ) = max
{︁
El (ψ),El (φ)

}︁
, ∀l ∈ {1, . . . ,d}. (8.15)

Proof. We start from the definition of the l th entanglement monotone for the OCR state,

El (ψ∧φ) =
d∑︂

i=l
λ(i )
ψ∧φ, (8.16)

which can be rewritten, by means of the expression of the meet in Eq. (7.49), as

El (ψ∧φ) =
d∑︂

i=l

(︄
min

{︄
i∑︂

j=1
λ

( j )
ψ ,

i∑︂
j=1

λ
( j )
φ

}︄
−min

{︄
i−1∑︂
j=1

λ
( j )
ψ ,

i−1∑︂
j=1

λ
( j )
φ

}︄)︄
. (8.17)

Since all terms cancel out two by two, except for the first and last terms, we obtain

El (ψ∧φ) = 1−min

{︄
l−1∑︂
j=1

λ
( j )
ψ ,

l−1∑︂
j=1

λ
( j )
φ

}︄
, (8.18)

or equivalently,

El (ψ∧φ) = max

{︄
d∑︂

j=l
λ

( j )
ψ ,

d∑︂
j=l

λ
( j )
φ

}︄
, (8.19)

= max
{︁
El (ψ),El (φ)

}︁
, (8.20)

hence completing the proof, which holds for every l ∈ {1, . . . ,d}.

We can now move to our first main result, namely the optimality of the thrifty protocol.

Since the second phase of the thrifty protocol, converting |ψ∧φ〉 into |φ〉 (i.e., the third green

arrow in Figure 8.2), is deterministic, all we need to consider is the first phase, namely the

probabilistic LOCC transformation from |ψ〉 to |ψ∧φ〉 (i.e., the two first green arrows in

Figure 8.2).
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In the following theorem, we prove that the maximum probability of achieving such a trans-

formation from |ψ〉 to |ψ∧φ〉 is equivalent to that of realizing the transformation from |ψ〉
to |φ〉. In some sense, with this specific probability, one may as well stop the thrifty protocol

halfway in order to produce the more entangled state |ψ∧φ〉 rather than |φ〉.

Theorem 8.1. Let |ψ〉 and |φ〉 be two bipartite pure states. The optimal probability

of conversion from |ψ〉 to |ψ∧φ〉, which we name r1, is equal to that of the optimal

conversion from |ψ〉 to |φ〉, denoted as r1 in Eq. (8.7).

Proof. We need to show that r1 = r1, where r1 is given by Eq. (8.7) and r1 is the optimal

probability of conversion from |ψ〉 to |ψ∧φ〉. We know that this probabilistic transformation

can be performed optimally using Vidal’s protocol, so r1 can be calculated with Eq. (8.7),

namely,

r1 = min
l∈{1,...,d}

El (ψ)

El (ψ∧φ)
:= El1 (ψ)

El1 (ψ∧φ)
, (8.21)

where l1 is defined as the smallest l ∈ {1, . . . ,d} minimizing the ratio El (ψ)/El (ψ∧φ). With the

use of Lemma 8.1, we can write

r1 = min
l∈{1,...,d}

El (ψ)

max
{︁
El (ψ),El (φ)

}︁ , (8.22)

which is to be compared with r1. We obviously have

El (ψ)

max
{︁
El (ψ),El (φ)

}︁ ≤ El (ψ)

El (φ)
, ∀l ∈ {1, . . . ,d}. (8.23)

For any value of l such that El (φ) < El (ψ), we have

1 = El (ψ)

max
{︁
El (ψ),El (φ)

}︁ < El (ψ)

El (φ)
, (8.24)

implying that such a value of l can be disregarded in the minimization over l that yields

r1 in Eq. (8.7) or r1 in Eq. (8.22) since, when l = 1, E1(ψ) = E1(φ) = 1 so the minimum is

guaranteed not to exceed 1. Thus, we may restrict the minimization over the values of l such

that El (φ) ≥ El (ψ), for which

El (ψ)

max
{︁
El (ψ),El (φ)

}︁ = El (ψ)

El (φ)
. (8.25)

This implies that we have equal conversion probabilities,

r1 = r1, (8.26)

hence we have proven that the thrifty protocol is also an optimal probabilistic protocol.
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We now turn to our second main result, namely that entanglement is better preserved, on

average, by the thrifty protocol rather than the greedy protocol. Let us first prove the following

lemma.

Lemma 8.2. For all x and y ∈P ↓
d such that x≺y, and for all non-increasingly ordered

vectors a ∈Rd+ such that
∑︁d

i=1 ai xi =∑︁d
i=1 ai yi = 1, we have

a⊙x≺a⊙y, (8.27)

where ⊙ denotes the Hadamard (element-wise) product.

Proof. The equality [see Eq. (7.2)] in the majorization relation of Eq. (8.27) is trivially fulfilled

by hypothesis, so it remains to prove the following d −1 inequalities [see Eq. (7.2)],

k∑︂
i=1

ai (yi −xi ) ≥ 0, ∀k ∈ {1, . . . ,d −1}, (8.28)

given the majorization hypothesis x≺y, which reads as

k∑︂
i=1

(yi −xi ) ≥ 0, ∀k ∈ {1, . . . ,d −1}. (8.29)

The non-increasing rearrangement of vector a allows us to write its components in the form

ai =
d∑︂

j=i
µ j , ∀i ∈ {1, . . . ,d}, (8.30)

where µ j ≥ 0, for all j ∈ {1, . . . ,d}. By plugging Eq. (8.30) into Eq. (8.28), we have to prove

k∑︂
i=1

(yi −xi )
d∑︂

j=i
µ j ≥ 0, ∀k ∈ {1, . . . ,d −1}, (8.31)

which can be rewritten by interchanging the two summation signs as

d∑︂
j=1

µ j

min(k, j )∑︂
i=1

(yi −xi ) ≥ 0, ∀k ∈ {1, . . . ,d −1}. (8.32)

These inequalities are clearly satisfied given µ j ≥ 0 and the majorization hypothesis, Eq. (8.29),

thereby completing the proof.
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With this in mind, we can prove our second main result, namely that the residual state |ν〉
of the thrifty protocol is majorized by the residual state |ξ〉 of the greedy protocol. This is the

content of the following theorem.

Theorem 8.2. Let |ψ〉 and |φ〉 be two bipartite pure states and let |ξ〉 be the residual state

if the two-outcome probabilistic protocol for converting |ψ〉 into |φ〉 fails and |ν〉 be the

residual state if the two-outcome probabilistic protocol for converting |ψ〉 into |ψ∧φ〉
fails. Both residual states are related via the majorization relation

λν ≺λξ. (8.33)

Proof. To show this, we proceed in three steps. First, using the definitions from Eq. (8.8), we

characterize the sequence of ratios r j ’s (and corresponding values l j ’s) associated with the

probabilistic conversion from |ψ〉 to |ψ∧φ〉 and prove that r j = r j and l j = l j , for all j . Then,

we express the intermediate state |ζ〉 of this conversion and show that it satisfies λζ ≺ λχ,

where |χ〉 corresponds to the intermediate state of the probabilistic conversion from |ψ〉 (or

from |ψ∨φ〉) to |φ〉, as shown in Figure 8.2. Finally, we use λζ ≺ λχ in order to prove the

desired majorization relation λν ≺λξ.

From Theorem 8.1, we already know that for j = 1, r1 = r1 and l1 = l1. In order to prove the

same relations for higher values of j , we proceed by iteration. We can write r2, by means of

Eq. (8.8), as

r2 = min
l∈{1,...,l1−1}

El (ψ)−El1 (ψ)

El (ψ∧φ)−El1 (ψ∧φ)
,

:= El2 (ψ)−El1 (ψ)

El2 (ψ∧φ)−El1 (ψ∧φ)
, (8.34)

which can be reexpressed, using l1 = l1 and El1 (ψ∧φ) = max
{︁
El1 (ψ),El1 (φ)

}︁= El1 (φ), as

r2 = min
l∈{1,...,l1−1}

El (ψ)−El1 (ψ)

max
{︁
El (ψ),El (φ)

}︁−El1 (φ)
. (8.35)

We choose to rewrite this last expression as

r2 = min
l∈{1,...,l1−1}

r2,l . (8.36)

We now divide the values of l in two categories. Either l ∈L + when max
{︁
El (ψ),El (φ)

}︁= El (ψ),

or l ∈L − when max
{︁
El (ψ),El (φ)

}︁= El (φ). It is possible to prove that there always exists one

value lmin ∈L − such that r2,lmin ≤ r2,l , for every l ∈L +∪L −. Hence,

r2 = r2. (8.37)
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Proceeding equivalently for each j , we show that

r j = r j and l j = l j , ∀ j ∈ {1, . . . ,k}. (8.38)

This allows us to write the vector of Schmidt coefficients of the intermediate state |ζ〉 between

|ψ〉 and |ψ∧φ〉 as

λ(i )
ζ

= r j λ
(i )
ψ∧φ, if i ∈ {l j , . . . , l j−1 −1}, with j ∈ {1, . . . ,k}. (8.39)

Thus, this vector can be expressed as a Hadamard product of two vectors, namely,

λζ = r⊙λψ∧φ, (8.40)

where (r)i = r j , if i ∈ {l j , . . . , l j−1 −1}, for every i ∈ {1, . . . ,d}. Similarly, in view of Eq. (8.9), the

vector of Schmidt coefficients of the intermediate state |χ〉 between |ψ〉 (or |ψ∨φ〉) and |φ〉
can be rewritten using this notation as

λχ = r⊙λφ. (8.41)

Now, we simply make use of Lemma 8.2. Since λψ∧φ ≺λφ, the majorization relation

λζ = r⊙λψ∧φ ≺ r⊙λφ =λχ, (8.42)

holds true provided the vector r is non-increasingly ordered (by increasing index i ). This can

be easily checked from the structure of this vector, namely,

r = (rk
↑

lk

. . .rk | . . . . . . |r2
↑
l2

. . .r2|r1
↑
l1

. . .r1)T , (8.43)

where each l j variable points to the index of the corresponding element in r. Hence, λζ ≺λχ,

which means that the intermediate state |ζ〉 of the thrifty protocol is more entangled than the

intermediate state |χ〉 of the greedy protocol, as can also be seen in Figure 8.2.

Finally, we deduce from Eq. (8.42) the fact that λν ≺λξ, i.e., that if the protocol fails, the

residual state of the thrifty protocol is more entangled than the residual state of the greedy

protocol (see inset of Figure 8.2). To do this, first notice that(︁
N̂ ⊗ 1̂[d ]

)︁ |χ〉 =√︁
1− r1 |ξ〉 , (8.44)

and (︁
N̂ ⊗ 1̂[d ]

)︁ |ζ〉 =√︁
1− r1 |ν〉 . (8.45)
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Given that N̂ is diagonal [see Eq. (8.11)], we can rewrite Eqs. (8.44) and (8.45) using vectors of

Schmidt coefficients and the Hadamard product as

λξ =n⊙λχ, λν =n⊙λζ, (8.46)

where (n)i = 〈i |N̂ †N̂ |i 〉/(1− r1), for every i ∈ {1, . . . ,d}. Finally, using again Lemma 8.2, valid

because of the fact that n ∈Rd+ is a non-increasingly ordered vector and the fact that λζ ≺λχ,

we complete the proof that λν ≺λξ.

8.5 Generalization to a collection of initial or final states

We can first generalize Theorem 8.1 to a scenario involving multiple final states. Imagine that

Alice and Bob possess a state |ψ〉 and that, instead of a single target state, there is a collection

of m possible target states {|φ j 〉}m
j=1 from which they will have to produce a single one (without

knowing which one beforehand). The idea is that they can first perform a probabilistic LOCC

transformation to the OCR state of the m +1 states, denoted as⃓⃓⃓
ψ

m∧
j=1

φ j

⟩︂
:= |ψ∧φ1 ∧φ2 ∧·· ·∧φm〉 , (8.47)

extending the essence of the thrifty protocol. Once they possess the OCR state, they can wait

until they learn which state |φ j 〉 they have to produce before performing the corresponding

deterministic LOCC transformation from the OCR state to |φ j 〉. Interestingly, the probabilistic

LOCC from |ψ〉 to the OCR state has an optimal probability that is equal to the minimum

optimal probability of all individual conversions from |ψ〉 to |φ j 〉. In some sense, with this

minimum probability corresponding to the hardest-to-reach target state |φ j 〉, we may as well

stop the protocol halfway to produce the more entangled OCR state. This is the content of the

following theorem.

Theorem 8.3. Let |ψ〉 be a bipartite pure state and {|φ j 〉}m
j=1 be a collection of m bipartite

pure states. The optimal probability p [1]
max of conversion from |ψ〉 to the OCR state of the

m+1 states
⃓⃓⃓
ψ

m∧
j=1

φ j

⟩︂
is equal to the minimum optimal probability among the m possible

individual conversions from |ψ〉 to |φ j 〉, i.e.,

p [1]
max = min

j∈[1,m]
p [2]

max, j , (8.48)

where p [2]
max, j denotes the optimal probability of conversion from |ψ〉 to |φ j 〉.



152 8.5. Generalization to a collection of initial or final states

Proof. From Eq. (8.5), we have

p [1]
max = min

l∈[1,d ]

El (ψ)

El

(︃
ψ

m∧
j=1

φ j

)︃ , (8.49)

as well as

p [2]
max, j = min

l∈[1,d ]

El (ψ)

El (φ j )
, (8.50)

and we want to prove that

p [1]
max = min

j∈[1,m]
p [2]

max, j =: p [2]
max. (8.51)

In order to do so, we can use the straightforward generalization of Lemma 8.1, namely,

El

(︃
ψ

m∧
j=1

φ j

)︃
= max

{︁
El (ψ),El (φ1), . . . ,El (φm)

}︁
. (8.52)

Thus, we have p [1]
max = min

l∈[1,d ]
p [1]

max,l , where

p [1]
max,l =

El (ψ)

max
{︁
El (ψ),El (φ1), . . . ,El (φm)

}︁ , (8.53)

and, by interchanging the minima, we can also write

p [2]
max = min

l∈[1,d ]
p [2]

max,l , (8.54)

where

p [2]
max,l = min

j∈[1,m]

El (ψ)

El (φ j )
. (8.55)

Therefore, using Eqs. (8.53) and (8.55), it is easy to see that p [2]
max,l ≥ p [1]

max,l = 1 for any value of l

such that max
{︁
El (ψ),El (φ1), . . . ,El (φm)

}︁= El (ψ). These values of l can thus be disregarded in

the minimization over l since the minimum cannot exceed 1 (indeed, p [2]
max,1 = p [1]

max,1 = 1 when

l = 1). Thus, we only have to consider the values of l such that max
{︁
El (ψ),El (φ1), . . . ,El (φm)

}︁=
El (φk ), with k ∈ {1, , . . . ,m}, implying p [2]

max,l = p [1]
max,l = El (ψ)/El (φk ). Hence, the minimum

over l yields p [1]
max = p [2]

max, which completes the proof.

In other words, as long as Alice and Bob do not know which target state |φ j 〉 they will

have to reach, they may anticipate the probabilistic step and move to the OCR, but this

can only be done with the minimum probability (corresponding to the worst-case target

state). The benefit of this procedure is that once the target |φ j 〉 is disclosed, the final step

is deterministic. Otherwise, they may wait until the target |φ j 〉 is disclosed and only then

perform a probabilistic transformation from |ψ〉 to |φ j 〉, whose probability may be higher

(depending on which is the target state).
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In a nutshell, a compromise can be made between doing the probabilistic transformation

at first (making the rest fully deterministic regardless of the target state) or waiting to know

which target state is wanted before doing the actual probabilistic transformation (possibly

with a higher success probability).

It is worth noting that the Procrustean method introduced in Ref. [19] can be viewed as

a special case of our thrifty protocol in a scenario where the target state is a priori totally

arbitrary. The Procrustean method is a local filtering which converts a single copy of a

given partially entangled pure state |ψ〉 into the maximally entangled state |Φ〉 of the same

dimension. Indeed, when considering the thrifty protocol with the set of target states {|φ j 〉}
being the whole set of states of the same dimension as the initial state, the OCR then becomes

the maximally entangled state |Φ〉. Hence, the thrifty protocol starts with the probabilistic

conversion of |ψ〉 into |Φ〉, which is thus equivalent to the Procrustean method6. Once the

actual target state |φ j 〉 is revealed, one may then deterministically convert |Φ〉 into |φ j 〉 (which

is possible since |Φ〉 ≺ |φ j 〉, for every j ). Of course, this Procrustean procedure becomes

suboptimal in situations where the set of target states is limited so the OCR is not maximally

entangled, in which case the thrifty protocol comes with a higher success probability.

It is also tempting to compare our multitarget-state thrifty protocol to the protocol intro-

duced in Ref. [143]. There, the conversion into an ensemble of pure states with associated

probabilities is considered. Specifically, the conversion of |ψ〉 into the ensemble {q j , |φ j 〉}m
j=1

is shown to be possible via a LOCC transformation if and only if

λψ ≺
m∑︂

j=1
q jλφ j , (8.56)

which extends Nielsen’s theorem. The conversion starts with a deterministic step towards an

“average” pure state whose Schmidt vector is equal to
∑︁m

j=1 q jλφ j , followed by a probabilistic

step yielding each state |φ j 〉 with probability q j . Despite the apparent similarity between such

a protocol and our multi-target thrifty protocol, the two have quite different purposes. Indeed,

our protocol has a specific probability of succeeding, i.e., outputting the OCR, which is then

deterministically converted into one of the desired target states |φ j 〉 chosen at will. According

to Theorem 8.3, the success probability is the minimum of the probabilities associated with

each individual conversion (Vidal’s bound for each pair of initial and target states). In contrast,

the protocol of Ref. [143] is designed as a source that randomly outputs a state |φ j 〉 drawn

from a target ensemble. The weights q j in this ensemble can be chosen freely but must satisfy

Eq. (8.56) for any physically realizable ensemble. In particular, each q j must still be upper

bounded by Vidal’s corresponding optimal conversion probability from |ψ〉 to |φ j 〉.

6This is a consequence of the fact that Vidal’s protocol itself can be seen as a generalization of the Procrustean
method when the target state differs from the maximally entangled state of the same dimension as the initial
state.
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To complete the picture, we may also consider a scenario involving multiple initial states

{|ψ j 〉}m
j=1 and a single target state |φ〉, generalizing the greedy protocol. This time, the optimal

probability of conversion p [1]
max from the OCP state of the m +1 states

⃓⃓⃓
φ

m∨
j=1

ψ j

⟩︂
7 to the target

state |φ〉 is equivalent to the minimum optimal probability between any of the m possible

individual conversions from |ψ j 〉 to |φ〉. This is immediately understood because, as proven in

Ref. [26], the intermediate state for the least probable of the m possible conversions is located

in the down cone of
⃓⃓⃓
φ

m∨
j=1

ψ j

⟩︂
. Therefore, the transformation from the OCP state

⃓⃓⃓
φ

m∨
j=1

ψ j

⟩︂
to |φ〉 cannot be more probable than the least probable of the m possible conversions from

|ψ j 〉 to |φ〉. Unlike the multi-target thrifty protocol, this multi-initial-state generalization of

the greedy protocol does not have a straightforward practical meaning since the deterministic

transformation from some of the initial states |ψ j 〉 to the OCP state cannot be performed until

the actual |ψ j 〉 is disclosed. However, it is relevant in a scenario involving a catalyst state [142].

If one postpones the deterministic step and, instead, borrows the OCP state, then it is possible

to implement the probabilistic step yielding |φ〉 from the OCP state. Later on, once the actual

|ψ j 〉 is disclosed, it can be deterministically converted into the OCP state, which is returned

and plays therefore the role of a catalyst. Here again, there is a compromise between doing the

probabilistic step at first (postponing the subsequent deterministic step) or waiting until the

identity of the initial state is known before doing the probabilistic transformation (possibly

with a higher success probability).

Finally, we discuss the following scenario. Imagine that two parties, Alice and Bob, are

spatially separated and that they each have access to a branch of a so-called bank of bipartite

pure states (see Figure 8.3). A branch of this bank has the particularity to rent a qudit of a

pair of bipartite entangled pure state to a nearby user. However, the rental price is calculated

as the difference between the entanglement of formation of the initial state and the one

of the final state. Hence, Alice and Bob prefer to rent the least entangled state needed for

whatever protocol they want to perform and return the most entangled state possible after

their protocol has ended. Note that, in full generality, the bank possesses branches at many

locations and if the entangled state needed for Alice and Bob is shared between two other

branches than theirs, the bank can perform entanglement swapping [255], in order to bring

the qudits to Alice and Bob’s branches. Now, imagine that Alice and Bob wish to perform a

series of protocols involving different bipartite pure states (we suppose that they know in

advance what state they recover at the end of each protocol) and that they only have access

to quantum communication with their local branch before knowing what state they need in

their set of states.

7In analogy with the OCR of multiple states of Eq. (8.47), the OCP of multiple states can be understood as⃓⃓⃓
φ

m∨
j=1

ψ j

⟩︂
:= |φ∨ψ1 ∨ψ2 ∨·· ·∨ψm〉.
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Figure 8.3: Representation of the bank of bipartite pure states. The bank possesses several
branches spatially separated from one another, they are represented by the circles in the blue
ellipse. Alice and Bob each have access to one branch of the bank, in order to request (resp.
return) one qudit of an entangled pair corresponding to the OCR (resp. OCP) state of the
states involved in their series of protocols.

