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Quantum Mechanics 11
Exercise 4: Second quantization. N-body problems — Solutions
12 October 2016
1. Express two-particle operator F = %Za 28 f@)(xa;arﬂ) in terms of creation and
annihilation operators for the case of bosons as well as fermions.
Reminder: SN i) (jlo = ala; .

Solution: Many-particle systems are described by states in the tensor product of
one-particle Hilbert spaces. Let {|i)} be an orthonormal basis in the one-particle
Hilbert space. The matrix form of two-particle operator f ) in the tensor product
space of two particles is:
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Bosons (fermions) are identical particles therefore for any pair of bosons (fermions)
operator f® will have the same form. Then for the full operator we have

F o= %Z(Zfijkl|iaj>a,ﬁ<kvl’aﬁ> Zf”klz| (kal @ 17)5(1ls

a#B \ijkl zykl aFp

Y e [ (zuwﬁ) 310 sl
B

igkl a 6 f

where we used the following property of the tensor product of two operators:
AoB=(AoD)(Ie B)= (1o B)(A®])

and we had to subtract all applications of two operators to the same particle. Now,

in the last term we will express 0, = [&k,d;] for bosons and d;;, = {dk,d}} for
fermions, and obtain:
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Note that the order of the sums of operators (first the sum over S and then the
sum over «) was chosen arbitrary. It is easy to see that the opposite choice would
lead to the exchange of indices of creation and annihilation operators in the final
expression as follows 7 <+ j and k <> [. However, by commuting two pairs of
operators aT T j:aTa and apa; = +a;a; the original result can be we recovered
without any change of sign for both, bosons and fermions.



2. Show that the number operator N = > d}di (for bosons and fermions) commute
with the Hamiltonian

1
H= ZAT i| T|k) 52 al (Gk|V |Im)ama;.

Solution: We will check the commutation with each term of the Hamiltonian.
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3. Is the sum of ionization energies found by Hartree approximation equal to the total
energy (binding energy of atom)?

Solution: The Lagrange multipliers appear in the variational solution of the Hartree
approximation as individual energies:
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where
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If we take the electrons from the atom one by one and each time count the ionization
energy as ¢; this would correspond to an assumption that the ionization energy of
electron is not changed after one electron is removed from the atom.

In reality, the binding energy of atom is
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Factor 1/2 in th esecond line is necessary because in the original expression for H
the sum is 37, whereas V; is defined with the sum ..

4. Beryllium atom (Z = 4)

a) Find the fundamental state of the neutral atom. Write down the state using
Slater determinant.

Solution: The fundamental level of Be is
Be : 15%2s°

It can be represented in terms of Sater’s determinant as
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where

[ Vi(x1) = 1(r)[ 1) = r~huss(r) Y7 (Q)] 1)
ha(x1) = da(r)| §) = r~ sy (r)YP ()] 1)
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( Ya(x1) = da(r)] 1) = r~huas ()Y ()] 1),

and

are spinors.

Write down Hartree-Fock equations taking into account only kinetic energy of
electrons and Coulomb’s interaction. How many independent equations exist
for the fundamental state? Explicit the exchange and coulomb’s terms.

Solution: The Hartree-Fock equation is
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where the interaction potential is expressed as follows
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where mg; and mg; represent spin projections. The first term is the classical
coulomb repulsion potential representing mean-field. The second term repre-
senting exchange interaction is non zero only for my = mg;. Then we can
rewrite the Hartree-Fock equation as:
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where we have simplified the spinor components because spin does not modify
the equations. Observing the wave functions entering Slater’s determinant we

have:
{ ¢1(r) = ¢afr)
P3(r) = ¢u(r),

and
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We have then for e1:
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or after simplification

+ /dr| o7 (19100 + 2065(") ) 6100

-/ dr'm¢;<r'>¢1<rf>¢s<r> = 2101(x),

Now denoting Coulomb’s term Vi (r) and the exchange term V,,1(r)
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we come to the equation
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The solution for €3 is found in the same way, which leads to equation:
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where Vig(r) is Coulomb’s term and V,,3(r) is the exchange term
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¢) Show that Hartree-Fock equations depend only on the radial coordinate. Clue:
1 = 7!
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where 7, = min(|r|, [t']), rasy = max(|r|, [r'|), and 6 is the angle between r and
r’. Functions P(z) obey
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Solution: The three dimensional integral in the exchange term V,,i(r) can be
expressed in terms of polar coordinates as:
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The integrals over angular variables can be simplified to
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where we have used
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1N =cosf = dn = —sinf df.

Using this result we obtain
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and similarly
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Then
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The Laplacian in polar coordinates for [ = 0 takes the form
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which also depends only on r. This concludes the proof because all other terms

depend only on r as well.

d) Discuss qualitatively the neutral Be atom in an excited state.

Answer: In the excited atom single electron can occupy an energy level so that
its spin should not necessarily be opposite to some other. An example can be
152s2p3s with spin projections identical for all electrons. This will increase
the number of nonzero terms in the equations making them more complicated.