The optimal rent they should perform is to ask the bank for the OCR state of all the different

states they may need and to tell the bank that they will return the OCP state of all the possible

states they can have as outcomes of each protocol, because we suppose that the bank needs

to know in advance what state they will retrieve.

8.6 Conclusion
The lattice structure of majorization uncovers two essential states in the context of entan-

glement transformations between incomparable bipartite pure states |ψ〉 and |φ〉, namely

the optimal common resource state (i.e., the meet |ψ∧φ〉 of the two states) and the optimal

common product state (i.e., the join |ψ∨φ〉 of the two states). We have shown that both states

naturally appear when considering (single-copy) probabilistic LOCC transformations from

|ψ〉 to |φ〉. We have indeed defined two antipodal protocols, namely the greedy protocol,

passing through |ψ∨φ〉, and the thrifty protocol, passing through |ψ∧φ〉. Both protocols can

be proven to be optimal (their success probability is maximum). However, while the greedy

protocol is very similar to Vidal’s protocol [233], the thrifty protocol is superior in that the

entanglement resource is better preserved on average (in case of failure, its residual state is

majorized by – hence, is more entangled than – the residual state of the greedy protocol).
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Note that in case |ψ〉 and |φ〉 are comparable, both the greedy and thrifty protocols reduce

to Vidal’s protocol, which reflects that the incomparability between the states is an essential

ingredient here. Finally, we have shown that the greedy and thrifty protocols can be gener-

alized to scenarios involving an arbitrary number of initial or final states. This underlines

the operational relevance of the majorization lattice in the scope of quantum entanglement

theory.

Overall, this chapter sheds a new light on the resource theory of entanglement. Such a

theory has proven to be essential in numerous areas within quantum information sciences.

For example, the rapidly developing field of quantum networks [159, 179] relies on the ability

to convert and manipulate entanglement at the local scale so to establish useful entanglement

between distant nodes. Another notable example is quantum thermodynamics [27, 130,

217], where the resource-theoretical approach is well suited to describe the allowed state

transformations (here, thermo-majorization is the condition that reflects the existence of

thermal operations) and where the notion of majorization lattice has already proven its

relevance [59, 149]. Thus, plugging the resource theory of entanglement into a majorization

lattice, as we have sketched here, can be expected to be a very promising research avenue.

We may conceive cryptographic or thermodynamic scenarios where the convertibility (or

non-convertibility) from or towards the meet or join state is crucial.

Finally, it would be interesting to extend the current work to multipartite settings [41, 170].

To our knowledge, the notions of optimal common resource or optimal common product

have never been explored for more than two parties. For example, we know that true tripartite

entanglement can be split into two categories, namely GHZ-type and W-type states [74], but

the determination of an optimal common resource state or optimal common product state

within each class constitutes an open problem. In another direction, extending the present

analysis to the conversion of mixed states and exploring the role of incomparability in this

context would, if possible, even further broaden the applicability of this framework.
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9Geometric aspects of majorization:
Relating distances and entropies in the
majorization lattice
The content of this chapter is based on the following work: Serge Deside, Michael G. Jabbour,

and Nicolas J. Cerf. “Geometric aspects of majorization: Relating distances and entropies in

the majorization lattice” [64].

In this chapter, we investigate the geometry of the majorization lattice by means of the total

variation distance. Namely, we prove several identities relating the total variation distances

between probability vectors in the majorization lattice, their greatest lower bound (the meet)

and their least upper bound (the join). For this purpose, we also characterize convex sets

of interest in the lattice. We then prove an inequality that goes beyond the Schur-concavity

of the Shannon entropy by exploiting the lattice structure of majorization. In doing so, we

generalize an inequality introduced in Ref. [124]. Building on these results, we prove a uniform

continuity bound for the Shannon entropy under the constraint that the probability vectors

lie in a majorization diamond bounded from below and above by two fixed comparable

vectors. Finally, this yields a uniform continuity bound for the von Neumann entropy of

density matrices, with a constraint requiring the states to be majorized by a fixed upper state

and to majorize a fixed lower state. We discuss applications to quantum communications, in

particular to the derivation of upper bounds on capacities of quantum channels.

9.1 Introduction

When transformations or tasks associated with quantum resources are applied to a state, we

often lack precise knowledge of the state we obtain at the end of the task, e.g., because of

imperfections or noise. Another issue is that the resources are often associated with quantifiers

that can be difficult to evaluate. One way to circumvent this problem is by estimating errors

using metric distances, such as the total variation distance or the trace distance. This raises a

natural question: How do such distances behave in the context of the majorization lattice?

Asked differently: What is the geometry of the majorization lattice induced by such distances?
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An area where the study of these questions would offer useful insights is that of continu-

ity bounds for entropic quantities. Such bounds estimate how much an entropy can vary

when the underlying probability distribution, or quantum state, is perturbed by a prescribed

amount. They are fundamental stability tools in information theory and play an important

role in tackling hard problems in the field, e.g., the study of quantum channel capacities. In

the classical setting, continuity bounds have been extensively studied for the Shannon en-

tropy, starting with the tight uniform continuity bound often attributed to Csiszár and derived

from Fano’s inequality [180], and later for conditional and generalized entropies [5, 137, 198].

They have also been extended to the quantum setting, including bounds for the von Neumann

entropy, the conditional von Neumann entropy, Rényi-type entropies, and in particular for

infinite-dimensional systems [6, 12, 13, 16, 17, 82, 113, 138, 197, 247].

Relevant notation and definitions are introduced and recalled in Section 9.2. We start in

Section 9.3 by revealing the geometry of the majorization lattice through the proof of several

lemmas involving the total variation distance (Lemmas 9.1 through 9.5). In Section 9.4, we

turn to the characterization of what we coin the majorization diamond, a convex set com-

prising all probability vectors that majorize a given vector, called the ante-vector, and are

majorized by another given vector, called the post-vector. We explain why this majorization

diamond is of interest, in particular in the context of quantum communications. Section 9.5

is devoted to the proof of an inequality that goes beyond the Schur-concavity of the Shan-

non entropy in the lattice (Theorem 9.1), and reduces to a result of Ho and Verdú [124] for

comparable vectors. We also obtain an inequality that is symmetric to the supermodularity

of the Shannon entropy in the majorization lattice and involves the Jensen-Shannon diver-

gence (Theorem 9.2). Section 9.6 concerns the proof of a new uniform continuity bound for

the Shannon entropy of probability vectors under the additional constraint that the vectors

belong to a fixed but arbitrary majorization diamond (Theorem 9.3). In Section 9.7, we exploit

the aforementioned continuity bound to prove one for the von Neumann entropy of density

matrices (quantum states), with majorization constraints given by a lower (majorized) state

and an upper (majorizing) state (Theorem 9.4). Finally, Section 9.8 is devoted to a discussion

and some perspectives. In particular, we discuss the usefulness of our results for quantum

communications and for deriving bounds on capacities of quantum channels, hinting at the

case of the quantum depolarizing channel, which we leave for future work.
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9.2 Mathematical preliminaries

Classical systems. Let d be an integer greater than 1, and denote the set of probability vectors

of size d by Pd . The total variation (TV) distance between vectors u,v ∈Pd is defined as

d(u,v) := 1

2

d∑︂
i=1

|ui − vi |. (9.1)

Denote the set of probability vectors whose elements are arranged in non-increasing order by

P ↓
d . Then, Definition 7.18 can be reformulated as follows.

Definition 9.1 (Majorization lattice [46]). The majorization lattice is the quadruple(︂
P ↓

d ,≺,∧,∨
)︂
, where the operations ∧ and ∨ are defined as follows:

(i) The meet of two elements u,v ∈P ↓
d , denoted u∧v, is the greatest lower bound

of u and v. That is, u∧v ≺u, u∧v ≺v, and for any w ∈P ↓
d such that w≺u and

w≺ v, we have w≺u∧v;

(ii) The join of two elements u,v ∈ P ↓
d , denoted u∨v, is the least upper bound of

u and v. That is, u ≺u∨v, v ≺u∨v, and for any w ∈ P ↓
d such that u ≺w and

v ≺w, we have u∨v ≺w.

Recall that both vectors u∧v and u∨v can be deduced from the components of u and v as

follows [46]. For the meet,

(u∧v)k = min
(︁
sk (u), sk (v)

)︁−min
(︁
sk−1(u), sk−1(v)

)︁
, (9.2)

for all k = 1, . . . ,d . For the join, we begin by writing the intermediate vector β(u,v), whose

components are defined as follows:

β(u,v)k := max
(︁
sk (u), sk (v)

)︁−max
(︁
sk−1(u), sk−1(v)

)︁
, (9.3)

for all k = 1, . . . ,d . However, β(u,v) does not belong to P ↓
d in general. In fact, two cases can

occur: either β(u,v) is a non-increasingly-ordered vector and u∨v = β(u,v), or β(u,v) is

not an ordered vector and a pool-adjacent-violators algorithm (PAVA) is used to obtain u∨v

from β(u,v) (see Section 7.3.2 for the detailed PAVA).
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Quantum systems. Let H denote the Hilbert space associated with a finite-dimensional

quantum system; dimH = d <∞. Let L (H ) denote the algebra of linear operators acting

on H , and D(H ) ⊂L (H ) denote the set of quantum states (density matrices) of the system,

i.e., positive semidefinite operators of unit trace. Recall that the trace norm of any operator

Â ∈ L (H ) is defined as ∥Â∥1 = Tr|Â|, with |Â| =
√︁

Â† Â. The trace distance T between two

states ρ̂, σ̂ ∈D(H ) is then given by

T(ρ̂, σ̂) := 1

2
||ρ̂− σ̂||1. (9.4)

The von Neumann entropy S of a state ρ̂ is given by [245]

S(ρ̂) :=−Tr(ρ̂ log ρ̂). (9.5)

For a state ρ̂ ∈ D(H ), we denote its vector of eigenvalues by λ(ρ̂) in what follows. For two

states ρ̂, σ̂ ∈D(H ), we write ρ̂ ≺ σ̂ whenever λ(ρ̂) ≺λ(σ̂).

9.3 Geometry of the majorization lattice

We will be interested in different sets in the majorization lattice, which we now define:

• The majorized set of u in P ↓
d is

S ≺
u :=

{︂
w ∈P ↓

d |w≺u
}︂

; (9.6)

• The majorizing set of u in P ↓
d is

S ≻
u :=

{︂
w ∈P ↓

d |u≺w
}︂

; (9.7)

• The majorization diamond associated with a,b ∈P ↓
d satisfying a≺ b is defined as

S ⋄
a,b :=S ≻

a ∩S ≺
b = {x ∈P ↓

d :a≺x≺ b}. (9.8)

We call a the ante-vector and b the post-vector, emphasizing that the diamond consists

of all vectors lying between them in the majorization order.

In particular, if u,v ∈P ↓
d , then the interval between their meet and their join is a majorization

diamond, namely

S ⋄
u∧v,u∨v = {x ∈P ↓

d :u∧v ≺x≺u∨v}. (9.9)
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The different sets can be viewed in Figure 7.2. A first notion of distance in the majorization

lattice was introduced in Ref. [45] using the Shannon entropy, in the form of Eq. (7.70). Later,

a similar notion of distance was proposed in Ref. [249] by replacing the Shannon entropy with

Rényi entropies in Eq. (7.70) for a certain range of parameters. Indeed, one recovers a proper

metric as Rényi entropies also satisfy the property of supermodularity (see Proposition 7.3)

for that range of parameters (see also Ref. [223]). Rényi entropies (the Shannon entropy being

a particular case) are all Schur-concave. Thus, they play a particular role with respect to

majorization. They are, however, not the only Schur-concave functions; thus, there is no

particular reason why a distance in the majorization lattice should be defined in terms of

these functions.

We argue that another notion of distance, that is, the TV distance defined in Eq. (9.1),

allows us to recover more natural mathematical statements. In particular, we begin by showing

that Eq. (7.74) holds with equality under the TV distance.

Lemma 9.1. Consider two elements u and v in P ↓
d . Then,

d(u∧v,u) = d(v,u∨v). (9.10)

Proof. We first prove the result in the case where u∨v = β(u,v). By definition of the meet

and β(u,v) (see Eqs. (9.2) and (9.3)), we have

(u∧v)i +β(u,v)i = ui + vi , ∀i = 1, . . . ,d . (9.11)

Therefore,

(u∧v)i −ui = vi −β(u,v)i , ∀i = 1, . . . ,d . (9.12)

Taking absolute values and summing over i gives

d(u∧v,u) = d(v,β(u,v)). (9.13)

If u∨v =β(u,v), this concludes the proof.

In the general case, u∨v is obtained from β(u,v) by the PAVA of Section 7.3.2. From

Lemma C.1, we have that this procedure preserves the ℓ1-distance to v, namely

d(v,β(u,v)) = d(v,u∨v). (9.14)

Hence,

d(u∧v,u) = d(v,u∨v), (9.15)

as claimed.
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Interestingly, we can prove that any convex combination of any two elements in {u,v,u∧
v,u∨v} saturates the triangle inequality for the TV distance d(u,v). This is the content of

Lemmas 9.2, 9.3, and 9.4. We begin by showing that u∧v and u∨v saturate it.

Lemma 9.2. Consider two elements u and v in P ↓
d . Then,

min
w∈P

↓
d

[︁
d(u,w)+d(w,v)

]︁= d(u,u∧v)+d(u∧v,v)

= d(u,u∨v)+d(u∨v,v)

= d(u,v).

(9.16)

Proof. From the triangle inequality, we have that for every w ∈P ↓
d ,

d(u,v) ≤ d(u,w)+d(w,v), (9.17)

while equality is attained by choosing, for instance, w=u or w= v. Hence,

min
w∈P

↓
d

[︁
d(u,w)+d(w,v)

]︁= d(u,v). (9.18)

We now show that

d(u,u∧v)+d(u∧v,v) = d(u,v). (9.19)

To do so, we first claim that,

(u∧v)i ∈ [min(ui , vi ),max(ui , vi )], (9.20)

for all i = 1, . . . ,d . Indeed, in the expression of the meet (see Eq. (9.2)), if the same vector (u

or v) attains the minimum at both the i th cumulative sum and at the (i −1)th cumulative

sum, then (u∧v)i is either ui or vi . Otherwise, suppose for instance that si (u) ≤ si (v) and

si−1(u) ≥ si−1(v). Then,

(u∧v)i = si (u)− si−1(v). (9.21)

Since si−1(u) ≥ si−1(v), we have

si (u)− si−1(v) ≥ si (u)− si−1(u) = ui , (9.22)

and since si (u) ≤ si (v), we have

si (u)− si−1(v) ≤ si (v)− si−1(v) = vi . (9.23)
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Thus, (u∧v)i lies between ui and vi . The opposite crossing case is identical. We thus obtain

Eq. (9.20). Using the latter, we get

|ui − (u∧v)i |+ |(u∧v)i − vi | = |ui − vi |, (9.24)

for all i = 1, . . . ,d . Summing over i gives

d(u,u∧v)+d(u∧v,v) = d(u,v). (9.25)

It remains to prove the corresponding statement for the join. By Lemma 9.1, applied to u,v

and also with u and v exchanged, we have

d(u∧v,u) = d(v,u∨v), (9.26)

and

d(u∧v,v) = d(u,u∨v). (9.27)

Hence, summing both equations leads to

d(u,u∨v)+d(u∨v,v) = d(u∧v,v)+d(u,u∧v)

= d(u,v).
(9.28)

This concludes the proof.

Notice that proving any convex combination of u and v saturates the triangle inequality

is straightforward (see Proposition C.1 in Appendix C.2). We prove now that any convex

combination of u or v with u∧v or u∨v saturates the triangle inequality.

Lemma 9.3. Consider two elements u,v ∈P ↓
d and α ∈ [0,1], and define⎧⎨⎩u∗ :=αu+ (1−α)(u∧v),

u∗ :=αu+ (1−α)(u∨v).
(9.29)

Then,

d(u,v) = d
(︁
u,u∗)︁+d

(︁
u∗,v

)︁
, (9.30)

and,

d(u,v) = d
(︁
u,u∗

)︁+d
(︁
u∗,v

)︁
. (9.31)

Proof. Immediate by combining Lemmas 9.2 and C.2.
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To complete the picture, we prove that any convex combination ofu∧v andu∨v saturates

the triangle inequality.

Lemma 9.4. Let u,v ∈P ↓
d and α ∈ [0,1] and define

wα :=α(u∧v)+ (1−α)(u∨v). (9.32)

We have

d(u,v) = d(u,wα)+d(wα,v). (9.33)

Proof. By the convexity of the TV distance in one of its arguments, we can write

d(u,wα) ≤αd
(︁
u, (u∧v)

)︁+ (1−α)d
(︁
u, (u∨v)

)︁
, (9.34)

as well as,

d(wα,v) ≤αd
(︁
(u∧v),v

)︁+ (1−α)d
(︁
(u∨v),v

)︁
. (9.35)

Summing both gives

d(u,wα)+d(wα,v) ≤α [d (u,u∧v)+d (u∧v,v)]+(1−α) [d (u,u∨v)+d (u∨v,v)] . (9.36)

By Lemma 9.2, each bracket is equal to d(u,v). Hence, it simplifies to

d(u,wα)+d(wα,v) ≤ d(u,v). (9.37)

Therefore, together with the triangle inequality for the TV distance that reads

d(u,v) ≤ d(u,wα)+d(wα,v), (9.38)

Eq. (9.33) is obtained.

Lemmas 9.2, 9.3, and 9.4 can be combined to express the following proposition, summa-

rizing the corresponding results.

Proposition 9.1. Let u,v ∈P ↓
d , and define x ∈P ↓

d to be any convex combination of any

two elements of the set {u,v,u∧v,u∨v}. Then,

d(u,v) = d(u,x)+d(x,v). (9.39)
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Another nontrivial distance inequality on the majorization lattice is the following.

Lemma 9.5. Given u,v ∈P ↓
d , we have

d(u,v) ≥ d(u∧v,u∨v). (9.40)

Note that d(u,v) is not the maximal distance in the diamond, i.e., there exist1 p,q ∈S ⋄
u∧v,u∨v

with d(p,q) > d(u,v).

Proof of Lemma 9.5. This lemma is a direct consequence of Lemmas 9.1 and 9.2. Indeed, the

triangle inequality allows us to write,

d(u∧v,u∨v) ≤ d(u∧v,u)+d(u,u∨v). (9.41)

Then, by Lemma 9.1, d(u,u∨v) = d(u∧v,v), giving

d(u∧v,u∨v) ≤ d(u∧v,u)+d(u∧v,v). (9.42)

Finally, by Lemma 9.2, we have d(u,v) = d(u,u∧v)+d(u∧v,v), leading to the desired bound,

that is,

d(u∧v,u∨v) ≤ d(u,v). (9.43)

One may ask when the inequality in Eq. (9.40) is saturated. It is simply when we saturate

the triangle inequality from Eq. (9.41). For l1-distances, it is achieved when the inequality is

saturated coordinate-wise. Indeed,

d(u∧v,u)+d(u,u∨v)−d(u∧v,u∨v) (9.44)

is equal to
1

2

∑︂
i

(︂⃓⃓
(u∧v)i −ui

⃓⃓+ ⃓⃓
ui − (u∨v)i

⃓⃓− ⃓⃓
(u∧v)i − (u∨v)i

⃓⃓)︂
. (9.45)

But, for every a,b, x, |a −b| ≤ |a −x|+ |x −b|. Hence,

|(u∧v)i −ui |+ |ui − (u∨v)i |− |(u∧v)i − (u∨v)i | ≥ 0,∀i . (9.46)

Therefore, for the whole sum to vanish, we need the triangle inequalities of each i to vanish.

1Take, for example, u = (︁ 1
2 , 1

3 , 1
12 , 1

12

)︁
, v = (︁ 5

12 , 1
3 , 1

4 ,0
)︁
. By choosing p = (︁ 1

2 , 1
4 , 1

4 ,0
)︁
, q = (︁ 5

12 , 5
12 , 1

12 , 1
12

)︁ ∈
S ⋄
u∧v,u∨v , we get d(u,v) = 1/6 and d(p,q) = 1/4.



166 9.4. Characterization of the majorization diamond

Now, for real numbers, |a −b| = |a −x|+ |x −b| if and only if x ∈ [a,b] (if a ≤ b, but the same

applies if a > b). Indeed, then |a − x| + |x − b| = (x − a)+ (b − x) = b − a = |a − b|. Taking

a = (u∧v)i ,b = (u∨v)i , x = ui , we get that

⃓⃓
(u∧v)i −ui

⃓⃓+ ⃓⃓
ui − (u∨v)i

⃓⃓− ⃓⃓
(u∧v)i − (u∨v)i

⃓⃓= 0, (9.47)

which is equivalent to

ui ∈
[︁
(u∧v)i , (u∨v)i

]︁
. (9.48)

So, d(u∧v,u∨v) = d(u,v) if and only if

ui ∈ [min((u∧v)i , (u∨v)i ),max((u∧v)i , (u∨v)i )], ∀i . (9.49)

The same obviously holds for v as well.

9.4 Characterization of the majorization diamond

We now turn our focus to the majorization diamond S ⋄
a,b, where a,b ∈P ↓

d satisfy a≺ b. As we

will show later, it is useful in practically motivated situations, for instance, in the context of

information processing and communication. In particular, our goal will be to prove specific

entropic inequalities in S ⋄
a,b. We thus begin by characterizing the latter.

Proposition 9.2. The majorization diamond S ⋄
a,b is convex.

Proof. Let p,q ∈S ⋄
a,b. By definition of S ⋄

a,b (see Eq. (9.8)), we have

sk (a) ≤ sk (p) ≤ sk (b),

sk (a) ≤ sk (q) ≤ sk (b).
(9.50)

for every k = 1, . . . ,d −1. Let us define

r =αp+ (1−α)q, α ∈ [0,1]. (9.51)

Since P ↓
d is convex, r ∈P ↓

d . We can write

sk (r) =αsk (p)+ (1−α)sk (q), (9.52)
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Therefore, using Eq. (9.50), we have

sk (r) ≥αsk (a)+ (1−α)sk (a) = sk (a), (9.53)

and similarly,

sk (r) ≤αsk (b)+ (1−α)sk (b) = sk (b). (9.54)

Thus, a≺ r ≺ b. Since also r ∈P ↓
d , we conclude that

r ∈S ⋄
a,b, (9.55)

which proves S ⋄
a,b is convex.

Alternatively, one can simply use the fact that the majorization diamond is the intersection

of a majorizing set and a majorized set (see Eq. (9.8)), both of which are convex.

Let us now discuss how to find the extreme points of the diamond set S ⋄
a,b, wherea,b ∈P ↓

d

and a≺ b. They are found by saturating d −1 independent constraints that we detail now. An

element w ∈S ⋄
a,b has to satisfy the Lorenz bounds

sk (a) ≤ sk (w) ≤ sk (b), k = 1, . . . ,d −1, (9.56)

where sk (x) (defined in Eq. (7.1)) denotes the sum of the first k components of x. However,

these inequalities alone do not characterize the elements of S ⋄
a,b. Indeed, w must also remain

non-increasingly ordered. In terms of the cumulative sums, this amounts to the following

constraints

2sk (w) ≥ sk−1(w)+ sk+1(w), k = 1, . . . ,d −1, (9.57)

with s0(w) = 0 and sd (w) = 1. We call Eq. (9.57) “concavity constraints” because they are

equivalent to constraining the associated Lorenz curve to remain concave.

Thus, one cannot obtain all extreme points simply by choosing, for each k, whether sk (w)

saturates the lower bound sk (a) or the upper bound sk (b). Such a choice gives only candidate

cumulative curves. Some of them may fail to be concave, and therefore may not correspond

to non-increasingly ordered probability vectors. Moreover, some extreme points arise from

saturated ordering constraints, namely from equalities of the form wi = wi+1, and not only

from saturated Lorenz bounds.

Consequently, the extreme points can be obtained through an active-constraint procedure.

In cumulative coordinates, one writes the saturated constraints in Eqs. (9.56) and (9.57) as

sk (w) = sk (a), sk (w) = sk (b), 2sk (w) = sk−1(w)+ sk+1(w). (9.58)
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An extreme point is obtained by selecting d −1 independent saturated constraints among

the above equations, solving the corresponding linear system for s1(w), . . . , sd−1(w), and then

checking whether the resulting cumulative curve lies between the Lorenz curves of a and b

and is concave. The associated probability vector is then recovered from

wk = sk (w)− sk−1(w), k = 1, . . . ,d . (9.59)

Repeating this procedure over all independent active sets and removing duplicates gives the

extreme points of S ⋄
a,b. Hence, as in the construction of the join, an algorithm is in general

required.

Let us illustrate this in dimension d = 3, the first dimension in which incomparability

appears. We look at the diamond generated by a meet m and a join j, that is S ⋄
m,j . We choose

u,v ∈S ⋄
m,j such that

m :=u∧v, j :=u∨v. (9.60)

In this case, an element w is determined by the two cumulative sums s1(w) and s2(w). The

Lorenz bounds read

s1(m) ≤ s1(w) ≤ s1(j), s2(m) ≤ s2(w) ≤ s2(j), (9.61)

and the ordering constraints are

s2(w) ≤ 2s1(w), s2(w) ≥ 1+ s1(w)

2
. (9.62)

If u and v are incomparable, then, up to exchanging them,

s1(u) < s1(v), s2(u) > s2(v). (9.63)

Hence, for this choice, s1(m) = s1(u), s2(m) = s2(v), and s1(j) = s1(v), s2(j) = s2(u).

Thus, the four possible endpoint choices for (s1(w), s2(w)) are

(s1(u), s2(v)), (s1(u), s2(u)), (s1(v), s2(v)), (s1(v), s2(u)). (9.64)

These correspond respectively to

m, u, v, j. (9.65)

Therefore, when u and v are incomparable, the four extreme points are m, u, v, and j.
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If u and v are comparable, then m and j coincide with u and v, up to their order in

the majorization relation. The two other choices of cumulative bounds may fail to define

non-increasingly ordered vectors. In that case, the remaining extreme points, if any, come

from saturating one of the ordering constraints, namely w1 = w2 or w2 = w3. Equivalently,

they are obtained by solving the corresponding equalities together with one of the Lorenz

bounds, and then checking feasibility.

We can also look for the extreme points of the two order intervals generated by a fixed

element u, namely S ≺
u := {w ∈P ↓

d :w≺u} and S ≻
u := {w ∈P ↓

d :u≺w}. The reasoning is the

same as for the diamond set, except that only one Lorenz boundary is present. More precisely,

for S ≺
u one has

sk (w) ≤ sk (u), k = 1, . . . ,d −1, (9.66)

whereas for S ≻
u one has

sk (u) ≤ sk (w), k = 1, . . . ,d −1. (9.67)

In both cases, these Lorenz constraints must be supplemented with the ordering constraints

ensuring that w ∈P ↓
d . In cumulative coordinates sk (w), these read

2sk (w) ≥ sk−1(w)+ sk+1(w), k = 1, . . . ,d −1, (9.68)

with s0(w) = 0 and sd (w) = 1.

For S ≻
u , one must also explicitly keep the simplex constraint

sd−1(w) ≤ 1, (9.69)

or equivalently wd ≥ 0. In the case of S ≺
u , this constraint is automatically implied by sd−1(w) ≤

sd−1(u) ≤ 1.

Explicit constructions of the extreme elements can be described for S ≺
u and S ≻

u . In

Ref. [59], the extreme elements of S ≻
u have been described using the notion of tangent vectors.

Similarly, the extreme points of S ≺
u can be described as follows. To construct one extreme

point eu, fix a subset of indices k ∈ {1, . . . ,d −1} at which the cumulative sums of u and eu

are chosen to coincide (they necessarily coincide at 0 and d since s0(u) = s0(eu) = 0 and

sd (u) = sd (eu) = 1). Divide {1, . . . ,d} into intervals {I1, . . . , Ir }, where Is = {ks−1 +1, . . . ,ks} and

0 = k0 < k1 < ·· · < kr = d , with k1, . . . ,kr−1 the chosen intermediate coincidence indices. Then,

eu is a block-average of u, i.e., the i th element of vector eu is given by

(eu)i = 1

|Is |
∑︂
j∈Is

u j , i ∈ Is . (9.70)
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This construction determines all extreme points of S ≺
u . Different choices of coincidence

indices may yield the same point. Hence, the lower cone has at most 2d−1 extreme points,

since each subset of {1, . . . ,d −1} specifies a possible set of intermediate coincidence indices.

As an example, for vectors of size 3, u= (u1,u2,u3)T , we find the following extreme points

of S ≺
u ,

{{1}, {2}, {3}} −→u,

{{1,2}, {3}} −→ (︁u1+u2
2 , u1+u2

2 ,1−u1 −u2
)︁T ,

{{1}, {2,3}} −→ (︁
u1, 1−u1

2 , 1−u1
2

)︁T ,

{{1,2,3}} −→ (︁1
3 , 1

3 , 1
3

)︁T .

(9.71)

9.5 Beyond the Schur-concavity of the Shannon entropy
in the majorization lattice

Schur-concavity plays a central role in the majorization lattice, as it is closely tied to majoriza-

tion. In particular, the Shannon entropy being Schur-concave, given two vectors u,v ∈P ↓
d ,

the relation u≺ v directly implies H(u) ≥ H(v). This relation was strengthened by Ho and

Verdú, who proved that (see Theorem 7.4) if u≺v, then

H(u)−H(v) ≥ D(v ∥u) ≥ 0. (9.72)

In the above, the Kullback–Leibler divergence (or relative entropy) D is defined as

D(v ∥u) := ∑︂
i :vi>0

vi log
vi

ui
, (9.73)

whenever supp(v) ⊆ supp(u). If this support condition is not satisfied, we set D(v ∥u) :=+∞.

In the cases considered below, this support condition is always satisfied. Here, we exploit

the majorization lattice to extend Eq. (9.72) to incomparable vectors, going beyond Schur-

concavity of entropy.

Theorem 9.1. Given u,v ∈P ↓
d , we have

dH (u,v) ≥ D(u∨v ∥u∧v), (9.74)

where dH (u,v) = H(u)+H(v)−2H(u∨v).



Chapter 9. Geometric aspects of majorization 171

When u and v are comparable, e.g., if u ≺ v, it is easy to see that Eq. (9.74) reduces to

Eq. (9.72). It obviously becomes more interesting when u and v are incomparable, in which

case Theorem 9.1 provides us with a relation that can be understood as going beyond the

Schur-concavity of the Shannon entropy.

Proof of Theorem 9.1. For ease of notation, write m :=u∧v, j :=u∨v, and β :=β(u,v). We

shall prove a stronger bound that implies Eq. (9.74), namely,

D
(︁
j ∥u)︁+D

(︁
j ∥ v)︁≥ D

(︁
j ∥m)︁

. (9.75)

Indeed, Eq. (9.72) implies that

H(u)−H(j) ≥ D
(︁
j ∥u)︁

,

H(v)−H(j) ≥ D
(︁
j ∥ v)︁

,
(9.76)

and summing the above two inequalities before making use of Eq. (9.75) directly implies

Eq. (9.74).

Upon defining fj(x) :=−D
(︁
j ∥x)︁

for any x ∈S ≺
j

, Eq. (9.75) could essentially be termed

the supermodularity property of fj(x) on the majorization lattice (since D
(︁
j ∥ j)︁= 0 trivially).

Equivalently, after expanding Eq. (9.75), it actually amounts to proving supermodularity of

gj(x) :=∑︁
i : ji>0 ji log xi (defined for any x ∈S ≺

j
), i.e.,

gj(m)+ gj(j)− gj(u)− gj(v) ≥ 0, (9.77)

or after a straightforward manipulation,

∑︂
i : ji>0

ji log
mi ji

ui vi
≥ 0. (9.78)

We will actually prove that

mi ji ≥ ui vi , ∀i = 1, . . . ,d , (9.79)

implying Eq. (9.78).

We first prove it when (i ) j =β and then extend it to the case where the PAVA (see Sec-

tion 7.3.2) is necessary to find the join, i.e., when (i i ) j ̸=β.
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(i ) j =β. We introduce the kth majorization deficit,

∆k := sk (v)− sk (u). (9.80)

Then, we recall the expressions ofm andβ, that is, mi = min(si (u), si (v))−min(si−1(u), si−1(v))

(see Eq. (9.2)) and βi = max(si (u), si (v))−max(si−1(u), si−1(v)) (see Eq. (9.3)). Obviously,

mi +βi = ui + vi , ∀i = 1, . . . ,d . (9.81)

Four cases can occur. If ∆i ≥ 0 and ∆i−1 ≥ 0, then mi = ui and βi = vi , and incidentally

miβi = ui vi . Similarly, if ∆i ≤ 0 and ∆i−1 ≤ 0, then mi = vi and βi = ui , and incidentally

miβi = ui vi . If ∆i−1 ≤ 0 ≤ ∆i , then ui ≤ βi ≤ vi and ui ≤ mi ≤ vi . Because of Eq. (9.81), we

thus get miβi ≥ ui vi from Lemma C.3 (see Appendix C.2). Finally, if ∆i−1 ≥ 0 ≥ ∆i , then

vi ≤ βi ≤ ui and vi ≤ mi ≤ ui . Because of Eq. (9.81), we get miβi ≥ ui vi from Lemma C.3

again.

(i i ) j ̸=β. Denote by ∪r
α=1Iα the union of the r final blocks of the PAVA, that is, j has a

constant value on each block (see Section 7.3.2). We need to check that

r∑︂
α=1

∑︂
i∈Iα

ji log

(︃
mi ji

ui vi

)︃
≥ 0. (9.82)

Since on each block the values of j are constant on the block, we write ji = cα for all i ∈ Iα.

Hence, ∑︂
i∈Iα

cα log

(︃
cαmi

ui vi

)︃
= cα log

∏︂
i∈Iα

(︃
cαmi

ui vi

)︃

= cα log

(︄
c |Iα|α

∏︁
i∈Iα mi∏︁

i∈Iα(ui vi )

)︄
,

(9.83)

for all α= 1, . . . ,r . We shall show now that indeed,

c |Iα|α

∏︂
i∈Iα

mi ≥
∏︂

i∈Iα

ui vi , ∀α= 1, . . . ,r. (9.84)

By definition, cα = 1
|Iα|

∑︁
i∈Iα βi . Then, using the property that the arithmetic mean is greater

than or equal to the geometric mean, i.e.,
∑︁n

i=1 xi ≥ n n
√︂∏︁n

i=1 xi , we have c |Iα|α ≥ ∏︁
i∈Iα βi .

Multiplying by
∏︁

i∈Iα mi on both sides, we get

c |Iα|α

∏︂
i∈Iα

mi ≥
∏︂

i∈Iα

miβi , ∀α= 1, . . . ,r. (9.85)

Using what we proved in (i ), that is miβi ≥ ui vi , for all i = 1, . . . ,d , Eq. (9.84) is obtained,

which completes our proof.
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Making use of Pinsker’s inequality [182], i.e.,

D
(︁
x ∥y)︁≥ 2

ln2
d(x,y)2 (9.86)

for probability vectors x and y, together with Theorem 9.1, we can write the following link

between the entropic distance dH and the TV distance d ,

dH (u,v) ≥ 2

ln2
d(u∨v,u∧v)2, (9.87)

for any pair of elements u,v ∈P ↓
d .

We end this section with a new relation involving the Shannon entropies ofu, v, their meet,

and their join. Namely, while the supermodularity of the Shannon entropy on the majorization

lattice is expressed through the lower bound of Eq. (7.66), we find a symmetric relation by

upper bounding the left-hand side of the equation. To do so, we begin by introducing the

following lemma.

Lemma 9.6. Consider two elements u and v in P ↓
d . Then,

u+v ≺ (u∧v)+ (u∨v). (9.88)

Proof. We know that all cumulative sums of the meet are such that sk (u∧v) = min(sk (u), sk (v)),

while all cumulative sums of the join satisfy sk (u∨v) ≥ max(sk (u), sk (v)) (to better understand

this last relation, see Section 7.3.2 for a graphical visualization of the PAVA applied to β(u,v)

in order to retrieve u∨v). Hence, sk (u∧v)+ sk (u∨v) ≥ sk (u)+ sk (v), for all k = 1, . . . ,d , that

is the majorization relation stated.

We are now in position to state our upper bound on the term in the left-hand side of the

supermodularity property (Eq. (7.66)). First, for any u,v ∈P ↓
d , define their Jensen-Shannon

divergence [154] JS by

JS(u,v) := H
(︂u+v

2

)︂
− 1

2
H(u)− 1

2
H(v). (9.89)

Theorem 9.2. Given u,v ∈P ↓
d , we have

H(u∧v)+H(u∨v)−H(u)−H(v) ≤ 2(JS(u,v)− JS(u∧v,u∨v))−2D

(︃
(u∧v)+ (u∨v)

2

⃦⃦⃦⃦
u+v

2

)︃
.

(9.90)

Proof. Dividing both terms in Eq. (9.88) by 2 (which does not affect the majorization relation),

and applying the tightened version of the Schur-concavity of the Shannon entropy, that is

Eq. (9.72), we have

H
(︂u+v

2

)︂
−H

(︃
(u∧v)+ (u∨v)

2

)︃
≥ D

(︃
(u∧v)+ (u∨v)

2

⃦⃦⃦⃦
u+v

2

)︃
. (9.91)

which implies Eq. (9.90) using the definitions of JS(u,v) and JS(u∧v,u∨v).
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Notice that using the following upper bounds to the Jensen-Shannon divergence [48]

JS(u,v) ≤ d(u,v) ≤ 1, (9.92)

gives a looser bound than Eq. (9.90) as

H(u∧v)+H(u∨v)−H(u)−H(v) ≤ 2d(u,v) ≤ 2, (9.93)

that is clearly tighter2 than the trivial upper bound

H(u∧v)+H(u∨v)−H(u)−H(v) ≤ 2logd . (9.94)

9.6 A uniform continuity bound for the Shannon entropy
in the majorization diamond

Suppose we obtain a probability distribution by performing some prescribed information-

theoretic task. In general, we may lack precise knowledge of that distribution, for instance

due to the noise affecting the task. In that case, it is essential to have tight bounds on the

error incurred in the task when the actual distribution is replaced by an approximate one.

Continuity bounds for entropies are the key ingredient to obtain such stability bounds. More

precisely, given two distributions that are at a distance of at most ε, a continuity bound for an

entropy is a bound on the difference between their entropies in terms of ε. Continuity bounds

are not only of fundamental interest, but also have useful applications in information theory,

e.g., in the study of channel capacities.

Consider two probability vectors p,q ∈ Pd satisfying d(p,q) ≤ ε, with ε ∈ [0,1]. Csiszár

proved the following continuity bound relating the Shannon entropies of the two vectors [180]:

|H(p)−H(q)| ≤
⎧⎨⎩ε log(d −1)+h(ε), if ε≤ 1− 1

d ,

logd , otherwise,
(9.95)

where h(ε) :=−ε log(ε)− (1−ε) log(1−ε) is the binary entropy. The bound is uniform in the

sense that it does not depend on the specific vectorsp and q, but only on the parameters ε and

d . Moreover, it is tight, since one can find two vectors in Pd that saturate it. Since Csiszár’s

work, such continuity bounds have been proven for various information-theoretic quantities,

such as the conditional Shannon entropy [5], the Rényi entropy [12], or the Arimoto-Rényi

conditional entropy [137]. These bounds have also been extended to quantum systems [6, 82,

137, 138, 247], as well as infinite-dimensional systems, both classical and quantum [13, 16, 17,

247].

2For probability vectors of size greater than 2.
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A relevant situation where continuity bounds are exploited is the following: Suppose we

have a set of probability distributions R ⊆Pd , and we want to compute the quantity

sup
p∈R

|H(T1(p))−H(T2(p))| , (9.96)

where T1 and T2 are some stochastic processes which map R to itself. When the above

quantity is difficult to compute, what one can do instead is calculate

sup
p∈R

d(T1(p),T2(p)), (9.97)

having in mind that distances are “easier to deal with” than entropies. The quantity in

Eq. (9.96) can then be estimated with an upper bound by first bounding the distance in

Eq. (9.97) and then applying Eq. (9.95), since a continuity bound controls the absolute value

of the entropy difference. However, in general, there is no reason for this upper bound to

coincide with the quantity in Eq. (9.96). Furthermore, the bound can be loose. Such a situation

can be encountered when we have R = S ⋄
a,b, where a,b ∈ P ↓

d satisfy a ≺ b. In fact, this is

precisely the type of situation encountered in quantum communications, as discussed below

in Section 9.8.

With this in mind, we ask the following question: Can we sharpen Eq. (9.95) under the

additional constraint that the two vectors p,q belong to a fixed majorization diamond S ⋄
a,b?

The resulting bound would still be uniform on the fixed diamond, in the sense that it would

not depend on the specific pair p,q, but only on ε, a and b. If p,q ∈S ⋄
a,b, Schur-concavity of

the Shannon entropy gives the trivial bound

|H(p)−H(q)| ≤ H(a)−H(b). (9.98)

This bound, however, does not use the additional information that d(p,q) ≤ ε. It can therefore

be loose, especially when d(a,b) > ε. Indeed, we show that we can prove a better bound than

that of Eq. (9.98), depending on a and b, but crucially, also on ε.

Let us define the ball of all vectors in P ↓
d at a distance of at most ε from a vector x ∈P ↓

d as

Bε(x) := {y ∈P ↓
d | d(x,y) ≤ ε}. (9.99)

We denote by Mε(x) ∈ Bε(x) the majorization minimum of the ball [114, 115, 131] (see Ap-

pendix C.1 for its explicit construction). It is the unique vector satisfying

Mε(x) ≺y, (9.100)

for every y ∈Bε(x).
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Theorem 9.3 (Uniform continuity bound for the Shannon entropy inside a majorization

diamond). Let a,b ∈P ↓
d satisfy a≺ b, and let p,q ∈S ⋄

a,b satisfy d(p,q) ≤ ε, with ε ∈ [0,1].

Then, the following inequality holds:

|H(p)−H(q)| ≤ H(a∨Mε(b))−H(b). (9.101)

Moreover, the inequality is tight when d(a∨Mε(b),b) ≤ ε.

Before proving the above theorem, we display an example where our continuity bound

fours(ε,a,b) is strictly better than Csiszár’s bound fCsiszár(ε,d) (see Eq. (9.95)) and the trivial

lattice bound flattice(a,b) (see Eq. (9.98)). We define them by

fours(ε,a,b) := H(a∨Mε(b))−H(b),

fCsiszár(ε,d) := h(ε)+ε log(d −1),

flattice(a,b) := H(a)−H(b),

(9.102)

where the displayed expression of fCsiszár(ε,d) is the first branch of Csiszár’s bound, which

applies in the parameter regime considered below. We take a,b ∈P ↓
d such that

a :=
(︃

1

d
, . . . ,

1

d

)︃
, (9.103)

and

b :=
(︃
1− t ,

t

d −1
, . . . ,

t

d −1

)︃
, (9.104)

where 0 < t < 1− 1/d . The condition t > 0 excludes the peaked vector, while t < 1− 1/d

ensures that a≺ b with a ̸= b.

Now, choose ε such that

0 < ε< 1− 1

d
− t . (9.105)

It remains to compute the majorization minimum of the ball of radius ε around b, namely

Mε(b), whose explicit construction is given in Appendix C.1. Thus, we obtain

Mε(b) =
(︃
1− t −ε,

t +ε
d −1

, . . . ,
t +ε
d −1

)︃
. (9.106)

Since a is the uniform vector in P ↓
d , we have a ≺ Mε(b). Therefore, a∨ Mε(b) = Mε(b).

Moreover, Eq. (9.105) gives

d(a,b) = 1− 1

d
− t > ε, (9.107)

so Mε(b) ̸=a. Hence, by strict Schur-concavity of the entropy,

H(Mε(b)) < H(a). (9.108)
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Consequently,

fours(ε,a,b) < flattice(a,b). (9.109)

Furthermore, our bound fours(ε,a,b) can be expressed as

fours(ε,a,b) = h(t +ε)−h(t )+ε log(d −1). (9.110)

Moreover, Eq. (9.105) implies ε< 1−1/d , so the first branch of Csiszár’s bound applies. In

order to compare this with fCsiszár(ε,d), we write

fCsiszár(ε,d)− fours(ε,a,b) = h(ε)− (︁
h(t +ε)−h(t )

)︁
> 0,

(9.111)

which is true since the binary entropy h is strictly concave, so its increment over an interval of

fixed length ε> 0 strictly decreases when the starting point is shifted from 0 to t > 0.

Proof of Theorem 9.3. The proof is divided into the steps described below. Starting from arbi-

trary p,q ∈S ⋄
a,b with d(p,q) ≤ ε, we wish to find an upper bound on their entropy difference

that depends only on a,b and ε. The idea is first to reduce to the case of comparable vectors.

We then alter the two vectors p and q by transfers between their components that do not

increase the distance d(p,q) and do not decrease the entropy difference |H(p)−H(q)|, while

ensuring that the new vectors remain in S ⋄
a,b. After the series of such steps, we end up with

two final vectors whose entropy difference is our desired upper bound.

Step 0: From (in general) incomparable vectors to comparable ones– The initial step of

our proof consists of transforming p,q into p∧q,p∨q in order to only deal with comparable

vectors (since a≺p∧q ≺p∨q ≺ b), which will prove useful in the following steps. This step is

valid since, according to Lemma 9.5,

d(p,q) ≥ d(p∧q,p∨q), (9.112)

so the distance between p and q does not increase. In addition, using that max{H (p), H (q)} ≤
H(p∧q), and min{H(p), H(q)} ≥ H(p∨q), we get

|H(p)−H(q)| ≤ H(p∧q)−H(p∨q), (9.113)

so the entropy difference does not decrease. For ease of notation, we replace the original pair

by p∧q and p∨q, and denote this new pair again by p and q, respectively. Thus, from now

on, p≺ q, and Schur-concavity gives H(p) ≥ H(q).
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Step 1: Move q to the most ordered vector of S ⋄
a,b– The main idea of this step is to show

that there exists a path that transforms any q ∈S ⋄
a,b to the most ordered vector of S ⋄

a,b, that is

b, and that any correspondingly admissible p can simultaneously follow a valid path leading

it to a vector p′ ∈S ⋄
a,b. In other words, we show that there exists a finite sequence of transfers,

applied either to q alone or simultaneously to p and q, such that they become p′ and b

respectively, and satisfy p′ ∈S ⋄
a,b, d(p′,b) ≤ d(p,q), and H(p)−H(q) ≤ H(p′)−H(b).

By Lemma C.4 in Appendix C.2, since q ≺ b, there exists a finite sequence of vectors q̄(r )

(r = 0, . . . , N0) with

q̄(0) = q, q̄(N0) = b, (9.114)

and such that each vector of the sequence is transformed into the next one by a so-called

reverse T -transform, namely, for every r = 1, . . . , N0,

q̄(r ) = q̄(r−1) +δr (eir −elr ), 1 ≤ ir < lr ≤ d , (9.115)

with δr > 0. Moreover, since

a≺ q = q̄(0) ≺ q̄(r ) ≺ b, (9.116)

all the vectors q̄(r ) belong to the diamond.

In general, we cannot apply each whole reverse T -transform to q alone while ensuring

that the TV distance to the current vector p does not increase. Therefore, we show that every

reverse T -transform in Eq. (9.115) can be realized by at most two substeps, indeed reaching

the desired vector q̄(r ), but where one of the two substeps is simultaneously applied to p so

that the TV distance between them does not increase. Consider one such reverse T -transform,

and denote by pcur the current vector p at the beginning of its treatment. For t ∈ [0,δr ], define

q̄(r )(t ) := q̄(r−1) + t (eir −elr ). (9.117)

Since

q̄(r )(t ) =
(︃
1− t

δr

)︃
q̄(r−1) + t

δr
q̄(r ), (9.118)

and since the diamond is convex (see Proposition 9.2), every intermediate vector q̄(r )(t)

remains in the diamond.

Only components ir and lr vary during the transfer of Eq. (9.117). Setting

x := q̄ (r−1)
ir

−pcur,ir , y := q̄ (r−1)
lr

−pcur,lr , (9.119)

the contribution of these two components (evolving with t ) to the TV distance d(pcur, q̄(r )(t ))

is

χ(t ) := 1

2

(︁|x + t |+ |y − t |)︁ . (9.120)
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At every t such that x + t ̸= 0 and y − t ̸= 0, we have

χ′(t ) = 1

2

(︁
sgn(x + t )− sgn(y − t )

)︁
. (9.121)

Hence, χ(t) can strictly increase only when x + t > 0 and y − t < 0, and therefore only in the

regime (︁
q̄(r )(t )

)︁
ir
≥ pcur,ir ,

(︁
q̄(r )(t )

)︁
lr
≤ pcur,lr . (9.122)

Moreover, since x + t is non-decreasing and y − t is non-increasing, this regime, if reached,

begins at most once. If this regime is never reached, the whole transfer is applied to q alone.

Otherwise, let t∗ be the first time at which the regime in Eq. (9.122) is reached. The part of

the transfer on [0, t∗] is applied to q alone, while the remaining part on [t∗,δr ] is applied

simultaneously to p and q. Thus, whether the transfer is performed in one or two steps, the

endpoint q̄(r ) is unchanged, and the TV distance does not increase.

Therefore, each reverse T -transform of the initial finite sequence is replaced by at most

two nonzero substeps. After relabelling, we obtain a finite sequence

q(0) = q, q(N ) = b, N ≤ 2N0. (9.123)

At each substep k, we write

q(k) = q(k−1) +δk (ei −el ), 1 ≤ i < l ≤ d , (9.124)

where δk > 0 denotes the amount transferred during the considered substep.

We now proceed recursively over these N substeps. At the beginning of substep k, we

assume that p(k−1) and q(k−1) belong to the diamond, satisfy the majorization relation

p(k−1) ≺ q(k−1), (9.125)

and that the TV distance has not increased and the entropy difference has not decreased

during the preceding substeps. These properties hold before the first substep by Step 0. We

now show that these recursive assumptions are preserved in each of the two possible cases

(when transfers are applied on q alone, and when they are applied on both p and q).

The simple case corresponds to a substep applied to q(k−1) alone. By its construction

above, this substep does not increase the TV distance. We set p(k) :=p(k−1). Since q(k−1) ≺ q(k),

Schur-concavity of entropy gives H(q(k−1)) ≥ H(q(k)). Therefore,

H(p(k−1))−H(q(k−1)) ≤ H(p(k))−H(q(k)). (9.126)
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Moreover,

p(k) =p(k−1) ≺ q(k−1) ≺ q(k) ≺ b. (9.127)

Since p(k) = p(k−1) and p(k−1) belongs to the diamond, we also have a ≺ p(k). Hence, both

vectors remain in the diamond, and the recursive assumptions are preserved in this case.

The more involved case corresponds to the remaining part of a split reverse T -transform.

In this substep, we have

q (k−1)
i ≥ p(k−1)

i , q (k−1)
l ≤ p(k−1)

l . (9.128)

If so, we apply the remaining part of the reverse T -transform simultaneously to p(k−1) and

q(k−1). In addition to Eq. (9.124), we thus define

p̂(k) =p(k−1) +δk (ei −el ), 1 ≤ i < l ≤ d . (9.129)

Since the same transfer is applied to both vectors, we have

p̂(k) −q(k) =p(k−1) −q(k−1), (9.130)

and therefore

d(p̂(k),q(k)) = d(p(k−1),q(k−1)). (9.131)

Moreover, p̂(k) has nonnegative entries. Indeed,

p̂(k)
l = p(k−1)

l −δk ≥ q (k−1)
l −δk = q (k)

l ≥ 0, (9.132)

while the other components are clearly nonnegative. Hence, since the transfer also preserves

the total mass, p̂(k) is a probability vector, although it may fail to be non-increasingly ordered.

We set

p(k) := p̂(k)↓, (9.133)

and now prove that (i ) the TV distance does not increase after sorting, (i i ) the entropy

difference does not decrease, and (i i i ) the relevant majorization relations are preserved.

(i ) We show that d(p̂(k),q(k)) ≥ d(p(k),q(k)). Indeed, suppose there exist integers x, y with

x < y such that p̂(k)
x < p̂(k)

y (since q(k) is already non-increasingly ordered, we have q (k)
x ≥ q (k)

y ).

We immediately see that

|p̂(k)
x −q (k)

x |+ |p̂(k)
y −q (k)

y | ≥ |p̂(k)
y −q (k)

x |+ |p̂(k)
x −q (k)

y | (9.134)

because matching small (resp. big) values with small (resp. big) values can only reduce the

total variation distance. We repeat those swaps between x and y components until the vector

is non-increasingly ordered. Combining this with Eq. (9.131), we obtain

d(p(k),q(k)) ≤ d(p(k−1),q(k−1)). (9.135)
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(i i ) Rearranging does not affect entropy, i.e.,

H(p̂(k)) = H(p(k)). (9.136)

Therefore, H(p̂(k))−H(q(k)) = H(p(k))−H(q(k)). Thus, it remains to prove that

H(p(k−1))−H(q(k−1)) ≤ H(p̂(k))−H(q(k)). (9.137)

To do so, we introduce the function

f : [0,δk ] →R≥0 : t 7→ H(x+ t (ei −el )), (9.138)

where x ∈ P ↓
d is such that x+ t (ei −el ) remains a probability vector on [0,δk ]. Since only

components i and l of x vary with t , f ′(t ) = log
(︁
(xl − t )/(xi + t )

)︁
. Therefore,

H(x)−H(x+δk (ei −el )) =
ˆ δk

0
d t log

xi + t

xl − t
. (9.139)

Since q (k−1)
i ≥ p(k−1)

i and q (k−1)
l ≤ p(k−1)

l , we have, for every t ∈ [0,δk ),

q (k−1)
i + t

q (k−1)
l − t

≥ p(k−1)
i + t

p(k−1)
l − t

. (9.140)

Combining this with Eq. (9.139), and treating the endpoint t = δk by continuity, the entropy

loss at the level of q’s is at least the entropy loss at the level of p’s, i.e.,

H(p(k−1))−H
(︁
p(k−1) +δk (ei −el )

)︁≤ H(q(k−1))−H
(︁
q(k−1) +δk (ei −el )

)︁
. (9.141)

(i i i ) We prove that a≺p(k) ≺ q(k) ≺ b. First, by construction of the reverse T -transforms, we

have q(k) ≺ b. Secondly, we show that a≺p(k). The transfer applied to p(k−1) (see Eq. (9.129))

moves mass from component l to component i , with i < l . Hence, it increases the cumulative

sums labelled by indices going from i to l −1, by an amount δk , and leaves other cumulative

sums unchanged. Therefore, for every σ= 1, . . . ,d −1,

σ∑︂
r=1

p̂(k)
r ≥

σ∑︂
r=1

p(k−1)
r . (9.142)

After rearranging p̂(k) in non-increasing order, the sum of the first σ components can only

increase, so
σ∑︂

r=1
p(k)

r ≥
σ∑︂

r=1
p̂(k)

r ≥
σ∑︂

r=1
p(k−1)

r . (9.143)
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Thus,

p(k−1) ≺p(k). (9.144)

Since a≺p(k−1) (by the recursive assumption), the transitivity of majorization gives

a≺p(k). (9.145)

Finally, it remains to show that p(k) ≺ q(k). We use again the recursive hypothesis (having in

mind that p(0) ≺ q(0)), that is, at substep k, we suppose p(k−1) ≺ q(k−1). Then, for every convex

function φ, we have [161]
d∑︂

r=1
φ(p(k−1)

r ) ≤
d∑︂

r=1
φ(q (k−1)

r ). (9.146)

Let us consider

p(t ) =p(k−1) + t (ei −el ), q(t ) = q(k−1) + t (ei −el ), (9.147)

with t ∈ [0,δk ]. They obey p(0) = p(k−1), p(δk ) = p̂(k), and q(0) = q(k−1), q(δk ) = q(k). During

the considered substep, we have

q (k−1)
i ≥ p(k−1)

i , q (k−1)
l ≤ p(k−1)

l . (9.148)

For a convex function φ, the map x 7→ φ(x + t) −φ(x) is non-decreasing. Hence, using

Eq. (9.148),

φ(q (k−1)
i + t )−φ(q (k−1)

i ) ≥φ(p(k−1)
i + t )−φ(p(k−1)

i ) (9.149)

Similarly, the map x 7→φ(x − t )−φ(x) is non-increasing. Hence, using again Eq. (9.148),

φ(q (k−1)
l − t )−φ(q (k−1)

l ) ≥φ(p(k−1)
l − t )−φ(p(k−1)

l ) (9.150)

Since all other components are left unchanged by the transfers of Eq. (9.147), we have

d∑︂
r=1

φ(pr (t )) ≤
d∑︂

r=1
φ(qr (t )), (9.151)

for all t ∈ [0,δk ]. Taking t = δk , we get

d∑︂
r=1

φ(p̂(k)
r ) ≤

d∑︂
r=1

φ(q (k)
r ). (9.152)
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Since this is true for every convex function φ, it is equivalent to

p̂(k) ≺ q(k), (9.153)

which is itself equivalent to

p(k) ≺ q(k), (9.154)

because p(k) = p̂(k)↓ and majorization is invariant under permutations.

Consequently, in both cases (when doing a transfer on q alone, or when doing a transfer on

both p and q), the recursive assumptions are preserved from substep k −1 to substep k. Since

the refined sequence of Eq. (9.123) is finite and satisfies q(N ) = b, the recursive procedure

terminates after N substeps. We denote by p′ :=p(N ) the corresponding vector p at the end of

the process.

Step 2: Bounding the remaining entropy difference– At the end of Step 1, the vector q

has been transformed into the most ordered element of the diamond, i.e., b. Moreover, the

construction provides a vector p′ ∈S ⋄
a,b such that

d(p′,b) ≤ ε, (9.155)

and

H(p)−H(q) ≤ H(p′)−H(b). (9.156)

It remains to upper bound H(p′) by a quantity depending only on ε, a, and b.

Since d(p′,b) ≤ ε, we have

p′ ∈Bε(b). (9.157)

By definition of the majorization minimum Mε(b) of the ball Bε(b), this implies

Mε(b) ≺p′. (9.158)

Thus, p′ is an upper bound, in majorization order, of both Mε(b) and a. By definition of the

join, we obtain

a∨Mε(b) ≺p′. (9.159)

Schur-concavity of the Shannon entropy then gives

H(p′) ≤ H(a∨Mε(b)). (9.160)
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Combining this with Eq. (9.156), we get

H(p)−H(q) ≤ H(a∨Mε(b))−H(b). (9.161)

Together with Step 0, this proves the uniform continuity bound of Eq. (9.101).

It remains to justify the tightness statement. Set

z :=a∨Mε(b). (9.162)

If d(z,b) ≤ ε, then the admissible pair p= z,q = b attains the bound, since

|H(p)−H(q)| = H(z)−H(b) = H(a∨Mε(b))−H(b). (9.163)

Several relevant particular cases of Theorem 9.3 can be considered.

• If a= (1/d , . . . ,1/d) and b= (1,0, . . . ,0): In this case, as expected, we recover Csiszár’s

uniform continuity bound expressed in Eq. (9.95). Indeed, H (b) = 0 since b is the peaked

vector. If ε ∈ [0,1−1/d ], the majorization minimum of the ball of radius ε around b is

Mε(b) =
(︂
1−ε,

ε

d −1
, . . . ,

ε

d −1

)︂
. (9.164)

Since a is the uniform vector in P ↓
d , we have a≺ Mε(b) and therefore

a∨Mε(b) = Mε(b). (9.165)

Hence, the bound of Theorem 9.3 gives

H(Mε(b))−H(b) = h(ε)+ε log(d −1), (9.166)

which is precisely the first branch of Csiszár’s bound. If ε> 1−1/d , then the uniform

vector belongs to the ball around b, so Mε(b) =a, and the bound becomes H (a)−H (b) =
logd , corresponding to the second branch of Eq. (9.95).

• If a= (1/d , . . . ,1/d) and b is arbitrary: In this case, the lower constraint is inactive, since

the uniform vector is majorized by every element of P ↓
d . Hence,

a∨Mε(b) = Mε(b). (9.167)

If ε< d(a,b), then Mε(b) ̸=a. Otherwise, if ε≥ d(a,b), then Mε(b) =a, and the bound

reduces to

H(a)−H(b). (9.168)
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• If a is arbitrary and b= (1,0, . . . ,0): In this case, the upper constraint x≺ b is inactive,

since every element of P ↓
d is majorized by the peaked vector. We therefore need to find

the expression of the vector z :=a∨Mε(b) appearing in the bound of Theorem 9.3. It

can be described explicitly as follows. If x= (x1, . . . , xd ) belongs to the ball of radius ε

around b and is in the diamond, then the TV constraint with respect to b is expressed as

d(x,b) = 1−x1 ≤ ε. (9.169)

Combined with the lower majorization constraint, this gives

sk (x) ≥ Bk , k = 0, . . . ,d , (9.170)

where

Bk :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0, k = 0,

max{1−ε, sk (a)} , k = 1, . . . ,d −1,

1, k = d .

(9.171)

Indeed, sk (x) ≥ sk (a) comes from a≺ x, while sk (x) ≥ x1 ≥ 1−ε follows from the TV

constraint.

The cumulative curve of z =a∨Mε(b) is obtained by taking the least concave majorant

of the points

(k,Bk ), k = 0, . . . ,d . (9.172)

Equivalently, this least concave majorant can be computed by the PAVA procedure de-

scribed in Section 7.3.2, applied to the successive slopes Bk −Bk−1, by pooling adjacent

slopes whenever they violate the non-increasing order. The slopes of this least concave

majorant define a non-increasing probability vector, since the curve is concave and

connects (0,0) to (d ,1). Moreover, since the curve lies above all the points (k,Bk ), the

resulting vector satisfies

a≺ z, and d(z,b) ≤ ε. (9.173)

Conversely, any vector satisfying these two constraints has a concave cumulative-sum

curve lying above the same points. By minimality of the least concave majorant, the vec-

tor recovered from its slopes is therefore majorized by every vector satisfying Eq. (9.173).

Schur-concavity of the entropy then shows that z is the entropy maximizer in this

particular case.
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9.7 A uniform continuity bound for the von Neumann
entropy with majorization constraints

Let us exploit Theorem 9.3 to prove a continuity bound for the von Neumann entropy of

density matrices, subject to majorization constraints. Instead of introducing a majorization

diamond directly at the level of quantum states, we consider two reference states ω̂ and γ̂,

whose spectra play the roles of the ante-vector and the post-vector, respectively. Indeed, this

scenario is sufficient for our purposes, namely applications for quantum communications.

Theorem 9.4 (Uniform continuity bound for the von Neumann entropy with majoriza-

tion constraints). Let ρ̂, σ̂,ω̂, γ̂ ∈D(H ), with dimH = d <∞, be such that ω̂≺ ρ̂ ≺ γ̂ and

ω̂≺ σ̂≺ γ̂. Set a :=λ↓(ω̂), and b :=λ↓(γ̂). If T(ρ̂, σ̂) ≤ ε, with ε ∈ [0,1], then⃓⃓
S(ρ̂)−S(σ̂)

⃓⃓≤ H(a∨Mε(b))−H(b). (9.174)

Moreover, the inequality is tight when d(a∨Mε(b),b) ≤ ε.

Proof. Write p :=λ↓(ρ̂) and q :=λ↓(σ̂). We have

S(ρ̂) = H(p), S(σ̂) = H(q). (9.175)

Thus, ⃓⃓
S(ρ̂)−S(σ̂)

⃓⃓= |H(p)−H(q)| . (9.176)

By definition of majorization for density operators, the conditions ω̂≺ ρ̂ ≺ γ̂ and ω̂≺ σ̂≺ γ̂ are

equivalent to a≺p≺ b and a≺ q ≺ b, respectively. Using the well-known relation [16, 215]

1

2

d∑︂
i=1

⃓⃓⃓
λ↓

i (ρ̂)−λ↓
i (σ̂)

⃓⃓⃓
≤ 1

2
||ρ̂− σ̂||1, (9.177)

we have

d(p,q) = 1

2

d∑︂
i=1

|pi −qi | ≤ T(ρ̂, σ̂) ≤ ε. (9.178)

Therefore, we find d(p,q) ≤ ε, i.e., the spectra of ρ̂ and σ̂ satisfy the hypotheses of the conti-

nuity bound of Theorem 9.3. Applying the bound gives

|H(p)−H(q)| ≤ H(a∨Mε(b))−H(b). (9.179)

Hence, by Eq. (9.176), ⃓⃓
S(ρ̂)−S(σ̂)

⃓⃓≤ H(a∨Mε(b))−H(b). (9.180)

Finally, the bound is tight whenever d(a∨Mε(b),b) ≤ ε since it suffices to take commuting

states ρ̂∗ and σ̂∗, with eigenvalues a∨Mε(b) and b, respectively.
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9.8 Discussion and perspectives

We now discuss the relevance of our results in the context of quantum communications. We

focus in particular on Theorem 9.4, which extends Theorem 9.3 to the quantum realm, and

builds on our other main results.

One of the most challenging problems in quantum information theory is to derive closed-

form or tractable expressions for the capacities of quantum channels, i.e., the highest rates

at which they can reliably transmit information. One such quantity is the quantum capacity.

Consider a quantum channel (i.e., a completely positive trace preserving map)Φ : L (H A) →
L (HB ), where H A is the Hilbert space of the input system, while HB is that of the output

system. One can associate withΦ a so-called complementary channelΦc : L (H A) →L (HE )

ofΦ, where HE is viewed as the Hilbert space of the environment (see, for instance, Ref. [138]

for details on the channel’s definition). The quantum capacity Q ofΦ is given by the so-called

LSD theorem [68, 155, 214]:

Q(Φ) = lim
k→∞

1

k
Q(1)(Φ⊗k ), (9.181)

where Q(1)(Φ) denotes the coherent information of channelΦ and is given by

Q(1)(Φ) := max
ρ̂∈D(H A)

(︁
S(Φ(ρ̂))−S(Φc(ρ̂))

)︁
. (9.182)

The regularization (i.e., the limit) appearing in Eq. (9.181) makes the quantum capacity

difficult to compute in general.

To circumvent this problem, various techniques have been proposed to compute upper

bounds on capacities instead. One such successful method involves the use of continuity

bounds for entropies [138, 153, 227]. In a nutshell, one looks for a so-called approximate de-

grading channelΛ : L (HB ) →L (HE ) that minimizes the following diamond norm distance

∥Φc −Λ◦Φ∥⋄ := ∥(Φc −Λ◦Φ)⊗ idA′∥1→1, (9.183)

with, forΦ : L (H A) →L (HB ),

∥Φ∥1→1 := max
{︁||Φ(X̂ )||1 : X̂ ∈L (H A), ||X̂ ||1 ≤ 1

}︁
, (9.184)

and where idA′ denotes the identity map on A′, a copy of system A. By plugging the value of

the diamond norm (for the trace distance) into a continuity bound such as that of Eq. (9.95)

(which can also be expressed for density matrices), one can derive an upper bound on the

quantum capacity [138, 153, 227]. The core idea is thus that one chooses to compute trace

distances between channel outputs, rather than entropy differences. In fact, this is exactly the

situation described at the beginning of Section 9.6 (see Eqs. (9.96) and (9.97)), albeit in the

context of quantum communication.
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We now argue that Theorem 9.4 may lead to better upper bounds on quantum capacities

(and other capacities, e.g., the private classical capacity [30, 68]) using this technique. Indeed,

by characterizing in more detail the set of the output states ofΦ andΦc, one could in principle

exploit the constrained continuity bound of Theorem 9.4, thereby leading to better capacity

bounds. This can be done by identifying a lower (majorized) state and an upper (majorizing)

one at the output of the quantum channels. We now briefly illustrate our idea with the

example of the quantum depolarizing channel, a ubiquitous noise model for which upper

bounds on the quantum and classical private capacities were obtained using the technique

described above [138, 227].

The depolarizing channel Eµ : D(H A) →D(HB ) with H A ≃HB ≃Cd , is defined as [172]

Eµ(ρ̂) :=µρ̂+ 1−µ
d

1̂d , (9.185)

where 1̂d is the d-dimensional identity operator. The condition of complete positivity of the

channel requires −1/(d 2 −1) ≤µ≤ 1. Now, for any ρ̂, σ̂ ∈D(H A), ρ̂ ≺ σ̂ implies Eµ(ρ̂) ≺ Eµ(σ̂).

Indeed, if ρ̂ ≺ σ̂, there exists a doubly stochastic matrix D such that λ(ρ̂) = Dλ(σ̂) [161]. Thus,

denoting by ν the d-dimensional uniform distribution,

λ(Eµ(ρ̂)) =µλ(ρ̂)+ (1−µ)ν

=µDλ(σ̂)+ (1−µ)ν

= Dλ(Eµ(σ̂)),

(9.186)

so that Eµ(ρ̂) ≺ Eµ(σ̂). From this, we see that we can choose any pure quantum state (whose

density matrix is of rank 1) |ψ〉 ∈H A, and for any ρ̂ ∈D(H A), we thus have

Eµ(ρ̂) ≺ γ̂µ :=µ ⃓⃓
ψ〉〈ψ⃓⃓+ 1−µ

d
1̂d . (9.187)

In fact, the spectrum of γ̂µ does not depend on the choice of |ψ〉.
Now, the case of the complementary channel E c

µ : D(H A) → D(HE ) of the depolariz-

ing channel is more involved, since it does not admit a simple expression of the form of

Eq. (9.185) [55, 125]. However, preliminary numerical tests suggest that a relation similar to

that of Eq. (9.187) holds for the complementary channel E c
µ. From these observations, we

expect the diamond norm distance of Eq. (9.183) in the case of the depolarizing channel,

namely the quantity ∥E c
µ−Λ◦Eµ∥⋄, to be minimized when the channelΛ◦Eµ also satisfies a

relation of the form of Eq. (9.187). If this is indeed the case as expected, we would be in the

setting of Theorem 9.4, by taking the appropriate γ̂ of the form of γ̂µ in the right-hand side of

Eq. (9.187), and by simply taking ω̂ to be the maximally mixed state 1̂dE /dE of the environment

system, where dE = dimHE .
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Applying Theorem 9.4 in the context of the method described above would then lead to

improved bounds on the capacities of the depolarizing channel. In fact, we would be exactly

in the setting of the example highlighted just below Theorem 9.3, i.e., with ω̂ and γ̂ having

spectra of the form of Eqs. (9.103) and (9.104), respectively, for which we have shown that our

continuity bound can provide an improvement on Eq. (9.95). Since the focus on quantum

channel capacities is out of the scope of the present work, we leave these questions for future

investigation.

In view of the above discussion, we conclude with some open problems. The first obvious

open question concerns what is discussed in the previous paragraph. Namely, the main

question would be to exploit Theorem 9.4 to derive improved upper bounds for channel

capacities. In particular, as already explained, a more detailed analysis of the output set of the

complementary channel of the depolarizing channel would be required.

In the same context, it turns out that continuity bounds for the quantum conditional

entropy are also useful in deriving capacity estimates [138, 227]. In relation to the present

work, an interesting question would thus be to derive new continuity bounds for the Shannon

conditional entropy H (X |Y ) of a pair of random variables (X ,Y ) (we consider here a different

convention than the one taken in the definition of the Shannon entropy, see Eq. (7.23), for

the sake of the discussion). As in Theorem 9.3, the joint probability distribution pX Y of

the variables (X ,Y ) could be constrained to belong to a majorization diamond. However,

one would need to identify which space should be constrained by such a diamond: the

distributions associated with X , those associated with Y , or rather those associated with the

pair (X ,Y )? The answer to this question would be guided by the role of continuity bounds for

the conditional entropy in the derivation of capacity bounds (see Refs. [138, 227]).
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10Conclusion and perspectives
This thesis was centered around two main themes: entanglement detection in continuous-

variable systems and the study of the majorization lattice in quantum information. The first

part focused on moment-based entanglement criteria and their experimental implementation

in continuous-variable systems. The second part investigated how the lattice structure of

majorization can be exploited in problems related to entanglement transformations and

entropic inequalities.

In Chapter 5, we first extended entanglement criteria based on moments of the partially

transposed density operator to continuous-variable systems. The complete hierarchies of

PT-moment conditions recover the PPT condition, while their low-order instances provide

experimentally accessible tests that require only a few replicas of the state. As a central result

of this chapter, it was shown that such low-order PT moments can remain sensitive to strongly

non-Gaussian entanglement, since they may implicitly contain information about mode-

operator correlations of arbitrarily high order. This feature was illustrated in particular for

NOON states, for which standard criteria based on second moments or entropies fail to detect

entanglement, while mode-operator-based criteria require moments of increasingly high

order as the photon number increases. We further showed that the corresponding multicopy

implementation, based on passive linear optics and photon-number-resolving detection,

remains robust against losses, noisy state copies, and finite statistics. These results establish

PT moments as practical tools for certifying non-Gaussian entanglement beyond the Gaussian

regime.

In Chapter 6, we investigated a complementary approach based on the realignment cri-

terion. Instead of working directly with the trace norm of the realigned density operator,

which is not immediately accessible experimentally in the continuous-variable regime, we

introduced criteria formulated in terms of moments of the realigned operator. In particular,

the second-order conditions improve upon the weak realignment criterion and were shown

to detect entanglement in Gaussian states, two-mode entangled cat states, and lossy NOON

states. We also derived continuous-variable measurement schemes based on homodyne and

parity detection. Although the realignment-based criteria considered here do not systemati-

cally outperform the PT-moment criteria in terms of detection capability, their experimental

implementation has a different structure: coherence between fewer copies is required at a

given time, while measurements are based on homodyne and parity detection. Thus, the

two approaches developed in Chapters 5 and 6 provide complementary ways of accessing

nonlinear separability criteria in continuous-variable systems.
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The second theme of this thesis concerned the majorization lattice and the information

carried by its specific notions of meet and join. In Chapter 8, we gave these two lattice

operations an operational interpretation in the context of probabilistic transformations

between incomparable bipartite pure states. The meet and join naturally define, respectively,

an optimal common resource state and an optimal common product state, which in turn lead

to the thrifty and greedy conversion protocols. Both protocols achieve the same maximal

success probability as Vidal’s original optimal protocol. Their behavior differs, however, when

the conversion fails: the thrifty protocol leaves a more entangled residual state and therefore

preserves the entanglement resource better on average. For comparable initial and target

states, both constructions reduce to Vidal’s protocol, emphasizing that the additional lattice

structure becomes relevant precisely in the presence of incomparability. We also generalized

these constructions to situations involving several possible initial or final states.

In Chapter 9, we explored a different aspect of the same lattice structure by studying its

geometry through the total variation distance and relating it to entropic quantities defined on

the lattice. This led us to introduce the notion of a majorization diamond, consisting of prob-

ability distributions constrained between fixed lower and upper bounds in the majorization

order. We established several relations between distances, the meet, and the join, and used

this structure to derive an entropic inequality going beyond the standard Schur-concavity

property. Building on these results, we obtained a continuity bound for the Shannon en-

tropy under majorization constraints and subsequently extended it to the von Neumann

entropy of quantum states. These results show that prior information expressed through

majorization can lead to more refined control of entropic quantities than bounds formulated

over the entire probability simplex or state space. They also suggest possible applications

in quantum communication, where continuity bounds play an important role in estimating

quantum-channel capacities. Taken together, Chapters 8 and 9 illustrate two complementary

roles of the majorization lattice. In the former, the meet and join identify states with an

operational meaning in resource conversion, whereas in the latter they enter the construction

of geometric constraints, entropic inequalities, and continuity bounds.

The results of this thesis also leave several questions open, both from an experimental and

a theoretical point of view. Although an alternative single-copy homodyne implementation

of the p3-PPT criteria presented in Chapter 5 has recently been proposed and analyzed in

Ref. [224], the requirement of several copies remains a potential experimental challenge for

the multicopy approach. Therefore, inspired notably by Ref. [35], it would be interesting

to investigate whether the number of required copies could be reduced through the use of

auxiliary states, potentially at the expense of a reduced entanglement-detection capability.

Furthermore, our analysis of the impact of imperfections on NOON states could be extended

to other non-Gaussian states relevant to current experimental settings [241]. The criteria
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could also be generalized to multimode and multipartite systems, potentially leading to new

multipartite entanglement witnesses based on multicopy measurements.

Similarly, it would be interesting to investigate the robustness of the realignment criteria

presented in Chapter 6 under realistic experimental conditions. This includes studying

their resilience to imperfect copies and finite statistics, as well as determining how many

measurements are required to obtain sufficiently accurate estimates of the relevant moments.

Another important question is whether physically relevant states exist that are detected by the

proposed realignment criteria but remain undetected by the PT-moment criteria considered

in this thesis. Of particular interest in this context would be PPT bound entangled states,

which by construction are not detected by the PPT criterion but may potentially be accessible

through realignment-based criteria.

In Chapter 8, we constructed alternative optimal probabilistic pure-state conversion

protocols using the majorization lattice. It would be interesting to generalize this framework

to mixed-state entanglement transformations [102, 235], although this problem remains

considerably more complex. Multipartite entanglement transformations [74] would also

provide an interesting setting in which to investigate whether the meet and join retain a useful

operational interpretation. Such extensions could benefit from the deeper understanding

of the geometry of the majorization lattice developed in Chapter 9. The continuity bounds

obtained there could potentially be strengthened further, in particular by identifying broader

conditions under which they are tight. Another direction would be to extend the same

ideas to other information-theoretic quantities, such as conditional entropies, for which

continuity bounds play a central role in quantum information. Finally, it would be interesting

to determine under which conditions majorization-constrained continuity bounds can be

used to estimate quantum-channel capacities within a fixed majorization diamond, beyond

the preliminary discussion of the depolarizing channel given at the end of Chapter 9.
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AAppendix to Chapter 5
We give here detailed calculations for Chapter 5, devoted to the detection of strongly non-

Gaussian entanglement.

A.1 Gaussian states

A.1.1 Two-mode squeezed state at finite temperature

To illustrate the breakdown of the various PT-moment-based criteria for sufficiently mixed

Gaussian states, we consider a two-mode squeezed state at finite temperature. Starting from a

product of two identical thermal states ρ̂n̄ =∑︁∞
n=0

n̄n

(n̄+1)(n+1) |n〉〈n| with mean particle number

n̄ ≥ 0, this state is generated via the two-mode squeezer unitary Ûr = exp[r (âb̂− â†b̂†)/2] with

squeezing parameter r ∈ [0,∞), resulting in

ρ̂n̄,r = Ûr (ρ̂n̄ ⊗ ρ̂n̄)Û †
r . (A.1)

One can easily find that the symplectic eigenvalues of the partially transposed state are

ν̃1 = e−2r (2n̄ +1) and ν̃2 = e2r (2n̄ +1), such that the state’s purity depends on the mean

particle number only, i.e., p2 = 1/(2n̄ +1)2.

When n̄ = 0, Eq. (A.1) reduces to the pure two-mode squeezed vacuum state [see dashed

black curves in Figures 5.2b) and 5.2c)], which is entangled for any finite squeezing r > 0.

Upon increasing n̄, the state becomes more mixed, with purity p2 = 1/2 (see dashed yellow

curves) being attained for n̄ = (
p

2−1)/2 ≈ 0.207 particles per mode. In this regime, sufficient

squeezing r > ln(2n̄ +1)/2 is required for the state to be entangled at all. For the above case,

this entails r > ln(2)/4 ≈ 0.173 or p3 < 4/13 (see yellow squares). However, all third-order

criteria require r ≳ 0.363 or p3 < 1/4 to detect entanglement (see yellow diamonds). Note

that physicality translates into p3 ≤ 16/49 for p2 = 1/2 [see yellow triangle in Figure 5.2b)],

showing that the range of values for p3 compatible with a separable state is small compared

to an entangled state [see the light gray region in the inset of Figure 5.2b)].

A.1.2 Higher-order criteria

We analyze higher-order pn-PPT criteria from the Stieltjes approach [cf. Eq. (5.2)] for Gaussian

states in Figure A.1. For the two-mode squeezed state at finite temperature considered

in Appendix A.1.1, the pn-PPT criteria for n = 5 (green curve) and n = 7 (red curve) flag

entanglement already when r ≳ 0.221 (yellow squares) and r ≳ 0.187 (yellow triangles),

respectively, compared to r ≳ 0.363 (yellow diamonds) for n = 3.
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Simon

n=3

n=5

n=7

p2=1/2

unphys.

sep.

0 1 2 3 4
0

1

2

3

4

ν˜1

ν˜ 2

Figure A.1: Gaussian entanglement detected by the pn-PPT criteria (5.2) of order n = 3 (blue),
n = 5 (petrol), and n = 7 (red), analogous to Figure 2a). More mixed entangled states are
detected for increasing n, indicating convergence toward Simon’s criterion in the limit n →∞.

A.2 Mixed entangled cat states

To evaluate the PT moments for the class of states (5.42), we make abundantly use of the

coherent-state inner product 〈α|β〉 = e− 1
2 (|α−β|2+αβ∗−α∗β), which leads to

p2 = 2

C 2

[︂(︁
1+ (1− z)2)︁(︂1+e−4(|α|2+|β|2)

)︂
±4(1− z)e−2(|α|2+|β|2)

]︂
(A.2)

and

p3 = 2

C 3

[︃
1+3e−4(|α|2+|β|2)±3(1− z)e−2(|α|2+|β|2)

(︂
2+e−4|α|2 +e−4|β|2

)︂
+3(1− z)2e−4(|α|2+|β|2)

(︂
2+e4|α|2 +e4|β|2

)︂
± (1− z)3e−6(|α|2+|β|2)

(︂
1+3e4(|α|2+|β|2)

)︂]︃
.

(A.3)



Appendix A. Appendix to Chapter 5 201

A.3 High Harmonic Generation (HHG)

The reduced state of the driving field and one harmonic mode for equal harmonic shifts

χ :=χq = (2/
p

N 2 +2N −3)δα reads

ρ̂ = 1

C

[︂
|α−δα,χ〉〈α−δα,χ|−e

− N 2+6N−11
2(N 2+2N−3)

|δα|2 |α−δα,χ〉〈α,0|

−e
− N 2+6N−11

2(N 2+2N−3)
|δα|2 |α,0〉〈α−δα,χ|+e−N 2+4N−5

N 2+2N−3
|δα|2 |α,0〉〈α,0|

]︂
,

(A.4)

where we assumed that α,δα, and χ are real without loss of generality. The purity evaluates to

p2 = 1

C 2

[︂
1−2(1−C )

(︂
2−e−(|δα|2+|χ|2)

)︂
+ (1−C )2

(︂
2e |δα|2+|χ|2 −1

)︂]︂
, (A.5)

while the third PT moment is

p3 = 1

C 3

[︃
1−3(1−C )

(︂
2−e−(|δα|2+|χ|2)

)︂
+3(1−C )2

(︂
2+e−(|δα|2+|χ|2)+e |δα|2 −2e−|δα|2 +e |χ|2 −2e−|χ|2

)︂
− (1−C )3

(︂
1+6e |δα|2+|χ|2 −3e |δα|2 −3e |χ|2

)︂]︃
.

(A.6)

A.4 NOON states

A.4.1 Mode-operator moments

We compute the set of constraint mode-operator moments for the class of NOON states. To

this end, we normal order Eq. (5.46), for which we use the identity [209]

|0〉〈0| =: e−â†â =
∞∑︂

j=0
â† j â j (−1) j

j !
. (A.7)

We end up with

ρi j kl = |α|2 (−1)i+k−N

N ! (i −N )!k !
δi jδklΘ(i −N )+α∗β

(−1)i+l

N ! i ! l !
δi j−N δk l+NΘ( j −N )Θ(k −N )

+αβ∗ (−1) j+k

N ! j !k !
δi j+N δk l−NΘ(i −N )Θ(l −N )+|β|2 (−1)i+k−N

N ! i !(k −N )!
δi jδklΘ(k −N ),

(A.8)

whereΘ(x) denotes the HeavisideΘ function (with the conventionΘ(0) = 1 understood).
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This leads to the expansion for the purity

p2 ∼ |α|2
N !

[︂
〈â†N âN 〉+〈â†(N+··· )âN+···b̂†(0+··· )b̂0+···〉

]︂
+ α∗β

N !

[︂
〈âN b̂†N 〉+〈â†(0+··· )âN+···b̂†(N+··· )b̂0+···〉

]︂
+ αβ∗

N !

[︂
〈â†N b̂N 〉+〈â†(N+··· )â0+···b̂†(0+··· )b̂N+···〉

]︂
+ |β|2

N !

[︂
〈b̂†N b̂N 〉+〈â†(0+··· )â0+···b̂†(N+··· )b̂N+···〉

]︂
,

(A.9)

where center dots indicates higher-order contributions. Only the first term in each row

survives, and the purity reduces to

p2 = 1

N !

[︂
|α|2 〈â†N âN 〉+α∗β〈âN b̂†N 〉+αβ∗ 〈â†N b̂N 〉+ |β|2 〈b̂†N b̂N 〉

]︂
. (A.10)

Similarly, we find for the third PT moment

p3 = 1

N !

[︂
|α|4 〈â†N âN 〉+ |β|4 〈b̂†N b̂N 〉

]︂
. (A.11)

It is straightforward to verify consistency of the latter two equations with p2 = 1 and Eq. (5.47)

since 〈â†N âN 〉 = |α|2N ! (analogously for b̂), and 〈âN b̂†N 〉 = 〈â†N b̂N 〉∗ = αβ∗N ! for NOON

states.

Equations (A.10) and (A.11) nicely demonstrate the main strength of PT-moment-based

entanglement criteria: In contrast to entropic and Shchukin-Vogel-type criteria, where higher-

order mode-operator moments are exponentially suppressed or hard to access, respectively,

PT moments often select the right (and in principle arbitrarily high) mode-operator moments

that contain the necessary information about quantum correlations.

A.4.2 Lossy NOON states

Since we account for noisy copies by fluctuating state parameters, we consider in general

different losses for Alice and Bob. Then, the lossy NOON state reads

ρ̂ = (LτA ⊗LτB ) (|ψ〉〈ψ|), (A.12)

where |ψ〉 is the lossless NOON state as defined in Eq. (5.46). Direct calculation leads to

ρ̂ =|α|2
N∑︂

k=0

(︄
N

k

)︄
τ(N−k)

A (1−τA)k |N −k,0〉〈N −k,0|

+p
τAτB

N (︁
αβ∗ |N ,0〉〈0, N |+α∗β |0, N〉〈N ,0|)︁

+|β|2
N∑︂

k=0

(︄
N

k

)︄
τ(N−k)

B (1−τB )k |0, N −k〉〈0, N −k| .

(A.13)
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The PT moments evaluate to

p2 = |α|4
N∑︂

k=0

(︄
N

k

)︄2

τ2(N−k)
A (1−τA)2k

+2|α|2|β|2 (︁
τN

A τ
N
B + (1−τA)N (1−τB )N )︁

+|β|4
N∑︂

k=0

(︄
N

k

)︄2

τ2(N−k)
B (1−τB )2k

(A.14)

and

p3 = |α|6
N∑︂

k=0

(︄
N

k

)︄3

τ3(N−k)
A (1−τA)3k

+3|α|2|β|2
(︂
|α|2τN

A τ
N
B (1−τA)N +|β|2τN

A τ
N
B (1−τB )N

+|α|2(1−τA)2N (1−τB )N +|β|2(1−τA)N (1−τB )2N
)︂

+|β|6
N∑︂

k=0

(︄
N

k

)︄3

τ3(N−k)
B (1−τB )3k ,

(A.15)

where we considered the copies to be identical for brevity. Please note that the expressions

underlying Section 5.5.2 describe the more general case of unequal copies.

A.4.3 Particle-number output distributions

We show the particle-number output distributions f2(N A
2 , N B

2 ) and f3(N A
2 , N B

2 , N A
3 , N B

3 ) of the

Fourier interferometers of orders 2 [see Figure 5.1b)] and 3 [see Figure 5.1c)] in Tables A.1

and A.2, respectively. Again, we present expressions for equal copies for brevity. Note that

at most two (three) particles can be detected at the outputs for two (three) NOON input

states. Note also that for τ = 1, i.e., when the state is pure, contributions with odd total

particle number N A
2 +N B

2 vanish since all individual parities must be even to average to p2 = 1.

Additionally, we provide graphical visualizations of the output distributions at the typical loss

levels considered in the main text, i.e., τ= 0.9,0.75,0.6, together with the pure-state case τ= 1

[see Figure A.2].
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Ntot N A
2 N B

2 f2

0 0 0 1− τ
2 (2−τ)

1
1 0 τ(1−τ)|α|2
0 1 τ(1−τ)|β|2

2

1 1 τ2|α|2|β|2

2 0 τ2

2 |α|4

0 2 τ2

2 |β|4

Table A.1: Particle-number output distribution f2 of the circuit in Figure 5.1b) for a lossy
NOON state (N = 1) over all possible particle numbers N A

2 , N B
2 grouped by total particle

number Ntot = N A
2 +N B

2 .

A.4.4 Statistical error models

We validate the consistency between the statistical error models discussed in Section 5.5.1.3

and the numerical sampling of the third-order criteria for the noiseless and balanced (α=
1/

p
2) NOON state of order N = 1 in Figure A.3. As a complementary check, we plot the

standard deviations obtained in Eq. (5.58) relative to the loss τ in Figure A.4. The numerical

data aligns well with the theoretical predictions for the linear and quadratic criteria. The

optimal criterion matches the linear one when τ≲ 0.4 and τ≳ 0.6 (which corresponds to

p2 > 1/2), but approaches the quadratic one towards τ ≈ 1/2 (for which p2 ≈ 1/2). As the

linear criterion’s error is an upper bound for the optimal criterion’s error, it is justified to work

with the linear error model for the optimal criterion when τ≳ 0.6, which comprises all cases

considered in the main text, in particular, Figures 5.3c) and 5.4.
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Ntot N A
2 N B

2 N A
3 N B

3 f3

0 0 0 0 0 1− 1
9τ[18+τ(−15+4τ)]

1

1 0 0 0 1
3 |α|2(1−τ)τ(3−2τ)0 0 1 0

0 1 0 0 1
3 |β|2(1−τ)τ(3−2τ)0 0 0 1

2

1 1 0 0 4
3 |α|2|β|2(1−τ)τ2

0 0 1 1

1 0 0 1 1
3 |α|2|β|2τ2

0 1 1 0

1 0 1 0 1
3 |α|4τ2

0 1 0 1 1
3 |β|4τ2

2 0 0 0 2
3 |α|4(1−τ)τ2

0 0 2 0

0 2 0 0 2
3 |β|4(1−τ)τ2

0 0 0 2

3

1 2 0 0 2
3 |α|2|β|4τ3

0 0 1 2

2 1 0 0 2
3 |α|4|β|2τ3

0 0 2 1

1 0 2 0

0

2 0 1 0
0 1 0 2
0 2 0 1
0 1 2 0
0 2 1 0
1 0 0 2
2 0 0 1
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

3 0 0 0 2
9 |α|6τ3

0 0 3 0

0 3 0 0 2
9 |β|6τ3

0 0 0 3

Table A.2: Particle-number output distribution f3 of the circuit in Figure 5.1c) for a lossy
NOON state (N = 1) over all possible particle numbers N A

2 , N B
2 , N A

3 , N B
3 grouped by total

particle number Ntot = N A
2 +N B

2 +N A
3 +N B

3 .
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Figure A.2: Particle-number output distributions for the balanced (α= 1/
p

2) NOON state of
order N = 1 for various losses τ. a) shows f2 from the purity circuit (see Table A.1 for analytic
expressions). b) and c) depict f3 from the p3 circuit for subsystem A and in the second
mode, respectively (see Table A.2). When the total particle number at the output exceeds its
input value, any corresponding configuration is unphysical (white elements). In some cases,
physical configurations attain zero probability (gray elements), e.g., when the state is pure
(τ= 1) and the total particle number is odd (see the top left panel).
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linear
quadratic
optimal

0 0.2 0.4 0.6 0.8 1
0.01

0.02
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τ

1σ

Figure A.4: Complementary analysis to Figure A.3 in terms of the standard deviation as a
function of the loss τ. Analytic curves correspond to Eq. (5.58). The criteria are sampled
2×103 times, which we repeat 500 times to obtain their standard deviations (points). The
optimal criterion’s error mostly resembles the linear one’s behavior as p2 ≥ 1/2 with equality
if and only if τ= 1/2.
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BAppendix to Chapter 6
We give here detailed calculations for Chapter 6, devoted to realignment moment separability

criteria for continuous-variable quantum systems.

B.1 Properties of wn and rn

Here, we prove several properties that wn and rn obey for all n ∈N>0. We first prove that

rn := Tr

[︃(︂
R(ρ̂)†R(ρ̂)

)︂n/2
]︃

(B.1)

is real and non-negative for all n ∈N>0. To do so, we write the singular value decomposition

of the realigned density matrix as

R(ρ̂) =U DV †, (B.2)

where U and V are unitary matrices, and D is diagonal with non-negative entries. Then,

rn = Tr

[︃(︂
V D2V †

)︂n/2
]︃

(B.3)

= Tr
[︂(︂

V DV †
)︂n]︂

(B.4)

= Tr[Dn], (B.5)

due to the unitarity of V . Thus, rn is simply the sum of the nth powers of the singular values

of R(ρ̂). In particular, rn ≥ 0.

We now prove that wn ∈ R for every n ∈ N>0. Let Ŝ denote the swap operator acting as

follows on basis elements,

Ŝ |i , j 〉 = | j , i 〉 . (B.6)

Using the realignment convention of Eq. (6.4),

〈i ,k|R(ρ̂)| j , l〉 = 〈i , j |ρ̂|k, l〉, (B.7)

together with the Hermiticity of ρ̂, we obtain

〈i ,k|R(ρ̂)| j , l〉∗ = 〈i , j |ρ̂|k, l〉∗

= 〈k, l |ρ̂|i , j 〉 = 〈k, i |R(ρ̂)|l , j 〉.
(B.8)
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Therefore,

R(ρ̂)∗ = ŜR(ρ̂)Ŝ. (B.9)

It follows that
w∗

n = Tr
[︁(︁

R(ρ̂)∗
)︁n]︁

= Tr
[︁(︁

ŜR(ρ̂)Ŝ
)︁n]︁

= Tr
[︁
ŜR(ρ̂)n Ŝ

]︁= wn .

(B.10)

Hence, wn is real. Moreover, as shown in Appendix B.6.1, its multicopy observable is positive

semidefinite, which further implies wn ≥ 0.

We next show that

|wn | ≤ rn , (B.11)

for all n ∈ N>0. Let yi denote the eigenvalues of R(ρ̂), and let si denote its singular values.

Then,

wn = Tr
[︁
R(ρ̂)n]︁=∑︂

i
yn

i , (B.12)

whereas

rn =∑︂
i

sn
i . (B.13)

Using the triangle inequality and the standard (weak) majorization relation between eigenval-

ues and singular values [161], we obtain

|wn | ≤
∑︂

i
|yi |n ≤∑︂

i
sn

i = rn . (B.14)

Finally, we prove that rn ≥ rn+1 for all n ∈N>0. Since r2 corresponds to the purity of the

state ρ̂, we have

r2 := Tr
[︂

R(ρ̂)†R(ρ̂)
]︂
= Tr[ρ̂2] ≤ 1. (B.15)

It follows that each singular value si of R(ρ̂) satisfies 0 ≤ si ≤ 1. Therefore,

sn
i ≥ sn+1

i (B.16)

for all n ∈N>0, and summing over i gives

rn ≥ rn+1. (B.17)
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B.2 Properties of the operator Schmidt decomposition

Let
{︁

Âi
}︁

and
{︁
B̂i

}︁
be orthonormal sets of operators with respect to the Hilbert–Schmidt inner

product, i.e.,

Tr
[︂

Â†
i Â j

]︂
= Tr

[︂
B̂ †

i B̂ j

]︂
= δi j . (B.18)

We assume that the local operator spaces are identified through a fixed basis, so that the

operators Âi and B̂∗
i can be compared as elements of the same vector space.

We denote by
{︂

B̂∗
j

}︂
the set of entrywise complex conjugates of the operators

{︁
B̂ j

}︁
in the

fixed basis. Since
{︂

B̂∗
j

}︂
is also an orthonormal set, each operator Âi can be decomposed into

its projection onto the span of
{︂

B̂∗
j

}︂
and an orthogonal remainder, that is,

Âi =
∑︂

j
m(i )

j B̂∗
j + Ĉi , (B.19)

where m(i )
j ∈C and Ĉi is orthogonal to the span of

{︂
B̂∗

j

}︂
, namely,

Tr

[︃(︂
B̂∗

j

)︂†
Ĉi

]︃
= Tr

[︂
B̂ T

j Ĉi

]︂
= 0 ∀i , j . (B.20)

Using the orthonormality of the operators in the sets
{︁

Âi
}︁

and
{︁
B̂∗

i

}︁
, see Eq. (B.18), and

Eq. (B.19), we get ∑︂
k

(︂
m(i )

k

)︂∗
m( j )

k +Tr
[︂
Ĉ †

i Ĉ j

]︂
= δi j . (B.21)

Introducing the matrix M with entries

Mi j = m( j )
i , (B.22)

and the Gram matrix NC of the residual operators,

(NC )i j = Tr
[︂
Ĉ †

i Ĉ j

]︂
, (B.23)

we may write

M †M +NC = I . (B.24)

Since NC is positive semidefinite, it follows that

M †M ≤ I , (B.25)

or equivalently,

∥M∥2 ≤ 1, (B.26)

where ∥ ·∥2 denotes the spectral norm. Thus, we call the matrix M a contraction.
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As we deduce from Eq. (B.22), the coefficients appearing in Eq. (B.19) are the Hilbert–

Schmidt overlaps between Â j and B̂∗
i . Hence,

Mi j = Tr
[︂(︁

B̂∗
i

)︁†
Â j

]︂
= Tr

[︁
B̂ T

i Â j
]︁

. (B.27)

B.3 Second-order bound

Here, we prove that ⃓⃓
Mi i M j j −Mi j M j i

⃓⃓≤ 1. (B.28)

We use the result of Appendix B.2, namely the fact that M is a contraction. Let M [i j ] denote

the 2×2 submatrix of M obtained by keeping rows i , j and columns i , j , namely,

M [i j ] =
(︄

Mi i Mi j

M j i M j j

)︄
. (B.29)

Equivalently, one may write

M [i j ] = P [i j ]MQ [i j ], (B.30)

where P [i j ] is the 2×r matrix selecting rows i , j , and Q [i j ] is the r ×2 matrix selecting columns

i , j . Both are partial isometries, so ⃦⃦⃦
P [i j ]

⃦⃦⃦
2
=

⃦⃦⃦
Q [i j ]

⃦⃦⃦
2
= 1. (B.31)

Then, by submultiplicativity of the spectral norm and the fact that M is a contraction,⃦⃦⃦
M [i j ]

⃦⃦⃦
2
≤

⃦⃦⃦
P [i j ]

⃦⃦⃦
2

⃦⃦
M

⃦⃦
2

⃦⃦⃦
Q [i j ]

⃦⃦⃦
2
≤ 1. (B.32)

Let s1 and s2 be the singular values of M [i j ]. Since⃦⃦⃦
M [i j ]

⃦⃦⃦
2
= max{s1, s2} ≤ 1, (B.33)

we have s1 ≤ 1 and s2 ≤ 1. Therefore,⃓⃓⃓
det M [i j ]

⃓⃓⃓
= s1s2 ≤ 1. (B.34)

Finally,

det M [i j ] = Mi i M j j −Mi j M j i . (B.35)

Hence, ⃓⃓
Mi i M j j −Mi j M j i

⃓⃓≤ 1. (B.36)

In Appendix B.4, we generalize this idea to higher-order determinants, which leads to

higher-order criteria.
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B.4 Higher-order inequalities

We extend here the argument of Appendix B.3 to higher-order minors of the matrix M . Recall

that the realigned operator can be written as (see Eq. (6.6))

R(ρ̂) =∑︂
i
λi |Ai 〉〈B∗

i |, (B.37)

where λi ≥ 0, and define matrix M by

Mi j = Tr
[︁
B̂ T

i Â j
]︁

. (B.38)

From Appendix B.2, we have that M is a contraction, i.e.,

M †M ≤ I . (B.39)

We introduce the moments

rn =∑︂
i
λn

i , (B.40)

and

wn = ∑︂
i1,...,in

λi1 · · ·λin Mi1i2 Mi2i3 · · ·Min i1 , (B.41)

and refer to Appendix B.6 for the quantum-optical measurements of wn and r2n .

Let us first consider the third-order case. For three distinct indices i , j ,k, define the 3×3

principal submatrix

M [i j k] =

⎛⎜⎝Mi i Mi j Mi k

M j i M j j M j k

Mki Mk j Mkk

⎞⎟⎠ . (B.42)

Its determinant is

det M [i j k] =Mi i M j j Mkk +Mi j M j k Mki +Mi k M j i Mk j

−Mi k M j j Mki −Mi j M j i Mkk −Mi i M j k Mk j .
(B.43)

Since M is a contraction, every principal submatrix is also a contraction. Therefore,⃦⃦⃦
M [i j k]

⃦⃦⃦
2
≤ 1. (B.44)

If s1, s2, s3 are the singular values of M [i j k], then sα ≤ 1 for all α, and hence⃓⃓⃓
det M [i j k]

⃓⃓⃓
= s1s2s3 ≤ 1. (B.45)
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We now use this bound to derive a third-order inequality. Notice that

r 3
1 −3r1r2 +2r3 =

∑︂
i , j ,k

all distinct

λiλ jλk . (B.46)

Similarly, expanding the weak moments gives

w 3
1 −3w1w2 +2w3 =

∑︂
i , j ,k

all distinct

λiλ jλk det M [i j k].
(B.47)

Consequently,

r 3
1 −3r1r2 +2r3 ± (w 3

1 −3w1w2 +2w3) = ∑︂
i , j ,k

all distinct

λiλ jλk

(︂
1±det M [i j k]

)︂
. (B.48)

Although the right-hand side of Eq. (B.48) is real after summation, the individual determinants

det M [i j k] need not be real. Taking the real part term by term gives

r 3
1 −3r1r2 +2r3 ±

(︁
w 3

1 −3w1w2 +2w3
)︁= ∑︂

i , j ,k
all distinct

λiλ jλk

(︂
1±Re

(︂
det M [i j k]

)︂)︂
. (B.49)

Since ⃓⃓⃓
Re

(︂
det M [i j k]

)︂⃓⃓⃓
≤

⃓⃓⃓
det M [i j k]

⃓⃓⃓
≤ 1, (B.50)

each term in the last sum is non-negative. Hence, we obtain

r 3
1 −3r1r2 +2r3 ± (w 3

1 −3w1w2 +2w3) ≥ 0. (B.51)

Equivalently,

r 3
1 ≥ 3r1r2 −2r3 ∓

(︁
w 3

1 −3w1w2 +2w3
)︁

. (B.52)

For separable states, the realignment criterion gives

r1 =
⃦⃦

R(ρ̂)
⃦⃦

1 ≤ 1. (B.53)

Moreover, since r1 ≥ w1 and r3 ≤ r2, the previous inequalities imply the experimentally weaker

but directly useful bound

3w1r2 −2r2 +
⃓⃓
w 3

1 −3w1w2 +2w3
⃓⃓≤ 1. (B.54)
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Therefore, any violation,

3w1r2 −2r2 +
⃓⃓
w 3

1 −3w1w2 +2w3
⃓⃓> 1. (B.55)

certifies entanglement. We can now state the generalization1 to order ℓ. Let

I = {i1, . . . , iℓ} (B.56)

be a set of ℓ distinct indices, and let M [I ] denote the ℓ×ℓ principal submatrix of M obtained

by keeping the rows and columns indexed by I . Since M is a contraction, every such principal

submatrix is also a contraction. Hence, ⃦⃦
M [I ]

⃦⃦
2 ≤ 1. (B.57)

If s1, . . . , sℓ are the singular values of M [I ], then sα ≤ 1 for all α, and therefore

⃓⃓
det M [I ]

⃓⃓= ℓ∏︂
α=1

sα ≤ 1. (B.58)

Since determinants of ℓ×ℓ submatrices are associated with products of ℓ distinct Schmidt

coefficients, ∏︂
i∈I
λi , (B.59)

summing over all subsets I of cardinality ℓ gives the ℓth elementary symmetric polyno-

mial [158],

eℓ(λ) := ∑︂
I

|I |=ℓ

∏︂
i∈I
λi . (B.60)

However, the quantities we use in the construction of the criteria are the moments

rk =∑︂
i
λk

i . (B.61)

These are the power sums of the Schmidt coefficients. Newton’s identities allow one to express

the elementary symmetric polynomials in terms of these power sums [158]. For this reason,

we define

Pℓ(x1, . . . , xℓ) := ℓ!eℓ, (B.62)

where eℓ is expressed in terms of the power sums x1, . . . , xℓ.

1The connection with elementary symmetric polynomials was suggested by GPT-5.6 Sol. The subsequent
development of the generalization was carried out with assistance from GPT-5.6 Sol and was independently
verified in full. See Declaration on the use of Artificial Intelligence for further information on the use of AI in this
thesis.
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Equivalently,

Pℓ(x1, . . . , xℓ) = det

⎛⎜⎜⎜⎜⎜⎜⎜⎝

x1 1 0 · · · 0

x2 x1 2 · · · 0

x3 x2 x1
. . .

...
...

...
...

. . . ℓ−1

xℓ xℓ−1 xℓ−2 · · · x1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ . (B.63)

Thus, for the Schmidt coefficients,

Pℓ(r1, . . . ,rℓ) = ℓ!
∑︂

I
|I |=ℓ

∏︂
i∈I
λi . (B.64)

For example, at order 2,

P2(x1, x2) = x2
1 −x2, (B.65)

so that

P2(r1,r2) = r 2
1 − r2 =

∑︂
i ̸= j

λiλ j = 2
∑︂
i< j

λiλ j . (B.66)

At order 3,

P3(x1, x2, x3) = x3
1 −3x1x2 +2x3, (B.67)

and therefore

P3(r1,r2,r3) = r 3
1 −3r1r2 +2r3 =

∑︂
i , j ,k

all distinct

λiλ jλk . (B.68)

This is precisely the sum over products of three distinct Schmidt coefficients.

The same structure appears for the weak moments. Since

wn := Tr
[︁
R(ρ̂)n]︁

, (B.69)

the quantities wn are the power sums of the eigenvalues of R(ρ̂). Applying Newton’s identities

to these moments gives

Pℓ(w1, . . . , wℓ) = ℓ!
∑︂

I
|I |=ℓ

(︄∏︂
i∈I
λi det M [I ]

)︄
. (B.70)

Combining the two expressions, we obtain

Pℓ(r1, . . . ,rℓ)±Pℓ(w1, . . . , wℓ) = ℓ!
∑︂

I
|I |=ℓ

(︄∏︂
i∈I
λi

)︄(︁
1±Re

(︁
det M [I ])︁)︁ . (B.71)
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Since
⃓⃓
det M [I ]

⃓⃓≤ 1 and the moments wn are real (see Appendix B.1), this reduces to

Pℓ(r1, . . . ,rℓ)±Pℓ(w1, . . . , wℓ) ≥ 0. (B.72)

Thus, each order ℓ yields a higher-order constraint that follows from the contraction

property M †M ≤ I . Together with the separability condition r1 ≤ 1, these inequalities generate

a hierarchy of realignment-type entanglement criteria. To obtain a directly measurable

separability criterion at a given order, the odd moments r2n+1 must additionally be eliminated

or bounded using the experimentally accessible quantities wn and r2n (see Appendix B.6

for their quantum-optical measurement methods). The third-order criterion derived above

provides one explicit example of such a reduction.

B.5 Werner state

We consider the exemplary Werner state of two qubits,

ρ̂W =λ |ψ−〉〈ψ−|+ 1−λ
4

1̂, λ ∈ [0,1], (B.73)

where |ψ−〉 = 1/
p

2(|0,1〉− |1,0〉). Figure B.1 displays the detected regions using the different

criteria.

B.6 General measurement techniques for wn and r2n

In this appendix, we derive multicopy observables for the moments wn and the even moments

r2n , and describe their interferometric implementation. Recall that

wn = Tr
[︁
R(ρ̂)n]︁

, (B.74)

whereas

r2n = Tr
[︂(︂

R(ρ̂)†R(ρ̂)
)︂n]︂

. (B.75)

The quantity wn is a homogeneous polynomial of degree n in the matrix elements of ρ̂, while

r2n is a homogeneous polynomial of degree 2n. They can therefore be accessed using n and

2n copies of the state, respectively [29].
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Figure B.1: The Werner state is entangled as soon as λ> 1/3, which is what detects the original
realignment criterion (based on r1). The weak realignment criterion (based on w1) never
detects Werner state entanglement, whereas the order 2 criterion detects in the region λ> 0.6,
i.e., when the state is sufficiently pure.

More generally, the multicopy method [29] allows one to access homogeneous polynomial

functions of the matrix elements of a density operator. Let a general bipartite density operator

be written

ρ̂ = ∑︂
i j kl

ρi j ,kl |i , j 〉〈k, l | , (B.76)

where ρi j ,kl = 〈i , j |ρ̂|k, l〉 ∈C. A homogeneous polynomial of degree n can be written as

fn(ρ̂) = ∑︂
i1 j1k1l1

...
in jn kn ln

ci1 j1k1l1···in jn kn lnρi1 j1,k1l1 · · ·ρin jn ,kn ln , (B.77)

where the coefficients ci1 j1k1l1···in jn kn ln are independent of ρ̂. Such a polynomial can be

expressed as

fn(ρ̂) = Tr
[︁
ρ̂⊗nÔn

]︁
(B.78)

for an appropriate multicopy operator Ôn .
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For expressing the multicopy operators corresponding to wn and r2n , we begin by intro-

ducing the right cyclic-shift operator acting on n copies,

−̂→
Πn |i1, i2, . . . , in〉 = |in , i1, . . . , in−1〉 , (B.79)

and the corresponding left cyclic shift,

←̂−
Πn =

(︃−̂→
Πn

)︃†

, (B.80)

which acts as
←̂−
Πn |i1, i2, . . . , in〉 = |i2, . . . , in , i1〉 . (B.81)

In what follows, the superscripts A and B indicate whether the shift acts on Alice’s or Bob’s

copies.

B.6.1 Multicopy observable for wn

Using the density operator writing of Eq. (B.76), the trace of the nth power of the realigned

operator reads

wn = ∑︂
i1,...,in
k1,...,kn

ρi1i2,k1k2ρi2i3,k2k3 · · ·ρin i1,kn k1 . (B.82)

Then, since

Tr
[︁
ρ̂ |k, l〉〈i , j |]︁= ρi j ,kl , (B.83)

we obtain

wn = Tr
[︁
ρ̂⊗nÔ(w)

n

]︁
, (B.84)

where

Ô(w)
n = ∑︂

i1,...,in
k1,...,kn

n⨂︂
t=1

|kt ,kt+1〉〈it , it+1| , (B.85)

where in+1 := i1 and kn+1 := k1. To express this operator in terms of cyclic shifts, we use

R (|kt , i t 〉〈kt+1, i t+1|) = |kt ,kt+1〉〈it , it+1| . (B.86)

It follows that

Ô(w)
n = R⊗n

⎡⎢⎢⎣ ∑︂
i1,...,in
k1,...,kn

n⨂︂
t=1

|kt , i t 〉〈kt+1, i t+1|

⎤⎥⎥⎦ . (B.87)
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After reordering the tensor factors from (A1B1) · · · (AnBn) to (A1 · · · An)(B1 · · ·Bn), the operator

inside the brackets factorizes as

∑︂
i1,...,in
k1,...,kn

n⨂︂
t=1

|kt , i t 〉〈kt+1, i t+1| = −̂→
Π

A

n ⊗−̂→
Π

B

n . (B.88)

Consequently,

Ô(w)
n = R⊗n

(︃−̂→
Π

A

n ⊗−̂→
Π

B

n

)︃
. (B.89)

In order to be able to write a quantum-optics measurement setting for wn , it is also useful

to express this operator directly in terms of EPR projectors. Using the unnormalized EPR

vector

|Ω〉 :=
∞∑︂

q=0
|q, q〉 . (B.90)

Regrouping the factors of Ô(w)
n (see Eq. (B.85)) according to the pairs (At ,Bt−1), with the cyclic

convention B0 := Bn , gives

Ô(w)
n =

n⨂︂
t=1

|Ω〉〈Ω|At Bt−1 . (B.91)

Therefore,

wn = Tr

[︃
ρ̂⊗n

n⨂︂
t=1

|Ω〉〈Ω|At Bt−1

]︃
. (B.92)

Equation (B.91) also shows directly that Ô(w)
n is Hermitian and positive semidefinite, and

hence that wn is real and non-negative (going beyond the initial proof that wn is real in

Appendix B.1).

It is instructive to compare the expression of the multicopy observable in Eq. (B.89) with

the multicopy expression for the moments of the partially transposed state [63, 80],

pn := Tr
[︂(︁
ρ̂TB

)︁n
]︂

= Tr

[︃
ρ̂⊗n

(︃−̂→
Π

A

n ⊗←̂−
Π

B

n

)︃]︃
,

(B.93)

where TB denotes the transposition on Bob’s side. For the partial-transpose moments, the

cyclic shifts on Alice’s and Bob’s copies have opposite orientations. By contrast, the expression

for wn involves shifts in the same direction, followed by an independent realignment map on

each copy.
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B.6.2 Multicopy observable for r2n

Using the density operator of Eq. (B.76), we may write

r2n = ∑︂
i1,...,in
j1,..., jn
k1,...,kn
l1,...,ln

n∏︂
t=1

ρ∗
it jt ,kt lt

ρit jt+1,kt lt+1 ,
(B.94)

where jn+1 := j1 and ln+1 := l1. Then, using the Hermiticity of ρ̂, i.e., ρ∗
it jt ,kt lt

= ρkt lt ,it jt , we

obtain

r2n = ∑︂
i1,...,in
j1,..., jn
k1,...,kn
l1,...,ln

n∏︂
t=1

ρkt lt ,it jtρit jt+1,kt lt+1 . (B.95)

Each term contains 2n matrix elements of ρ̂, so the moment can be written as an expecta-

tion value on 2n copies, that is,

r2n = Tr
[︂
ρ̂⊗2nÔ(r )

2n

]︂
, (B.96)

where

Ô(r )
2n = ∑︂

i1,...,in
j1,..., jn
k1,...,kn
l1,...,ln

n⨂︂
t=1

(︁(︁|it , jt 〉〈kt , lt |
)︁

2t−1 ⊗ (︁|kt , lt+1〉〈it , jt+1|
)︁

2t

)︁
. (B.97)

After regrouping the tensor factors from (A1B1) · · · (A2nB2n) to (A1 · · · A2n)(B1 · · ·B2n), the

operator factorizes into independent permutations on Alice’s and Bob’s subsystems. Indeed,

on Alice’s side, ∑︂
i1,...,in
k1,...,kn

n⨂︂
t=1

(︁
(|i t 〉〈kt |)A2t−1

⊗ (|kt 〉〈it |)A2t

)︁= n⨂︂
t=1

Ŝ A2t−1,A2t , (B.98)

where ŜX ,Y denotes the swap operator between subsystems X and Y , i.e.,

ŜX ,Y |u〉X |v〉Y = |v〉X |u〉Y . (B.99)

Similarly, on Bob’s side,

∑︂
j1,..., jn
l1,...,ln

n⨂︂
t=1

(︂(︁| jt 〉〈lt |
)︁

B2t−1
⊗ (︁|lt+1〉〈 jt+1|

)︁
B2t

)︂
=

n⨂︂
t=1

ŜB2t ,B2t+1 , (B.100)

with the convention B2n+1 := B1. Thus, combining the two sides gives

Ô(r )
2n =

(︃ n⨂︂
t=1

Ŝ A2t−1,A2t

)︃
⊗

(︃ n⨂︂
t=1

ŜB2t ,B2t+1

)︃
. (B.101)
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In summary, Alice’s subsystems are paired according to

(A1, A2), (A3, A4), . . . , (A2n−1, A2n), (B.102)

whereas Bob’s subsystems follow the staggered cyclic pairing

(B2,B3), (B4,B5), . . . , (B2n ,B1). (B.103)

The operator Ô(r )
2n is Hermitian and unitary because it is a product of disjoint swap operators.

For n = 1, Eq. (B.101) reduces to

Ô(r )
2 = Ŝ A1,A2 ⊗ ŜB1,B2 , (B.104)

so that

r2 = Tr
[︁
ρ̂⊗2 (︁

Ŝ A1,A2 ⊗ ŜB1,B2

)︁]︁= Tr
[︁
ρ̂2]︁ , (B.105)

as expected.

B.6.3 Interferometric implementation

Although the initial expressions of wn and r2n involve the realignment map, this map does not

need to be directly implemented physically. As a matter of fact, the corresponding multicopy

observables can be measured using balanced beam splitters, homodyne detection, and

photon-number-parity measurements, as detailed below.

B.6.3.1 Measurement of wn

Let us consider n copies of the bipartite state, namely,

ρ̂A1B1 ⊗·· ·⊗ ρ̂An Bn . (B.106)

Equation (B.92) shows that an EPR projection must be performed between Alice’s subsystem

of copy t and Bob’s subsystem of the preceding copy. The modes are therefore paired as

(A1,Bn), (A2,B1), . . . , (An ,Bn−1). (B.107)

This pairing may be implemented by cyclically rerouting Bob’s modes before the interferome-

ters.
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For each pair (At ,Bt−1), with B0 := Bn , we define the commuting EPR quadratures

x̂−,t =
x̂Bt−1 − x̂Atp

2
, p̂+,t =

p̂ At + p̂Bt−1p
2

. (B.108)

Since they satisfy

[x̂−,t , p̂+,t ] = 0, (B.109)

their joint measurement can be implemented by a balanced beam splitter followed by homo-

dyne detection on its two output modes. The EPR projector can therefore be written [120]

|Ω〉〈Ω| =π |p+ = 0, x− = 0〉〈p+ = 0, x− = 0| . (B.110)

With the beam-splitter convention adopted in Eq. (6.52), the relevant output quadratures

obey

B̂ †
X Y p̂X B̂X Y = p̂X + p̂Yp

2
= p̂+, (B.111)

and

B̂ †
X Y x̂Y B̂X Y = x̂Y − x̂Xp

2
= x̂−. (B.112)

where B̂X Y denotes the balanced beam splitter unitary between modes X and Y . Thus,

homodyne detection of p̂X on the output mode of X and x̂Y on the output mode of Y

provides a simultaneous measurement of p̂+ and x̂−.

The EPR projector can consequently be written formally as

|Ω〉〈Ω|X Y =πB̂ †
X Y

[︁(︁|p = 0〉〈p = 0|)︁X ⊗ (|x = 0〉〈x = 0|)Y
]︁

B̂X Y . (B.113)

Combining Eqs. (B.92) and (B.113), we obtain

wn =πnPwn (0), (B.114)

where Pwn (0) is the joint probability density for obtaining

x−,t = 0, p+,t = 0, t = 1, . . . ,n. (B.115)

For example, for low values of n, the interfered pairs on the balanced beam splitters are

n interfered pairs

1 (A1,B1)
2 (A1,B2), (A2,B1)
3 (A1,B3), (A2,B1), (A3,B2).

(B.116)

No genuine n-port interferometer is therefore required. The setup consists only of a cyclic

rerouting followed by n independent balanced beam splitters, all of which may operate in

parallel, and ends with parallel homodyne measurements.
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B.6.3.2 Measurement of r2n

The even moment r2n requires 2n copies of the state. According to Eq. (B.101), Alice’s copies

are interfered in the pairs

(A1, A2), (A3, A4), . . . , (A2n−1, A2n), (B.117)

while Bob’s copies are interfered according to the staggered cyclic pairing

(B2,B3), (B4,B5), . . . , (B2n ,B1). (B.118)

Each swap operator ŜX Y can be measured using a balanced beam splitter B̂X Y followed

by a photon-number-parity measurement on the antisymmetric output mode. With the

convention of Eq. (6.52), one has

ŜX Y = B̂ †
X Y (−1)n̂Y B̂X Y , (B.119)

where n̂Y denotes the photon-number operator of the antisymmetric (second) output mode.

Consequently,

r2n =
⟨︃ n∏︂

t=1
(−1)n̂out

A,t

n∏︂
t=1

(−1)n̂out
B ,t

⟩︃
, (B.120)

where n̂out
A,t denotes the photon number in the antisymmetric output of the beam splitter

acting on

(A2t−1, A2t ), (B.121)

and n̂out
B ,t denotes the photon number in the antisymmetric output of the beam splitter acting

on

(B2t ,B2t+1), B2n+1 := B1. (B.122)

Thus, r2n is obtained by multiplying the photon-number parities measured at all antisym-

metric output modes and averaging the product over the experimental runs.

For example, the purity r2 requires two copies and the pairings

(A1, A2), (B1,B2). (B.123)

The fourth moment r4 requires four copies and the pairings

(A1, A2), (A3, A4), (B.124)

on Alice’s side, and

(B2,B3), (B4,B1), (B.125)

on Bob’s side.
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CAppendix to Chapter 9
We give here detailed calculations for Chapter 9, devoted to the study of the majorization

lattice from a geometric point of view.

C.1 Majorization minimum of the ball centered on a given
vector

We present how to find the majorization minimum of the ball Bε(x) := {y ∈P ↓
d : d(x,y) ≤ ε},

which we denote as Mε(x). It is characterized by Mε(x) ≺y for every y ∈Bε(x), and, if z ∈P ↓
d

also satisfies z ≺y for every y ∈Bε(x), then z ≺ Mε(x). We mainly follow Ref. [131]; see also

Ref. [114] for a related construction. The saturation relation d(x, Mε(x)) = ε in the nontrivial

regime1, implying that the infimum is actually a minimum, is discussed in Ref. [114].

Denote by ν ∈P ↓
d the uniform vector. If d(ν,x) ≤ ε, we are in the trivial regime, and the

TV constraint need not be saturated. Therefore, we set Mε(x) =ν. Otherwise, if d(ν,x) > ε,

do the following. For given a,b ∈ [0,1], we define

R(a) =
d∑︂

i=1
(xi −a)+, (C.1)

L(b) =
d∑︂

i=1
(b −xi )+. (C.2)

Here, R(a) is the mass removed from the components above a, and L(b) is the mass lifted into

the components below b. Since d(ν,x) > ε, there are unique levels a∗,b∗ satisfying R(a∗) = ε
and L(b∗) = ε. Moreover, the two clipping regions do not overlap, i.e., a∗ > b∗. Finally, we

define Mε(x) using the following clipping formula

Mε(x)i = min{a∗,max{xi ,b∗}}. (C.3)

Equivalently, entries larger than a∗ are lowered to a∗, entries smaller than b∗ are raised to b∗,

and all other entries are left unchanged. Since x is non-increasingly ordered and the clipping

map t 7→ min{a∗,max{t ,b∗}} is monotone non-decreasing, applying it componentwise to

a non-increasingly ordered vector preserves the ordering. Hence, Mε(x) ∈ P ↓
d . Figure C.1

illustrates the procedure in the nontrivial regime.

1We call the regime trivial when the uniform vector belongs to the ball Bε(x).
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a∗

b∗

1 d

ε= =

original xi

final
(︁
Mε(x)

)︁
i

R(a∗)

L(b∗)

Figure C.1: Schematic depiction of the clipping procedure used to obtain Mε(x) from the
original vector x. The largest components of x are lowered to the upper level a∗, while
the smallest components are raised to the lower level b∗; intermediate components are left
unchanged. The light blue rectangles represent the components of Mε(x). The mass removed
from the upper components is R(a∗), and the mass lifted into the lower components is L(b∗).
In the depicted case, the uniform vector is not contained in Bε(x), and the levels a∗ and b∗

are chosen so that R(a∗) = L(b∗) = ε. Consequently, d(x, Mε(x)) = ε.

C.2 Further tools and results for the proofs

Lemma C.1. Let I1, . . . , Ir denote the final blocks produced by the PAVA construction of

u∨v (see Section 7.3.2). If we write Iα = {p +1, . . . , q}, then, for every α ∈ {1, . . . ,r },

q∑︂
i=p+1

⃓⃓
vi −β(u,v)i

⃓⃓= q∑︂
i=p+1

|vi − (u∨v)i | , (C.4)

Furthermore, the same holds when replacing vi with ui .

Summing Eq. (C.4) over all final PAVA blocks, the above lemma gives

d(v,u∨v) = d(v,β(u,v)). (C.5)

The analogous identity with u follows in the same way.
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Proof of Lemma C.1. Fix a final PAVA block

Iα = {p +1, . . . , q}. (C.6)

On this block, the PAVA procedure replaces the entries β(u,v)i by their average

(u∨v)i =
∑︁q

k=p+1β(u,v)k

q −p
=: c, i = p +1, . . . , q. (C.7)

If q = p +1, then c =β(u,v)p+1, and the claim is immediate. We therefore assume q −p ≥ 2.

We claim that, in the final block Iα, either

β(u,v)i ≤ vi and c ≤ vi (C.8)

for all i = p +1, . . . , q , or

β(u,v)i ≥ vi and c ≥ vi (C.9)

for all i = p +1, . . . , q .

When q−p ≥ 2, there are two possible cases: Either the affine segment starts on the Lorenz

curve of u and ends on the Lorenz curve of v, or we have the same situation with u and v

exchanged. Suppose we are in the first case, namely

sp (β(u,v)) = sp (u), sq (β(u,v)) = sq (v). (C.10)

Since the affine segment of slope c lies above the Lorenz curves of u and v, we have

sp (u)+c ≥ sp+1(u). (C.11)

Therefore,

c ≥ up+1. (C.12)

Since u is non-increasingly ordered, it follows that

ui ≤ c, ∀i = p +1, . . . , q. (C.13)

Similarly, using the last interior point,

sq (v)−c ≥ sq−1(v), (C.14)

and therefore,

c ≤ vq . (C.15)
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Since v is non-increasingly ordered, this implies

c ≤ vi , ∀i = p +1, . . . , q. (C.16)

Hence,

ui ≤ c ≤ vi , ∀i = p +1, . . . , q. (C.17)

In particular, ui ≤ vi on the block. Thus, the sequence
(︁
sk (u)− sk (v)

)︁
is non-increasing

on k = p, . . . , q . Hence, the curve sk (β(u,v)) = max{sk (u), sk (v)} can switch at most once

from sk (u) to sk (v) on this block. Therefore, for each i = p +1, . . . , q , there are only three

possibilities. If si−1(β(u,v)) = si−1(u) and si (β(u,v)) = si (u), then

β(u,v)i = ui ≤ vi . (C.18)

If si−1(β(u,v)) = si−1(v) and si (β(u,v)) = si (v), then

β(u,v)i = vi . (C.19)

Finally, if the switch from the curve of u to the curve of v occurs between i −1 and i , then

β(u,v)i = si (v)− si−1(u) = vi −
(︁
si−1(u)− si−1(v)

)︁≤ vi . (C.20)

Thus, in this first case,

β(u,v)i ≤ vi and c ≤ vi (C.21)

for all i = p +1, . . . , q .

The second case, where the affine segment starts on the Lorenz curve of v and ends on

the Lorenz curve of u, is symmetric. It gives

β(u,v)i ≥ vi and c ≥ vi (C.22)

for all i = p +1, . . . , q .

Consequently, all the terms inside the absolute values on the block have a common sign

before and after the replacement of β(u,v)i by c, namely,

q∑︂
i=p+1

⃓⃓
vi −β(u,v)i

⃓⃓= ⃓⃓⃓⃓
⃓ q∑︂
i=p+1

(︁
vi −β(u,v)i

)︁⃓⃓⃓⃓⃓ , (C.23)

and
q∑︂

i=p+1
|vi −c| =

⃓⃓⃓⃓
⃓ q∑︂
i=p+1

(vi −c)

⃓⃓⃓⃓
⃓ . (C.24)
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Using the definition of c, we have

q∑︂
i=p+1

β(u,v)i =
q∑︂

i=p+1
c. (C.25)

Therefore, ⃓⃓⃓⃓
⃓ q∑︂
i=p+1

(︁
vi −β(u,v)i

)︁⃓⃓⃓⃓⃓=
⃓⃓⃓⃓
⃓ q∑︂
i=p+1

(vi −c)

⃓⃓⃓⃓
⃓ , (C.26)

which in turn implies Eq. (C.4). The proof with ui instead of vi in Eq. (C.4) is identical,

exchanging the roles of u and v in the above development.

Note that this proof relies on the fact that we are dealing with sums of absolute values, i.e.,

with the ℓ1-norm. It does not extend in general to ℓp -norms with p > 1.

Proposition C.1. Consider u,v ∈P ↓
d and α ∈ [0,1]. Then,

d(u,v) = d(u,αu+ (1−α)v)+d(αu+ (1−α)v,v), (C.27)

Proof. A straightforward calculation allows us to conclude.

d
(︁
u,αu+ (1−α)v

)︁+d
(︁
αu+ (1−α)v,v

)︁=1

2

d∑︂
i=1

(︂⃓⃓
ui −αui − (1−α)vi

⃓⃓
+ ⃓⃓
αui + (1−α)vi − vi

⃓⃓)︂
= 1

2

d∑︂
i=1

(︂
(1−α)

⃓⃓
ui − vi

⃓⃓+α⃓⃓
ui − vi

⃓⃓)︂
= 1

2

d∑︂
i=1

⃓⃓
ui − vi

⃓⃓
= d(u,v).

(C.28)

Lemma C.2. Let a,b,c ∈P ↓
d be such that

d(a,c) = d(a,b)+d(b,c). (C.29)

Then, for every α ∈ [0,1], if

wα :=αa+ (1−α)b, (C.30)

we have

d(a,c) = d(a,wα)+d(wα,c). (C.31)
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Proof. First, since

a−wα = (1−α)(a−b), (C.32)

we get

d(a,wα) = 1

2

∑︂
i
|(1−α)(ai −bi )| = (1−α)d(a,b). (C.33)

Secondly, since

wα−c=α(a−c)+ (1−α)(b−c), (C.34)

the triangle inequality gives

d(wα,c) = 1

2

∑︂
i
|α(ai −ci )+ (1−α)(bi −ci )| (C.35)

≤ 1

2

∑︂
i

(α|ai −ci |+ (1−α)|bi −ci |) =αd(a,c)+ (1−α)d(b,c). (C.36)

Therefore,
d(a,wα)+d(wα,c) ≤ (1−α)d(a,b)+αd(a,c)+ (1−α)d(b,c)

≤αd(a,c)+ (1−α)
[︁
d(a,b)+d(b,c)

]︁
,

(C.37)

since

(1−α)d(a,b)+αd(a,c)+ (1−α)d(b,c) =αd(a,c)+ (1−α)
[︁
d(a,b)+d(b,c)

]︁
. (C.38)

Using the assumption

d(a,c) = d(a,b)+d(b,c), (C.39)

we obtain

d(a,wα)+d(wα,c) ≤ d(a,c). (C.40)

The reverse inequality follows from the triangle inequality applied to the triple a,wα,c, i.e.,

d(a,c) ≤ d(a,wα)+d(wα,c). (C.41)

Hence, equality holds,

d(a,c) = d(a,wα)+d(wα,c). (C.42)

This concludes the proof.
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Lemma C.3. For all a,b, x, y ≥ 0, if

a +b = x + y, (C.43)

and

a ≤ x ≤ b, a ≤ y ≤ b, (C.44)

then

x y ≥ ab. (C.45)

Proof. Using a +b = x + y , we have

x y −ab = (x −a)(y −a). (C.46)

Since x ≥ a and y ≥ a, it follows that x y −ab ≥ 0, which is the desired result.

Lemma C.4. For any u,v ∈P ↓
d such that u≺ v, there exists a finite sequence of vectors

u(0), . . . ,u(N ), with

u(0) =u, u(N ) = v, (C.47)

such that the following is satisfied: At each step r = 1, . . . , N , there exist indices 1 ≤ ir <
lr ≤ d and a positive number δr such that

u(r ) =u(r−1) +δr (eir −elr ). (C.48)

Moreover, u(r ) ∈P ↓
d , and

u(r−1) ≺u(r ) ≺ v. (C.49)

We name these operations reverse T -transforms since, rather than obtaining u from v using a

finite number of T -transforms [161], we obtain v from u.

Proof of Lemma C.4. Assume that u(r−1) ≺ v (this is true for r = 1 since u(0) = u ≺ v). We

define the majorization deficits as

Dk := sk (v)− sk (u(r−1)) ≥ 0, k = 0, . . . ,d . (C.50)

Notice that D0 = Dd = 0. If Dk = 0 for all k = 0, . . . ,d , we stop the procedure, since this means

u(r−1) = v.
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Otherwise, choose a maximal interval of strictly positive deficits, i.e., indices i < l such

that

Di−1 = Dl = 0, (C.51)

and

Dk > 0, ∀k = i , . . . , l −1. (C.52)

Let the amount transferred from component l to i be

δ := min
i≤k<l

Dk > 0, (C.53)

and define

u(r ) =u(r−1) +δ(ei −el ). (C.54)

The cumulative sums of u(r ) are increased by δ precisely for k = i , . . . , l −1. Therefore, the new

deficits are

Dk −δ≥ 0 k = i , . . . , l −1, (C.55)

while all other deficits, in particular Di−1 and Dl , are unchanged. Moreover, at least one of

the deficits in the interval {i , . . . , l −1} becomes equal to zero. Hence,

u(r−1) ≺u(r ) ≺ v. (C.56)

We now check that u(r ) is still non-increasingly ordered. Since only components i and

l change, it is enough to check the ordering relations immediately above component i and

immediately below component l . If i > 1, then

u(r )
i

(a)= u(r−1)
i +δ

(b)≤ u(r−1)
i +Di

(c)= vi

(d)≤ vi−1

(e)≤ u(r−1)
i−1

( f )= u(r )
i−1,

(C.57)

where (a) is by Eq. (C.54), (b) because δ≤ Di , (c) because Di−1 = 0, (d) because v ∈P ↓
d , (e)

because Di−1 −Di−2 = vi−1 −u(r−1)
i−1 , Di−1 = 0 and Dk ≥ 0 for all k = 0, . . . ,d , and ( f ) because

the (i −1)th component has been untouched during the transfer.
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Similarly, if l < d , then

u(r )
l

(a)= u(r−1)
l −δ

(b)≥ u(r−1)
l −Dl−1

(c)= vl

(d)≥ vl+1

(e)≥ u(r−1)
l+1

( f )= u(r )
l+1,

(C.58)

where (a) is by Eq. (C.54), (b) because δ≤ Dl−1, (c) because Dl = 0, (d) because v ∈P ↓
d , (e)

because Dl+1 −Dl = vl+1 −u(r−1)
l+1 , Dl = 0 and Dk ≥ 0 for all k = 0, . . . ,d , and ( f ) because the

(l +1)th component has been untouched during the transfer.

Finally, if l = d , nonnegativity of the last component follows from

u(r )
d = u(r−1)

d −δ≥ u(r−1)
d −Dd−1 = vd ≥ 0, (C.59)

where we used Dd = 0.

Since the other components have been unchanged by the transfer, we get u(r ) ∈P ↓
d . At

each step, at least one strictly positive deficit Dk becomes zero, and no zero deficit becomes

strictly positive. Thus, since there are only d −1 intermediate deficits, the procedure termi-

nates after finitely many steps, yielding u(N ) = v.
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and Martin Zwierlein. Quantum Simulators: Architectures and Opportunities. PRX

Quantum, 2(1):017003, 2021.

[8] Carolina Moura Alves, Paweł Horodecki, Daniel K. L. Oi, L. C. Kwek, and Artur K. Ekert.

Direct estimation of functionals of density operators by local operations and classical

communication. Phys. Rev. A, 68(3):032306, 2003.

[9] Matthieu Arnhem, Célia Griffet, and Nicolas J. Cerf. Multicopy observables for the

detection of optically nonclassical states. Phys. Rev. A, 106(4):043705, 2022.

[10] Warit Asavanant, Yu Shiozawa, Shota Yokoyama, Baramee Charoensombutamon, Hiroki

Emura, Rafael Alexander, Shuntaro Takeda, Jun-ichi Yoshikawa, Nicolas Menicucci,

Hidehiro Yonezawa, and Akira Furusawa. Generation of time-domain-multiplexed

two-dimensional cluster state. Science, 366:373–376, 2019.



236 Bibliography

[11] Alain Aspect, Jean Dalibard, and Gérard Roger. Experimental Test of Bell’s Inequalities

Using Time-Varying Analyzers. Phys. Rev. Lett., 49(25):1804–1807, 1982.

[12] Koenraad Audenaert. A sharp continuity estimate for the von Neumann entropy. Journal

of Physics A: Mathematical and Theoretical, 40(28):8127–8136, 2007.

[13] Koenraad Audenaert, Bjarne Bergh, Nilanjana Datta, Michael G. Jabbour, Ángela Capel,

and Paul Gondolf. Continuity bounds for quantum entropies arising from a fundamen-

tal entropic inequality. IEEE Trans. Inf. Theory, 71(9):7029–7038, 2025.

[14] Waseem S. Bakr, Jonathon I. Gillen, Amy Peng, Simon Fölling, and Markus Greiner. A

quantum gas microscope for detecting single atoms in a Hubbard-regime optical lattice.

Nature, 462(7269):74–77, 2009.

[15] John Bardeen and Walter H. Brattain. The Transistor, A Semi-Conductor Triode. Phys.

Rev., 74(2):230–231, 1948.

[16] Simon Becker, Nilanjana Datta, and Michael G. Jabbour. From Classical to Quantum:

Uniform Continuity Bounds on Entropies in Infinite Dimensions. IEEE Trans. Inf.

Theory, 69(7):4128–4144, 2023.

[17] Simon Becker, Nilanjana Datta, Ludovico Lami, and Cambyse Rouze. Classical Shadow

Tomography for Continuous Variables Quantum Systems. IEEE Trans. Inf. Theory,

70(5):3427–3452, 2024.

[18] John S. Bell. On the Einstein Podolsky Rosen paradox. Phys. Phys. Fiz., 1(3):195–200,

1964.

[19] Charles H. Bennett, Herbert J. Bernstein, Sandu Popescu, and Benjamin Schumacher.

Concentrating partial entanglement by local operations. Phys. Rev. A, 53(4):2046–2052,

1996.

[20] Charles H. Bennett and Gilles Brassard. Quantum cryptography: Public key distribution

and coin tossing. In Proceedings of the IEEE International Conference on Computers,

Systems and Signal Processing, pages 175–179, Bangalore, India, 1984. IEEE.

[21] Charles H. Bennett, Gilles Brassard, Claude Crépeau, Richard Jozsa, Asher Peres, and

William K. Wootters. Teleporting an unknown quantum state via dual classical and

Einstein-Podolsky-Rosen channels. Phys. Rev. Lett., 70(13):1895–1899, 1993.

[22] Charles H. Bennett and Stephen J. Wiesner. Communication via one- and two-particle

operators on Einstein-Podolsky-Rosen states. Phys. Rev. Lett., 69(20):2881–2884, 1992.



Bibliography 237

[23] Ethan Bernstein and Umesh Vazirani. Quantum complexity theory. SIAM Journal on

Computing, 26(5):1411–1473, 1997.

[24] Immanuel Bloch, Jean Dalibard, and Sylvain Nascimbène. Quantum simulations with

ultracold quantum gases. Nat. Phys., 8(4):267–276, 2012.

[25] Luca Bombelli, Rabinder K. Koul, Joohan Lee, and Rafael D. Sorkin. Quantum source of

entropy for black holes. Phys. Rev. D, 34(2):373–383, 1986.

[26] Gustavo M. Bosyk, Giuseppe Sergioli, Hector Freytes, Federico Holik, and Guido Bel-

lomo. Approximate transformations of bipartite pure-state entanglement from the

majorization lattice. Physica A: Statistical Mechanics and its Applications, 473:403–411,

2017.

[27] Fernando Brandão, Michał Horodecki, Nelly Huei Ying Ng, Jonathan Oppenheim, and

Stephanie Wehner. The second laws of quantum thermodynamics. Proc. Natl. Acad.

Sci., 112(11):3275–3279, 2015.

[28] Samuel L. Braunstein and Peter van Loock. Quantum information with continuous

variables. Rev. Mod. Phys., 77(2):513–577, 2005.

[29] Todd A. Brun. Measuring polynomial functions of states. Quant. Inf. Comp., 4(5):401,

2004.

[30] Ning Cai, Andreas Winter, and Raymond W. Yeung. Quantum privacy and quantum

wiretap channels. Problems of Information Transmission, 40(4):318–336, 2004.

[31] Pasquale Calabrese and John Cardy. Entanglement entropy and quantum field theory.

Journal of Statistical Mechanics: Theory and Experiment, 2004(06):P06002, 2004.

[32] Pasquale Calabrese, John Cardy, and Erik Tonni. Entanglement Negativity in Quantum

Field Theory. Phys. Rev. Lett., 109(13):130502, 2012.

[33] Pasquale Calabrese, John Cardy, and Erik Tonni. Entanglement Negativity in Extended

Systems: A Field Theoretical Approach. Journal of Statistical Mechanics: Theory and

Experiment, 2013(02):P02008, 2013.

[34] Curtis Callan and Frank Wilczek. On geometric entropy. Phys. Lett. B, 333(1-2):55–61,

1994.

[35] Elena Callus, Martin Gärttner, and Tobias Haas. Interferometric detection of

continuous-variable entanglement using two states. Phys. Rev. A, 112(3):033704, 2025.



238 Bibliography

[36] Horacio Casini and Marina Huerta. Entanglement entropy in free quantum field theory.

J. Phys. A Math. Theo., 42(50):504007, 2009.

[37] Nicolas J. Cerf, Chris Adami, and Paul G. Kwiat. Optical simulation of quantum logic.

Phys. Rev. A, 57(3):R1477–R1480, 1998.

[38] Nicolas J. Cerf and Tobias Haas. Information and Majorization Theory for Fermionic

Phase-Space Distributions. Phys. Rev. Lett., 135(11):110201, 2025.

[39] Nicolas J. Cerf, Gerd Leuchs, and Eugene S. Polzik. Quantum Information with Contin-

uous Variables of Atoms and Light. Imperial College Press, 2007.

[40] Risheng Cheng, Yiyu Zhou, Sihao Wang, Mohan Shen, Towsif Taher, and Hong X. Tang. A

100-pixel photon-number-resolving detector unveiling photon statistics. Nat. Photon.,

17(1):112–119, 2023.

[41] Eric Chitambar, Runyao Duan, and Yaoyun Shi. Tripartite Entanglement Transforma-

tions and Tensor Rank. Phys. Rev. Lett., 101(14):140502, 2008.

[42] Eric Chitambar and Gilad Gour. Quantum resource theories. Rev. Mod. Phys.,

91(2):025001, 2019.

[43] Eric Chitambar, Debbie Leung, Laura Mančinska, Maris Ozols, and Andreas Winter.
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[255] Marek Żukowski, Anton Zeilinger, Michael A. Horne, and Artur K. Ekert. “Event-ready-

detectors” Bell experiment via entanglement swapping. Phys. Rev. Lett., 71(26):4287–

4290, 1993.






	Abstract
	Acknowledgments
	List of publications
	Introduction
	I Preliminaries
	Quantum entanglement
	What is entanglement?
	Manipulating entangled states
	Local operations and classical communication
	Deterministic transformations of bipartite pure states
	Probabilistic transformations of bipartite pure states
	Asymptotic transformations

	Detecting discrete-variable entanglement
	Majorization-based criteria
	Positive-partial-transpose criterion
	Realignment criterion

	Detecting continuous-variable entanglement
	A glimpse at quantum optics
	Second-moment-based criteria
	Entropy-based criterion


	Quantum optics
	Quantizing the electromagnetic field
	Quantum-optical states
	Number states and the Fock basis
	Gaussian states
	Coherent states
	Thermal states
	Squeezed states
	Two-mode squeezed vacuum states

	Non-Gaussian states
	Single-mode cat states
	Two-mode cat states
	NOON states


	Quantum-optical operations
	Gaussian unitaries
	Symplectic formalism
	Single-mode operations
	Two-mode operations
	General Gaussian unitary operation

	Measurements
	Homodyning and heterodyning
	Photon-number-resolving detection




	II Entanglement detection
	Multicopy technique
	Description of the method
	Applications of the method
	Purity of a quantum state
	Higher-order moments
	Matrices of mode-operator moments


	Detecting strongly non-Gaussian entanglement
	Introduction
	PT-moment-based criteria for continuous variables
	Infinite hierarchies of criteria
	From the Stieltjes moment problem
	From Descartes' rule of signs

	Third-order criteria

	Implementation
	Multicopy method
	Measuring PT moments
	Optical circuits for low-order moments
	Purity p2
	Third-order PT moment p3


	Benchmarks
	Comparison
	Shchukin–Vogel criteria
	Criteria based on non-local variables

	Gaussian entanglement
	Symplectic formalism and Simon's criterion
	pn-PPT criteria for Gaussian states
	Optimal PT-moment-based criterion for Gaussian entanglement

	Strongly non-Gaussian entanglement from coherent states
	Mixed entangled cat states
	High Harmonic Generation (HHG)

	Strongly non-Gaussian entanglement from Fock states
	NOON states
	Other pure-state families


	Application
	Imperfections
	Losses
	Noisy copies
	Finite statistics

	NOON states – a case study
	Analysis of individual errors
	Full simulation


	Discussion

	Measurable realignment criteria for continuous variables
	Preliminaries
	Beyond the weak realignment criterion
	Implementation
	Benchmarks
	Gaussian states
	Non-Gaussian states
	Schrödinger cat states
	Lossy NOON states


	Discussion


	III Majorization lattice
	Lattice structure of majorization
	Theory of majorization
	Definition with inequalities
	Equivalent formulations
	Lorenz curves
	The Shannon entropy: a weaker notion of disorder

	A brief look at the theory of lattices
	Theory of the majorization lattice
	General definitions
	Constructing the meet and the join
	Properties


	Probabilistic pure-state conversion
	Introduction
	From the majorization lattice to the entanglement lattice
	Probabilistic state-conversion protocol
	Greedy and thrifty protocols on the majorization lattice
	Generalization to a collection of initial or final states
	Conclusion

	Geometric aspects of majorization
	Introduction
	Mathematical preliminaries
	Geometry of the majorization lattice
	Characterization of the majorization diamond
	Beyond the Schur-concavity of the Shannon entropy in the majorization lattice
	Continuity bound for the Shannon entropy
	Continuity bound for the von Neumann entropy
	Discussion and perspectives

	Conclusion and perspectives
	Declaration on the use of Artificial Intelligence

	IV Appendices
	Appendix to Chapter 5
	Gaussian states
	Two-mode squeezed state at finite temperature
	Higher-order criteria

	Mixed entangled cat states
	High Harmonic Generation (HHG)
	NOON states
	Mode-operator moments
	Lossy NOON states
	Particle-number output distributions
	Statistical error models


	Appendix to Chapter 6
	Properties of wn and rn
	Properties of the operator Schmidt decomposition
	Second-order bound
	Higher-order inequalities
	Werner state
	General measurement techniques for wn and r2n
	Multicopy observable for wn
	Multicopy observable for r2n
	Interferometric implementation
	Measurement of wn
	Measurement of r2n



	Appendix to Chapter 9
	Majorization minimum of the ball centered on a given vector
	Further tools and results for the proofs

	Bibliography


